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CSt
535 So far: 2 recurrences

e Mergesort; Counting Inversions

T(n) =2 T(n/2) + O(n) =0(nlog n)
e Binary Search; Exponentiation
T(n)=1T(n/2) + B(1) = 0O(log n)

Master Theorem: method for solving recurrences.
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535 Review Question: Exponentiation
Problem: Compute a’, where b € Nis n bits long.
Question: How many multiplications?

Naive algorithm: ©(b) = ®(2") (exponential

in the input length!)
Divide-and-conquer algorithm:

) {a”/z x ab”? if b is even;
a =

a2 x a2 x q if b is odd.

T(h) = T(b/2) + O(1) = T(b) = O(logh) = O(n) .
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[
535 The master method

The master method applies to recurrences of
the form

T(n) =aT(n/b) + f(n),

where a > 1, b > 1, and f is asymptotically
positive, that is f'(n) >0 forall n > n,.

S. Raskhodnil

535 Three common cases

Compare f(n) with n'o2se:
1. f(n) = O(n'#»¢-¢) for some constant € > 0.

* f(n) grows polynomially slower than n'°2*
(by an n® factor).

Solution: T(n) = O(n'°gv?) .
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535 Three common cases

Compare f(n) with n'ogve;
1. f(n) = O(n'e»e~¢) for some constant € > 0.

e f(n) grows polynomially slower than n'°2:¢
(by an n® factor).

Solution: T(n) = O(n'°2)

2. f(n) = O(n'°e¢ 1gkn) for some constant k > 0.
¢ f(n) and n'2b grow at similar rates.
Solution: T(n) = O(n'o 1g5+1n) .
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C3E
535 Three common cases (cont.)

Compare f(n) with n'o2se:
3. f(n) = Q(n'ee+#) for some constant € > 0.

e f(n) grows polynomially faster than n'°%¢ (by
an n® factor),

and f(n) satisfies the regularity condition that
af(n/b) < cf(n) for some constant ¢ < 1.

Solution: T(n) = O(f(n)) .
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Idea of master theorem

Recursion tree:
fo_,

f/b) f(n/b) -+ f(n/b)
a

f@/b?) fu/b?) - f(n/b?)
/

7(1)
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CSt
535 Idea of master theorem

Recursion tree:

)y fn)
f/b) f(n/b) - f(n/b)y af(n/b)
a
/) f(/b?) - f(n/b?) a*f(n/b?)
/
(1)
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535 Idea of master theorem

h =log

Recursion tree:

Cmg f
fn/b) f(n/b) -+ f(n/b)— af(n/b)
b1 /\/__N
FOIB) fBR) - f(/p) e @[ (n/b?)
/

(1)
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535 Idea of master theorem

Recursion tree:

fn/b) f(n/b)
h=log,n /\/——>\a

N o R O o af(n/b?)
/

#leaves = a”
= glogpn

= plogpa
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535 Idea of master theorem
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h=log,n

Recursion tree:

f/b) f(n/b)
S
F/B?) f(/b?) -+ f(n/b2) a’f(n/b?)

/

CASE 1: The weight increases :
/| geometrically from the root to the
T(1) {leaves. The leaves hold a constant |[-7'°2* 7(1)
fraction of the total weight. T
@(nlogba)

S. Raskhodnikova; based on slides by E. Demaine, C. Leiserson, A. Smith




Idea of master theorem

Recursion tree:

=
I

log,n

/B2 f/B) - f(n/bP) a’f(n/b)
/

; [CASE 2: (k = 0) The weight :
(1) — is approximately the same on nlogba (1)

each of the log,n levels. )

O(n'og n)
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Recursion tree:

h =1log,n

/B f(/b?) - f(n/b2) a’f(n/b?)
/

CASE 3: The weight decreases :
geometrically from the root to the
T(1) | leaves. The root holds a constant |~ 72'°¢* 7(1)
fraction of the total weight. T—
O(f(n)

/
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535 | Examples

EX. T(n) =4T(n/2) +n
a=4,b=2= n=n?; f(n) =n.
CASE 1: f(n) = O(n>~¢) fore = 1.
- T(n) = O(n?).
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535 | Examples

Ex. T(n) = 4T(n/2) + n
a=4,b=2= nwe=n%; f(n) =n.
CASE 1: f(n) = O(n*~¢) fore = 1.
- T(n) = O(n?).

Ex. T(n) =4T(n/2) + n*
a=4,b=2= nlwi=n% f(n) = n’
CASE 2: f(n) = @(n?1g%), that is, k = 0.
- T(n) = O(n*lgn).

S. Raskhodnikova; based on slides by E. Demaine, C. Leiserson, A. Smith

G3E
535 | Examples

EX. T(n) =4T(n/2) + n?
a=4,b=2= nwi=n% f(n) =n’.
CASE 3: f(n) = Q(n*+¢) fore =1
and 4(n/2)? < cn? (reg. cond.) for ¢ = 1/2.
- T(n) = ©(nd).
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535 | Examples

EX. T(n) = 4T(n/2) + n3
a=4,b=2= nlwi=n% f(n) =n.
CASE 3: f(n) = Qn>*¢) fore=1
and 4(n/2)? < cn’ (reg. cond.) for ¢ = 1/2.
o T(n) = O(nd).

Ex. T(n) =4T(n/2) + n*/ign
a=4,b=2= nwi=n% f(n) = nlgn.
Master method does not apply. In particular,
for every constant € > 0, we have n®* =w(lgn).
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