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Lecture 20
Least Squares and RANSAC

for Parameter Estimation
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“Typical” 2D Transformations

from R.Szeliski
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General Strategy
• Least-Squares estimation 
from point correspondences

Some important (related) questions:
•How to parameterize the transformation
•How many degrees of freedom does it have
•How many point correspondences are needed

Let’s say we have found point matches between two images, and
we think they are related by some parametric transformation (e.g. 
translation; similarity; affine).  How do we estimate the
parameters of that transformation?

x1,y1

x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’ x4’,y4’
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Example: Translation Estimation

equations matrix form

How many degrees of freedom?

How many point correspondences are needed?

How many independent variables are there? Two

Each correspondence (x,y)=>(x’,y’) 
provides two equations 

DoF
2

= 2/2 = 1

Note: If this is not an integer, 
take the ceil() of it [i.e. round up]
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Example: Translation Estimation

equations

Least Squares Estimation:

Minimize wrt tx, ty

x1,y1

x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’ x4’,y4’
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to try on your own

Similarity transformation (rotation, translation, scale)

x’ a       -b       c           x
y’ =       b        a       d           y
1                0       0        1          1

where: a = s cosq
b = s sinq

Note the choice of 
parameterization!  
We don’t want to be 
taking derivatives of 
sin/cos, for example.
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Motivation for Robust Estimation

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’ x4’,y4’

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’
x4’,y4’

We see that the least 
squares estimate can 
be written as an offset 
between centers of 
mass (means).
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Motivation for Robust Estimation

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’ x4’,y4’
If one or more matches
is grossly incorrect…

x4’,y4’

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’

That pulls the whole
transformation out of 
alignment.

x4’,y4’

Least-squares is very sensitive to even a 
single gross error in the matching data.
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Why Robust Estimation?
Motivation: outlier points that dont “fit” the model can
greatly skew the results of least-squares estimation.  We
will use a line-fitting example to illustrate.

outlier

outlier
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Bad Data => Outliers
Loosely speaking, outliers are points that don’t “fit” the model. 
Points that do fit are called “inliers”

outlier

outlier

inliers
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Problem with Outliers

compare

Least squares estimation is sensitive to outliers,
so that a few outliers can greatly skew the result.

Least squares
regression with
outliers
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Outliers Aren’t the Only Problem

Multiple structures can also
skew the results.  (the fit procedure
implicitly assumes there is only one
instance of the model in the data).
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Robust Estimation

• View estimation as a two-stage process:
– Classify data points as outliers or inliers
– Fit model to inliers while ignoring outliers

• Example technique: RANSAC
(RANdom SAmple Consensus)

M. A. Fischler and R. C. Bolles (June 1981). "Random 
Sample Consensus: A Paradigm for Model Fitting with 
Applications to Image Analysis and Automated 
Cartography". Comm. of the ACM 24: 381--395. 
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Ransac Procedure
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Ransac Procedure
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Count = 4

Ransac Procedure
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Ransac Procedure
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Count = 6

Ransac Procedure
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Ransac Procedure
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Count = 19

Ransac Procedure
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Ransac Procedure
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Count = 13

Ransac Procedure
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Count = 4
Count = 6
Count = 19
Count = 13

Ransac Procedure
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Fitting Parameterized Curve/Surface?

Generalize to fitting any parameteric curve/surface

Example: fit a “dominant plane” to 3D point cloud

1) select 3 points and find plane that passes through them

2) count all points that lie “close enough” to that plane

3) if greater than previous max count, save it

4) loop back and continue with new set of 3 points...

after RANSAC, fit a plane to the set of inlier points.
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After RANSAC
• RANSAC divides data into inliers and outliers and yields 

estimate computed from minimal set of inliers with greatest 
support

• Improve this initial estimate with Least Squares estimation over 
all inliers (i.e., standard minimization)

• Find inliers wrt that L.S. line, and compute L.S. one more time.

from Hartley & Zisserman



CMPEN454
Robert Collins

Estimating a Transformation via RANSAC
outline for estimating a geometric transformation:

given a set of point correspondences (xi,yi)à(xi’,yi’) for i=1,2,...,M

set global inlier count = 0

Loop N times

select minimal set of  S point correspondences at random

compute transformation from that set using least squares

map all other points (xj,yj) by that transformation to get (xpred,ypred)

for each (xi’,yi’) that is “close enough” to (xpred,ypred)

increment inlier count by one

if inlier count is greater than the global one, update the global inlier count

End loop

we now have the largest set of inliers found.  Do something with it.
(like do least squares estimation of the transformation using largest inlier set)
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RANSAC Estimate of Translation

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’

x4’,y4’

Choose one (xi,yi)à(xi’,yi’) pair at random
and estimate the translation between them

Inlier Count: 0
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RANSAC Estimate of Translation

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’

x4’,y4’

Choose one (xi,yi)à(xi’,yi’) pair at random
and estimate the translation between them
Predict where other (xi,yi) points should go based
on that translation estimate.

Inlier Count: 0

x1,y1
x2,y2

x3,y3 x4,y4

predicted locations
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RANSAC Estimate of Translation

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’

x4’,y4’

Choose one (xi,yi)à(xi’,yi’) pair at random
and estimate the translation between them
Predict where other (xi,yi) points should go based
on that translation estimate.

Inlier Count: 1

x1,y1
x2,y2

x3,y3 x4,y4

predicted locations

Count number of (xi’,yi’) points that lie near their
predicted positions.
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RANSAC Estimate of Translation

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’

x4’,y4’

Choose another (xi,yi)à(xi’,yi’) pair at random
and estimate the translation between them
Predict where other (xi,yi) points should go based
on that translation estimate.
Count number of (xi’,yi’) points that lie near their
predicted positions.

Inlier Count: 1
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RANSAC Estimate of Translation

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’

x4’,y4’

Choose another (xi,yi)à(xi’,yi’) pair at random
and estimate the translation between them
Predict where other (xi,yi) points should go based
on that translation estimate.
Count number of (xi’,yi’) points that lie near their
predicted positions.

Inlier Count: 1
x1,y1

x2,y2

x3,y3 x4,y4
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RANSAC Estimate of Translation

x1,y1
x2,y2

x4,y4x3,y3

x1’,y1’

x2’,y2’

x3’,y3’

x4’,y4’

Choose another (xi,yi)à(xi’,yi’) pair at random
and estimate the translation between them
Predict where other (xi,yi) points should go based
on that translation estimate.
Count number of (xi’,yi’) points that lie near their
predicted positions.

Inlier Count: 3
x1,y1

x2,y2

x3,y3 x4,y4
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To think about at home…

How would you use RANSAC to estimate a:

Specifically, what is minimal number of point matches 
needed in each sample to estimate all parameters.

• Rigid transformation
• Similarity transformation
• Affine transformation
• Projective transformation
• Fundamental matrix
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How Many Samples to Choose?

1 - (1- ( 1 - e )   )   = ps N

e = probability that a point is an outlier
s = number of points in a sample
N = number of samples (we want to compute this)
p = desired probability that we get a good sample

Solve the following for N:

Where in the world did that come from?  ….
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How Many Samples to Choose?

1 - (1- ( 1 - e )   )   = ps N

e = probability that a point is an outlier
s = number of points in a sample
N = number of samples (we want to compute this)
p = desired probability that we get a good sample

Probability that choosing 
one point yields an inlier
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How Many Samples to Choose?

1 - (1- ( 1 - e ) )   = ps N

e = probability that a point is an outlier
s = number of points in a sample
N = number of samples (we want to compute this)
p = desired probability that we get a good sample

Probability of choosing 
s inliers in a row (sample
only contains inliers)
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How Many Samples to Choose?

1 - (1- ( 1 - e ) )   = ps N

e = probability that a point is an outlier
s = number of points in a sample
N = number of samples (we want to compute this)
p = desired probability that we get a good sample

Probability that one or more
points in the sample were outliers
(sample is contaminated).
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How Many Samples to Choose?

1 - (1- ( 1 - e )   ) = ps N

e = probability that a point is an outlier
s = number of points in a sample
N = number of samples (we want to compute this)
p = desired probability that we get a good sample

Probability that N samples
were contaminated.
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How Many Samples to Choose?

1 - (1- ( 1 - e )   ) = ps N

e = probability that a point is an outlier
s = number of points in a sample
N = number of samples (we want to compute this)
p = desired probability that we get a good sample

Probability that at least
one sample was not 
contaminated 
(at least one sample of s
points is composed of only
inliers).
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How Many Samples?

Choose N so that, with probability p, at least one random 
sample is free from outliers. e.g. p=0.99

proportion of outliers e

s 5% 10% 20% 25% 30% 40% 50%
2 2 3 5 6 7 11 17
3 3 4 7 9 11 19 35
4 3 5 9 13 17 34 72
5 4 6 12 17 26 57 146
6 4 7 16 24 37 97 293
7 4 8 20 33 54 163 588
8 5 9 26 44 78 272 1177
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How Many Samples?

Choose N so that, with probability p, at least one random 
sample is free from outliers. e.g. p=0.99

proportion of outliers e

s 5% 10% 20% 25% 30% 40% 50%
2 2 3 5 6 7 11 17
3 3 4 7 9 11 19 35
4 3 5 9 13 17 34 72
5 4 6 12 17 26 57 146
6 4 7 16 24 37 97 293
7 4 8 20 33 54 163 588
8 5 9 26 44 78 272 1177

(e.g. similarity)
(affine)
(homography)

(E/F matrix)


