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Pinhole Camera Model

most common camera model in computer vision
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Why Called “Pinhole”

You can make a simple “camera” by
poking a small hole in a box with a pin.
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What Pinhole Model Can Do

Forward Projection

Backward Projection (backprojection)

Explains well the geometry of the imaging process. 
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What Pinhole Model Can’t Do
can’t describe focus; depth of field; etc
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What Pinhole Model Can’t Do
Cannot describe nonlinear lens distortion. Why? Because 
you can’t represent that as matrix multiplication in the 3D to 2D 
projection chain, even using homogeneous coords.  If you have
nonlinear distortion you can/should calibrate and correct for it 
prior to applying the pinhole camera model.
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Overview: Imaging Geometry
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Overview: Imaging Geometry
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Forward Projection
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We want a mathematical model to describe
how 3D World points get projected into 2D
Pixel coordinates.

Our goal: describe this sequence of 
transformations by a big matrix equation!

3D to 3D 3D to 2D 2D to 2D
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Forward Projection
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3D-to-2D Projection
• perspective projection

We will start here in the middle.
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Basic Perspective Projection
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Basic Perspective Projection
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Basic Perspective Projection
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Basic Perspective Projection
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So how do we represent this as a matrix equation?   
We need to introduce homogeneous coordinates to
make the nonlinear part (division) linear.
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Homogeneous Coordinates
Represent a 2D point (x,y) by a 3D point (x’,y’,z’) by
adding a “fictitious” third coordinate.

By convention, we specify that given (x’,y’,z’) we can
recover the 2D point (x,y) as

'
'

'
'   

z
y

y
z
x

x ==

Note: (x,y) = (x,y,1) = (2x, 2y, 2) =  (kx, ky, k) 
for any nonzero k
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Perspective Matrix Equation
(in Camera Coordinates)
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Forward Projection
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Rigid Transformation (rotation+translation)
between world and camera coordinate systems
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World to Camera Transformation
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Avoid confusion:  Pw and Pc are not two different 
points.  They are the same physical point, described 
in two different coordinate systems.
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World to Camera Transformation
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R

PC = R ( PW - C )
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Matrix Form, Homogeneous Coords

PC = R ( PW - C )
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Properties of Rotation Matrices

R is an orthogonal (orthonormal) 3x3 matrix

rows of R are unit vectors 
cols of R are unit vectors

pairs of rows are orthogonal (dot product 0)
pairs of cols are orthogonal (dot product 0)

det(R) = 1

R-1 = RT  (this is important for simplifying derivations)
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Interpreting Rotation Matrices
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Columns specify world basis axes in camera coord system

axis in world coordssame axis in camera coords

world U axis (1,0,0)
in camera coords

world V axis (0,1,0)
in camera coords

world W axis (0,0,1)
in camera coords
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Interpreting Rotation Matrices
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Likewise, rows specify camera basis axes in world coord system

axis in world coordssame axis in camera coords

camera X axis (1,0,0)
in world coords

camera Y axis (0,1,0)
in world coords

camera Z axis (0,0,1)
in world coords
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Mnemonic

World axes are written
down the columns

Camera axes are written
across the rows

Columns specify world basis axes in camera coord system Likewise, rows specify camera basis axes in world coord system

Interpreting Rotation Matrices Interpreting Rotation Matrices
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Example
I have a camera at (10, 20, 30) in world coordinates, and want 
to orient it to look at point (90, 80, 70) while producing an 
image that is as “upright” as possible.  What is the camera 
offset and rotation matrix relating world and camera coords?

V
U

W
(90, 80, 70) 

ZX

Y

(10,20,30) 

(0,0,1) 

hint: Rotation matrix solution strategy
Z ~  (90,80,70)-(10,20,30)  à make it a unit vector Zhat
X ~  (0,0,1) x Zhat à make that a unit vector Xhat
Y ~   Zhat x Xhat à make that a unit vector Yhat

rows of R are
Xhat, Yhat, Zhat
in that order
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are often written as R,T
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are often written as R,T
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Question: If I give you R 
and T (e.g. this matrix), 
how can you compute 
where the camera is located 
in the world coord system?
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are often written as R,T
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Question2: Does vector T 
have some easy to explain
interpretation?   
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Forward Projection
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Now we have to talk about how film coords
get transformed/digitized into pixel coordinates
(e.g. which column and row in a matlab image).
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Intrinsic parameters (offsets)
film plane
(projected image)

x

y

(0,0)

u (col)

v (row)

(0,0)

pixel array (matlab)

yo

xo

u = x + ox
v = y + oy

ox and oy called image center or principle point
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Note:
Sometimes one or more film axes needs to be reversed
in direction to form the corresponding camera axis.  

film plane

x

y

(0,0)

u (col)

v (row)

(0,0)

pixel array (matlab)

yo

xo

u = - x + ox
v = - y + oy
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analog

Intrinsic parameters (scales)

pixel array

sampling determines how many rows/cols in the image

R rows x C cols 

film scanning 
resolution

CCD

resample

2R rows x 2C cols 
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Sampling Scales: sx and sy

O.Camps, PSU

xou x +=

yov y +=

1
sx

1
sy

Note, since we have different scale factors in x and y,
we don’t necessarily have square pixels!

Aspect ratio is  sy / sx

+_

+_

+_

+_
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Perspective projection matrix
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O.Camps, PSU

Combining the intrinsic parameters with the
perspective projection matrix:

+_

+_

+_

+_
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Perspective projection matrix
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O.Camps, PSU

Combining the intrinsic parameters with the
perspective projection matrix:

xou
Z
Xf +=

1
sx

yov
Z
Yf += 1

sy

u w’
u’

=

v w’
u’

=

In nonhomogeneous coords:

+_

+_

+_ +_
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Side Note
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Sometimes you’ll run into the idea that there are two
different focal lengths, one horizontal and one vertical.  
Just keep in mind that it makes no sense physically, and
it is just an equivalent way mathematically to combine
focal length with non-square aspect ratio.

fx

fy
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Side Note 2
It is common to talk about field of view (FOV) of the camera.  
This is the angle between opposite sides of the image.  It does
make sense to talk about two different fields of view, horizontal 
and vertical (even if pixels are square, the image is typically 
rectangular). 

X

Y Z

f

O

W

Fovx = 2 atan(W/(2f))
Fovy = 2 atan(H/(2f))

H
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Side Note 3
Sometimes you’ll run into the idea that there is a skew
parameter that describes non-perpendicular image axes.

g
skew

However, skew is essentially
zero for modern manufactured
CCD and CMOS cameras.

arctan(1/g)

+_

+_
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Summary: Pinhole Camera Model

World to camera
Perspective
projection

Film plane
to pixels

World 
point

Pixel
location

+_

+_


