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Geometric Image Mappings
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Lecture Roadmap

Lecl19: Parametric Image Mappings

introduce 2D parameterized transformations useful in vision:
similarity; affine; projective transformations

Lec20: Least-Squares and RANSAC

parameter estimation methods; can be used to estimate the above
parametric transformations (and more generally useful)

Lec19: Planar Homographies

key 1dea — 3D to 2D projection of planar surfaces is invertible!

Lec20: Panoramas (Application)
views from a rotating camera are related by homographies!

Lec21: Stabilization (Application)

video of a planar surface can be stabilized by homographies!
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Geometric
image transformation
(X,y) |

transformed image

(x’,y’)

/

-~

x’ = (X, y, {parameters})
y’ = g(X, Y, {parameters})
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Linear Transformations
(Can be written as matrices)

Geometric

image transformation transformed image
(x’y’)

/

-~

, ; /- \ r N
X X
y’| = | M(params)| |y

™ 1 o \ -/ \ 1 s
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Translation

transform

—
-

Y,:X+t. X -1 Ot‘
v )+ td\ Y= 1014
Y= Th 1| |00 1

algebraic form matrix form
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Scale

)

A Y
transform o

> 0
X
x/ — X -x'- -S 0 0-
g ; ?’. )-"’ - 0O s O
Yoo 1| |00 1
algebraic form matrix form
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Composing Transformations

composite transtform: scale around point (x,,y,)

matrix form

X (10X |[s O 0OT[1 0-X|[x]
Y =10 1Y ([0 s O]101-Yol|y
1| Joot1]loo1]loo 1[I
translate the origin scale around translate xo,yo
back to X,Yo the origin to the origin

algebraic form

x'= s(x-x9)t+x
y'= 5(-yo) t¥o
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transform

X

’ -
X' = x;cos0 —y;sinf Y
/ . "
y = x;sin + y;cos0 1

algebraic form

Rotation

" cosO® —sin® O

sin o
0

cos® O

0

matrix form

]

—_t—
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Euclidean (Rigid)

transform

, . X cosO —sin® 1. ] [x]
X' = x;cos0 —y;sinO+ 1, , .

, g 01 y | = [ snO cost 1, y
y = x;Smb -+ y;cost +1, 1 0 0 1 1

algebraic form matrix form
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Partitioned Matrices

A partitioned matrix, or a block matrix, is a matrix M that has been constructed from other smaller matrices. These smaller matrices
are called biocks or sub-matrices of M .

For instance, if we partition the below 5 X 5 matrix as follows

1 01 2 3
0 1|11 2 3
L=123|99 9
2. 3/9 99
2 3(9 99

then we can define the matrices
2 3 9 99
1 1 0 . 1 2 3 . .
44_(01),8—(123),(]— 2 3 D= 999)

and write L as

http://planetmath.org/encyclopedia/PartitionedMatrix.html
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Partitioned Matrices

p'=Rp+it

0 1

cos® —sin0O| 1,
= | sinB cosO | ¢,
0 0 1
_2x2  2x1 _
— 1x2 Ix1

matrix form

algebraic form
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3D Euclidean Example

RN - N 7
X r I Izt || U
Y — | T T T3t ||V
L ry s I ft, || W
1

L KO 0 011 AN 1)
- 3x1 ~ x3 3x1 ~ 3x1 ~
P R T Pw
1x1 — 1x3 1x1 1x1
1) 0 1)1

P.=RPy+T
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Similarity (scaled Euclidean)

transform

p' SR t||p
e [

algebraic form matrix form
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transform

- p'l _|Ab||p
p=apsr [N = [0 7] [T

algebraic form matrix form
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Projective

transform

Note!
,  Ap+Db p' A b||p
£ c'p+1 1 cl 1 1

algebraic form matrix form
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Summary of 2D Transformations

<N
N

rotation translation

....................................................................................................................

aspect ratio

[T 7
L/

perspective
warp

skew
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Summary of 2D Transformations

Euclidean N\
\

rotation translation

aspect ratio

/[T 7
L/

perspective
warp

skew
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Summary of 2D Transformations

Similarity N\
v

rotation translation

aspect ratio

/[T 7
L/

perspective
warp

skew
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Summary of 2D Transformations

Affine

<N
v

rotation

translation

aspect ratio

/[T 7
L/

L ! perspective
: ; warp
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Summary of 2D Transformations

Projective N\
\

rotation

aspect ratio

/[T 7
L/

perspective
warp
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Name #D.0F. | Preserves: [con
translation ) orlentation + - -

rigid (Euclidean) 3 lengths + - <>
similarity { sR | t }2/\3 4 angles + -+ O
affine 6| parallelism +--- U
projective 3 straight lines r

Summary: Transformations

Euclidean

similarity

affine

projective
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A Very Cool Consequence
when you represent transforms as matrices,
everything we already know about matrices and

their properties can be used to make inferences
about transforms and sequences of transforms!
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Example of Coolness

when you represent transforms as matrices, the
inverse of the matrix also “inverts” the transtform!

M~ is the inverse of transform M in both a matrix
and geometric sense

* Special cases:

* Translation: negate tx and ty

* Rotation: transpose

* Scale:invert diagonal (axis-aligned scales)

« Others:

* |Invert matrix

* Invert SVD matrices

CS184/284A  Ren Ng, James O’Brien
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Another Example Inference

matrix multiplication is not commutative
=> therefore, neither are transformations
meaning.... order of applying transforms matters!

“ B

rotate, then translate translate, then rotate

these do not give the same result

Cornell CS4620 Fall 2014 « Lecture 8 © 2014 Steve Marschner
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3D Affine Transformations

For the most part, we just add another dimension.

(X, Y, Z)

Geometric

transformation

)

— N € 4

\9

\9

x’,y’, 2°)

My My, Myy Mgy
My Myy My Myy
M3 M3y My M3y

KOOOIJ

— N € 4




Robert Collins
CMPEN454

Some Affine Transform Examples

also demonstrating the utility of partitioned matrices notation

affine [A b

rigid

uniform
scale

2D

2x2 2x1

0 1

Ix2 1x

~ 2XN
R2x2 t

\‘() 1;/
/’ )
S szz O

\‘() I ,/

3D

3x3 3x1
{A b

0 1
Ix3 1x

4 3xT\
R3X3 t

\‘() ]',/

~ R
S L343 0

0 1

- ,/

general
scale

trans-
lation

rotation

2D
KDZXZ O\
\‘() 1;/
s 2x 1N

I2x2 t
\‘() 1;/
Y

R2X2 O
\‘() 1;/

3D

Y
D3x3 O

0 1

- ./

r 3X1‘\
I3X3 t

0 1

- ./

R3X3 O

0 1

- ./
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Example From Graphics

(0,0,1)

(0,L,1)

(1,0,1) (1,1,1)

(0,0,0)

(1,0,0) (1,1,0)

animation made from transforming instances
of a single object... a unit cube. As you watch,
think about what transforms are being applied
at each stage.

27
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