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Triangulation

* Stereo -- Depth from Disparity
(stmplified special case)

* Triangulation of Viewing Rays
(general case)
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A note about units
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A student question:
Why do we sometimes specify focal length f in mm
and other times we specify it in pixels?

Let’s look more closely at units of each variable
in the pinhole camera model
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Pixel Film coords Project camera World coords
location to pixels coords to film to camera coords
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A note about units

World point and camera center location are specified 1n
world coordinates. The units can be whatever you want:
meters, feet, yards, parsecs...

It frankly doesn’t matter what they are because ultimately
we divide pairs of coords, e.g X / Z, so the units cancel
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A note about units
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A note about units
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f can be 1n different units than the world coords. For
example I commonly specify 1t in mm. Since world

coords cancel out in a quantity like f X / Z we are left
with a point 1n the film plane that 1s measured in mm.
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A note about units

Pixel Film coords Project camera World coords World
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to go from film coords to pixel coords we are transforming
units from mm into pixels. Sx and Sy are the scaling
variables that specify how that happens. They are

In mm/pix units, or said another way, the units of

1/Sx or 1/Sy are pix/mm. So when we multiple a film
plane coordinate by 1/Sx we get units of (pix/mm)*(mm)
and the mm cancels, leaving us with pixel units.
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A note about units

Pixel Film coords Project camera World coords World
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Ox and Oy are 1n pixel units. Specifically (Ox,0Oy) is the
pixel location where the Z axis of the camera passed
through the film plane / 1image plane.

In this class 1t will always be the center pixel of the image,
thus (320,240) if we have an 1image of size (640,480)
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Back to the question:
Why do we sometimes specify focal length f in mm and other times we
specify it in pixels?

When we asking questions about points in the film plane we stick with mm.

When we are asking questions about points in the pixel image we will use
pixel units, implicitly assuming we have already accounted for whatever
scale factor turns mm into pixel units. Essentially we specifying {/Sx in
those word problems.
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depﬂ} (Z coordinate)

\ camera Z axis

Estimate depth
from stereo
disparity
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orenast Recall: A Simple Stereo System
Top Down View (XZ plane)

L P=(X.Y.Z)

A

camera camera
X Xy

Left Z? Right

f

Second camera is offset by a distance T, along the X axis
(T, is also called the stereo “baseline”)
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Left camera
X Y a
-XIZfZ }’lzfz .’_ﬁ Vi =Y
X, X
Right camera
f X — T\' f Y
X, = V, = —_
z Uz

Stereo Disparity

X X
d:-xl_xr:ff_(f_

T,

—f=)

baseline

depth
o}
< Y/ e disparity
J T, :
d = > Important equation!
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Left camera
d
X Y
x = f Z yi=1 7 ,’_ﬁ
X, X]
Right camera
f X — T\' j Y
Xy = Vi, = J 5
. Z ) Z
Note: Depth and depth
stereo disparity are - @: @ ,
inversely proportional dispartty

Important equation!



Robert Collins
CMPEN454

Stereo Example

Left 1mage % Disparity values (0-64)

........

)
4

Note how disparity 1s larger
(brighter) for closer surfaces.
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‘ LearnOpenCV.com /A_\J

from https://www.youtube.com/watch?v=fx4uXLQWWi4
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Dense Stereo Reconstruction

Given a disparity map, at each pixel with a valid disparity d we can
compute scene depth along Z axis by Zy= (£ Tx)/d . This allows us
to solve for the 3D scene point along that viewing ray.

u ray (ku,kv,kf)

film

/ plane
pixel (u,v) f

dlSp arity(u,v)Zd camera center

Top Down View
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Dense Stereo Reconstruction

Given a disparity map, at each pixel with a valid disparity d we can
compute scene depth along Z axis by Zy= (£ Tx)/d . This allows us
to solve for the 3D scene point along that viewing ray.

u ray (ku,kv,kf)

(éluaz_dvazd)
f f

film

/ plane
pixel (u,v) f

dlSp aritY(u,V):d camera center

Top Down View
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Triangulation
More generally, knowing corresponding points across two

views and the relationship of the two cameras to the world,
we can compute 3D point positions using triangulation.
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Stereo Reconstruction

Given point correspondences, how to compute
3D point positions using triangulation.

Results depend on how calibrated the system 1is:

1) Intrinsic and extrinsic parameters known
2) Only mtrinsic parameters known

3) Neither intrinsic nor extrinsic known
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Pinhole Camera Model

Pixel Film coords Project camera World coords World

location : : point
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Intrinsic (or internal) Extrinsic (or external)
Parameters Parameters
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Stereo Reconstruction

Given point correspondences, how to compute
3D point positions using triangulation.

Results depend on how calibrated the system 1is:

1) Intrinsic and extrinsic parameters known
Can compute metric 3D geometry

2) Only mtrinsic parameters known
Unknown scale factor

3) Neither intrinsic nor extrinsic known
Recover structure up to an unknown

projective transformation of the scene



Robert Collins

CMPEN454

Stereo Reconstruction

Given point correspondences, how to compute

3D point positions using triangulation.

Results depend on how calibrated the system 1is:

(

.

S
1) Intrinsic and extrinsic parameters known

Can compute metric 3D geometry

2) Only mtrinsic parameters known
Unknown scale factor

3) Neither intrinsic nor extrinsic known
Recover structure up to an unknown

projective transformation of the scene

we only care
about this

jone, today
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Known 1ntrinsics -- can compute viewing rays
in camera coordinate system

Known extrinsics -- know how rays from both
cameras are positioned 1n 3D space

Reconstruction: triangulation of viewing rays
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CHTERS Pinhole Camera Model
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4x1 partitioned vector 1y Tz T3 t
3x1 3x3  3x1 I_I_I

AP, = K[R\t]

3x4 partitioned matrix

P’

} 3x1

W
1

} 5l

S

Iy I Ip3z

rz; Iz Izz t,

background reference on partitioned matrices:
https://planetmath.org/partitionedmatrix
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Deriving Viewing Ray

Question: Given pixel (u,v) 1n 1mage, and
knowledge of K, R, and t, what is the viewing
ray that passes through world point Py,?

o
' 7 P,=c+tAv
Representation: vV w
(point ¢, vector v) /
3x1 3x1 C

4x1 partitioned vector

3x1 3x3 3x3  3xl1 I_I_I
}\uPu:K[R‘t]KP\}?)XI

W
]

3x4 partitioned matrix )
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Deriving Viewing Ray
Relating 2D pixel to a line of 3D points
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Deriving Viewing Ray
Relating 2D pixel to a line of 3D points

Vector pointing out from
camera into the world

Location of camera
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Calibrated Triangulation
from Trucco and Verr1 (T&V) book

ideally, P 1s the point of intersection of two 3D rays:

ray through O; with direction P,
ray through O, with direction R'P,
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Triangulation with Noise

Unfortunately, these rays typically don't intersect
due to noise 1n point locations and calibration params

P?
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Triangulation with Noise

Unfortunately, these rays typically don't intersect
due to noise 1n point locations and calibration params

T

Solution: Choose P as the “pseudo-intersection point .
This 1s point that minimizes the sum of squared distance
to both rays. (The SSD 1s 0 1f the rays exactly intersect)
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P is midpoint of the segment perpendicular to P, and R'P,

Let w =P, x R'P, (this is perpendicular to both)

T

Introducing three unknown scale factors a,b,c we
note we can write down the equation of a “circuit”
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Writing vector “circuit diagram” with unknowns a,b,c

aP, +c(P,XRTP,) -bR™P, = T

<

Cw
GP|

O

note: this 1s three linear equations in three unknowns a,b,c
=> can solve for a,b,c
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After finding a,b,c , solve for midpoint of line segment
between points O,+a P, and O,+T+b R'P,




Robert Collins
CMPEN454

Specializing to our case
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