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S. Raskhodnikova; based on slides by K. Wayne.

Sofya Raskhodnikova

Algorithm Design and Analysis

LECTURES 17 and 18
Divide and Conquer
• Fast Fourier Transform
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��  A(x) = a0 + a1x + a2x2 +�+ an−1xn−1

��B(x) = b0 + b1x + b2x2 +�+ bn−1xn−1

��  A(x)+ B(x) = (a0 + b0 )+ (a1 +b1)x +�+ (an−1 + bn−1)xn−1

��A(x) = a0 + (x (a1 + x (a2 +�+ x (an−2 + x (an−1))�))

  
A(x)× B(x) = ci x i

i =0

2n−2

� ,  where ci = a j bi− j
j =0

i
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��  

A(x) :  (x0 , y0 ), �, (xn-1, yn−1)  
B(x) :  (x0 , z0 ), �, (xn-1, zn−1)

��  A(x)+ B(x) :   (x0 , y0 + z0 ),�, (xn-1, yn−1 + zn−1)

  

A(x) = yk

(x − x j )
j≠k
∏

(xk − x j )
j≠k
∏k=0

n−1

�

��  A(x) × B(x) :   (x0 , y0 × z0 ),�, (x2n-1, y2n−1 × z2n−1)
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� x0
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1 x1 x1
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� x1
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1 x2 x2
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fft(n, a0,a1,…,an-1) {

if (n == 1) return a0

(e0,e1,…,en/2-1) ←←←← FFT(n/2, a0,a2,a4,…,an-2)

(d0,d1,…,dn/2-1) ←←←← FFT(n/2, a1,a3,a5,…,an-1)

for k = 0 to n/2 - 1 {

ωωωωk ←←←← e2ππππik/n

yk+n/2 ←←←← ek + ωωωωk dk
yk+n/2 ←←←← ek - ωωωωk dk

}

return (y0,y1,…,yn-1)

}
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ω k j

j=0

n−1
� =

n if k ≡ 0 mod n
0 otherwise
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Fn Gn( )k ′ k  =  1
n

ωk j ω− j ′ k 

j=0

n−1
�   =   1

n
ω(k− ′ k ) j

j=0

n−1
�  =   

 1 if k = ′ k 

 0 otherwise
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ifft(n, a0,a1,…,an-1) {

if (n == 1) return a0

(e0,e1,…,en/2-1) ←←←← FFT(n/2, a0,a2,a4,…,an-2)

(d0,d1,…,dn/2-1) ←←←← FFT(n/2, a1,a3,a5,…,an-1)

for k = 0 to n/2 - 1 {

ωωωωk ←←←← e-2ππππik/n

yk+n/2 ←←←← (ek + ωωωωk dk) / n

yk+n/2  ←←←← (ek - ωωωωk dk) / n
}

return (y0,y1,…,yn-1)

}
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a0 , a1,�, an-1

b0, b1,�, bn-1
��  c0 , c1,�, c2n-2

��  

A(x0 ),�, A(x2n-1)
B(x0 ),�, B(x2n-1) ��  C(x0 ), C(x1),�, C(x2n-1)
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��  A(x) = a0 + a1x + a2x2 +�+ an−1xn−1

��  B(x) = b0 + b1x + b2x2 +�+ bn−1xn−1


