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The Eight-Point Algorithm

Background Readings
T&V 7.3 and 7.4
Szeliski 7.2
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st Essential/ Fundamental Matrix

The essential and fundamental matrices are 3x3 matrices
that “encode” the epipolar geometry of two views.

Motivation: Given a point in one 1image, multiplying
by the essential/fundamental matrix will tell us which
epipolar line to search along in the second view.
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e E/F Matrix Summary
point in point in
image2 T imagel
Longuet-Higgins equation Epl — O
line in 1X3 3x3  3x1
image2 point 1{1 line in1 ﬁglar:gtel;T
image image
Epipolar lines: H D [a b c] — E’
3x3 2!1 p’]"
=>ax +by +c=0
copless 7 ok
PRotest . el B = 0 E
— €] — O
1X3 3x3 3x3  3xl1

EvsF: E works in film coords (calibrated cameras)
F works in pixel coords (uncalibrated cameras)
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Computing F from Point Matches

* Assume that you have m correspondences

* Each correspondence satisfies:

1x3 3x3 3x1 Ix1

* F 1s a 3x3 matrix (9 entries)

* Set up a HOMOGENEOUS linear system with 9
unknowns

naming alert: homogeneous coordinates vs homogeneous linear system
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Computing F

f11 fi2 fiz ||

fo1 foo [f23

31 f32 f33 ] |
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A

Computing F

- f11 fi2 fiz ||

fo1 foo f23
- f31 f32 f33
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=0

;i f11 + ziy;fo1 + zifa1+

viZ; f12 + viv; foo + vifao+

i f13 + y; foz + faz =0
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Computing F

- f11 f12 fi3
{232 Y, 1} fo1 foo fo3
31 f32 f33

Given m point correspondences. ..

/

Think: how many points do we need?
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How Many Points?

Although there are 9 unknowns and each point contributes
one row of constraints to the linear system of equations,
there are really only 8 degrees of freedom in F. (We can
multiply through by any nonzero scale factor and the
equations still hold). So we really only need 8 points.

Hence: The Eight Point algorithm!
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Solving Homogeneous Systems

e that we need the non trivial solution of:

Ax =0

with m equations and n unknowns, m >=n — 1

Since the norm of x is arbitrary, we will look
for a solution with norm ||x]|| = 1

Note, x=

With

J21
I31
f12
J22
f32
J13

f23

| f33 ]
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Least Square solution
ew

ant Ax as close to O as possible and ||x]|| =1:

min [|Ax[|* s.t. [|z]|* =1

|Ax||° = (Ax)" (Ax) = x! AT Ax

T

Ix||”> = xTx = 1
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Optimization with constraints

Define the following cost:

L(x) =x' AT Ax — M(xTx — 1)

This cost is called the LAGRANGIAN costand
) is called the LAGRANGIAN mul/tiplier

The Lagrangian incorporates the constraints
into the cost function by introducing extra
variables.
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CMPiM.M E Optimization with constraints

mXin {[,(X) = x1 Al Ax — )\(XTX — 1)}
Taking derivatives wrt to x and A:
Al Ax — xx =0
xIx—-1=0

*The first equation is an eigenvector problem
* The second equation is the original constraint
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CMPiM.M E Optimization with constraints

AT Ax —xx =0
AT Ax = X\x
*X is an eigenvector of ATA with eigenvalue A: e,
ﬁ(e)\) — e)\TATAe)\ — /\(e)\Te)\ — 1)
C(e)\) — )\e)\Te)\ = A

*We want the eigenvector with smallest eigenvalue
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8x9 Ox1

J21
/31
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J20
/32

f13

J23

00
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r1T7 T1Y7 T1 Y1Ty Y1y; Y1 T7 yp 1 f11

_w/gr,SU//gL CUgLyg/gr, Lg) yfgaﬁU{gL ygzyéb ysg: 39;8 y’g 1 | _f33_

Computing F: The 8 pt Algorithm

8x1

Ax — () Ahasrank8

8x9 9x1 8x1

min [|Ax[|* s.t. [[z]|* =1

‘Find eigenvector of ATA with smallest eigenvalue!
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CMPEN454 Algo rithm EIGHT_POINT

The input is formed by m point correspondences™, m >= 8

* Construct the m x 9 matrix A
 Find the eigenvalues/eigenvectors of ATA

* The entries of F are the components of the
eigenvector corresponding to the smallest
eigenvalue

*Important: the point correspondences should not all lie on one line or
one plane 1n the world... they should span the 3D space of the scene.
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CMPEN454 Algo rithm EIGHT_POINT

F must be singular (remember, it is rank 2, since it is
important for it to have a left and right nullspace,
i.e. The epipoles). To enforce rank 2 constraint:

 Find the SVD* of F: F = UD/V,!
« Set smallest s.v. of F to 0 to create D’ ;
e Recompute F: F=UD" VT

*SVD = Singular Value Decomposition
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Numerical Details

* The coordinates of corresponding points can have a wide range

of values leading to numerical instabilities.

« It 1s better to first normalize them so they have mean 0 and

std dev 1 and then denormalize F at the end:

3 ), 2

f. = Tx. X! =T'x; &t
0

F=(THF,T :

Ll
&’
0

1

This method of preconditioning the data prior to running
the 8-point algorithm 1s due to Richard Hartley, in a paper
called “In Defense of the Eight-Point Algorithm.”
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* Running Matlab code eightpoint.m

Note: 1f you are going to run this at home, it 1s
important to choose points that span 3 dimensions
in the scene. For example, all 8 points should not

lie on one planar surface. We will see why 1n a
future lecture!



