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ABSTRACT

The eld of property testing studiesalgorithmsthat distin-
guish,usinga smallnumberof queries betweerinputswhich
satisfya given property andthosethatare “far' from satisfy-
ing the property Testingpropertiesthatarede ned in terms
of monotonicityhasbeenextensvely investigated primarily
in the contet of the monotonicityof a sequencef integers,
or the monotonicityof a functionover the -dimensionahy-

percube . Theseworksresultedin monotonicity
testerswhosequerycompleity is at mostpolylogarithmicin

the sizeof thedomain.

Weshaw thatin its mostgeneraketting testingthatBoolean
functionsarecloseto monotones equivalent,with respecto
the numberof requiredqueries.to several othertestingprob-
lemsin logic andgraphtheory Theseproblemsinclude: test-
ing that a Booleanassignmenbf variablesis closeto an as-
sighmenthatsatis esaspeci c -CNFformula,testingthata
setof verticesis closeto onethatis avertex cover of aspeci ¢
graph,andtestingthata setof verticesis closeto a clique.

We theninvestigatethe query compleity of monotonicity
testingof bothBooleanandintegerfunctionsover generapar
tial orders.We give algorithmsandlower boundsfor thegen-
eralproblem,aswell asfor someinterestingspecialcasesIn
proving ageneralower bound,we construcgraphsvith com-
binatorialpropertieshatmay be of independeninterest.
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1. INTRODUCTION

Propertytesting[24, 15] dealswith a relaxationof decision
problemswhereoneis to determinewvhetheraninput satis es
a particularpropertyor is far from satisfyingit. This hasre-
cently becomequite an active researcharea;see[23, 12] for
suneys on thetopic.

Monotonicity is a naturalpropertyof functionson posets.
Givena poset andalinearorder , afunction

is monotoneif for all

with . A function is -closeto monotoneif we
canmake monotoneby changingits value on at mostan
fraction of the domain. Along with linearity andlow-degree
testing,monotonicityis oneof the more studiedpropertiesn
the contet of propertytesting(see[10, 16,8, 4,2, 14,11]).

Virtually all previousworks dealwith posets thathappen
to be hypercubef differentsizesand dimensionsand pro-
vide 1-sidederror testerswhosecompleity is at mostpoly-
logarithmicin the size of the domain. For the casewhere
is thelinear orderof size , and s large enough thereis

an optimal testingalgorithmwhich uses time and
queries[10]. Thecasewhen is the -dimensionahyper
cube , , where

if for every , was rst studied

andshavn to have monotonicitytesterswith querycompleity

— by [16]. Themostefcient known testerfor this
casehascompleity  — [8]. For Boolean
functions,this compleity canbemadeindependenof  [8].

Very little was known regardinglower boundsfor mono-
tonicity testing. For the casewhere s the linear order of
size , thelower boundin [11] which shaws that the algo-
rithm of [10] is tight gives the only previously knowvn non-
constaniower boundfor ary monotonicitytesting problem.
In particular no nonconstantower boundwasknown for ary
posetwhen , hamely for Booleanfunctions. The
lower boundquestionfor the caseof the Booleanhypercube,
aswell asfor generaposetsremainedunresoled.

Our Results. The main objective of this work is a systematic



studyof thequerycompleity of monotonicitytestingongen-
eral posets.Our resultsfall into threecateyories: reductions
betweentestingmonotonicityand othertestingproblems.al-

gorithmsfor testingmonotonicityandlower bounds.

We begin by shawving thatmonotonicitytestingof Boolean
functions over generalposetsis equivalentto the following
threetestingproblems. The rst is that of testingif a given
assignmento Booleanvariablesis closeto onethat satis es
a x ed 2-CNFformula. The seconds that of testingif a set
of vertices(in a x ed) graphis closeto a vertex cover. Here
closenessaptureshenumberof verticesthatneedio beadded
to make the setinto a vertex cover. Thethird problemis that
of testingif a setof verticesis closeto a clique, whereclose-
nesgefersto thenumberof verticesthatneedto beremovedto
male thesetinto aclique. Thesereductiongrovide additional
motivationfor studyingmonotonicityover generaposets.

We next presentinalgorithmwith an querycom-
plexity for testingmonotonicityover generaposetwith  el-
ementsaddressingnopenproblemposedoy [8, 22]. This, in
turn, yields querytestsfor all theabove equivalent
properties.

Wethenshav thatno non-adaptie testwhich makesonly a
polylogarithmicnumberof queriesexists. Our mainhardness

resultis a lower bound of queriesfor general
Booleannon-adaptie monotonicitytesting. This implies an
adaptve lower boundof . Thisaddressetheopen
problemraisedin [8, 22], for which no previous lower bound
wasknown. It alsoshaws thatfor the above equivalentprop-
erties,monotonicitytestingis the “essentiatlif cult part'.

To achieve our lower bound,we shav thatthereis a graph

with  verticesthat canbe partitionedinto - in-
ducedmatchingsof size . Thelatterresultis of indepen-
dentinterest:graphswith a similar propertywereconstructed
by Ruzsa and Szemegdi [25] to provide a lower boundfor a
Turan-like theorem.Recentlythey have beenusedby Hastad
andWigdersor{18] for constructingetterinearitytests. Mo-
tivatedby conjecturesn graphtheory Meshulam[21] con-
structedsimilar graphswith different parameters. Our ap-
proachis differentfrom all of theabove.

We alsopresentower boundsfor non-adaptie monotonic-
ity testsover the (Boolean) -dimensionalhypercube. We
prove an ~ lower boundfor 1-sidederror algorithms,
and an lower boundfor 2-sidederror algorithms.
Theseresultsimply the correspondingdaptve lower bounds
of and , respectiely. Thesearethe rst
nontrivial lower boundsfor theBooleanhypercubefor both1-
sidedand?2-sidederror algorithms,answeringhe openques-
tionsraisedby theworksof [16, 8, 22].

Finally, the questionarisesasto what other posetscanbe
testedmoreef ciently thanthegeneralowerbound.We shav
that functionsover certaintypesof posetshave testswith a
numberof queriesthatis independentf the sizeof the poset.
For Booleanfunctions, this includesposetswhoseHassedi-
agramsare trees,posetshaving constantsize antichains and
whatwe call “top-parallel'posets For functionswith arbitrary

Substitutingthe graphswe constructfor the graphsof Ruzsa
andSzemegdiin [18] yieldsa family of linearity tests.These
testsareincomparabldo theseof HastadandWigdersonthey
could be better or worse dependingon the distanceof the
testedfunctionto theclosestinearfunction.

rangesthis appliesto posetswith alinearnumberof compara-
ble elementpairs. We alsoprove thatfor posetsderived from
graphswith boundedseparatoranonotonicitytestingof func-
tionswith arbitraryrangegequiresonly alogarithmicnumber
of queries.

Organization. Section2 introducesasicde nitions andgen-
eraltools. Section3 shavs the equivalenceto testing2-CNF,

vertex cover andclique. Section4 providesthe testfor gen-
eral posets.Section5 prepareghe tools for the lower bound
for generalposetswhile the speci ¢ constructionsare given
in Section6. Section7 presentghe lower boundsfor mono-
tonicity testingoverthehypercubeFinally, Section8 contains
ef cient algorithmsfor several specialclasse®f posets.

2. PRELIMIN ARIES

Property testing. A propertyis a collectionof functionswith
a x eddomain anda x edrange . Thedistancebetween
functions and , denotedby , is the numberof
domainelement®nwhichthey differ. Thedistance

of afunction toaproperty is
ative distanceto s its distanceto
thedomain. A functionis -farfrom
to isatleast .

A propertyis -testableif thereis a randomizedalgo-
rithm that for every input function queriesthe valuesof
onatmost pointsof thedomain,andwith probabilityatleast
- distinguishesetweenthe casethat hasthe propertyand
the casethat is -far from the property The algorithmis
referredto asan -testor simply an -test An algorithm
is non-adaptivef its queriesdo not dependon the answerdo
previous queries.An algorithmhas1-sidederror if it always
acceptsaaninputthathasthe property

Monotone functions and graph labelings. Let
be a directedgraph. Let be a labeling of
with memberof alinearorder . Then ismonotoneon if
for all . The monotonicityprop-
erty, denotedby , is thesetof monotondabelingsof
If thereis adirectedpathfrom to in ,wesaythat is
below (or isabove )anddenotet by (which
is notanorderrelationin general) Every suchpair of vertices
of imposesa constraint . A pair of vertices
is violated if and . Ver
tices and areequivalentin if and ,
namelyif botharein thesamestronglyconnectedomponent.
Note that monotonicityof labelingsof agyclic graphscor-
respondgo monotonicity of functionson posets. We often
considera specialcaseof monotonicityrestrictedto Boolean
functionsor labelings(namely with ), which we
call Booleanmonotonicity

Handy lemmasfor monotonicity testing. A transitive clo-

. Itsrel-
divided by the size of
if its relative distance

sureof a graph , denotedby , isagraph
where isin  if thereis adirectedpathfrom
to in . Obserethattwo graphswith thesametransitve

closuregive rise to the samemonotonicityproperty

LEMMA 1. Let bea labelingfor a graph f
is monotoneon an inducedsubgaph of
, then 'sdistanceto monotonéas at most



PROOF. Assumingthat is monotoneon aninducedsub-
graph of , Wwe make monotoneon
by relabelingonly verticesin
Indeed, x andlet bethepartiallabelingon  that
is monotoneon . We extend to foronever
tex atatime, alwayskeepingthe partiallabeling
monotoneontheinducedcurrentgraph.We now shav how to
extendthedomainof by onevertex. Let bea
“minimal’ elementn (namely is unreachabléom
ary othervertex thatis notequialentto it). Let
. Weextend to by letting
be if andthe minimumvaluein
therangeotherwise By transitvity, since wasmonotoneon
, theextended is monotoneon . n

COROLLARY 2. Let bealabelingof . Then
is equal to the minimumvertex cover of the
graphof violatededgesof

A matding in a graphis a collection of edgesthat share
no commonvertex. The next two lemmasrelatea function's
distanceto monotoneo the numberof edgesdt violatesin the
transitive closureof thegraph.The rst of themfollows from
Corollary 2 andthefactthatthe sizeof a maximummatching
is atleast1/2 of the sizeof aminimumvertex cover.

LEMMA 3 ([8]). Let bealabelingwhichis -far from
monotoneon a graph  with  nodes. Then hasa
matding of violatededgesof size

LEMMA 4. Let beaBooleanabelingwhichis -farfrom
monotoneoveragraph  with  nodes.Then hasa
matcing of violatededgesof size

PROOF. Let beaposebfverticesn with partialorder
de ned by if isaviolatedpairin . Let
be a maximalantichainin . Certainly is monotoneon
the subgraplof inducedby ,as containsnovio-

latedpairs. Thenby Lemmal, .
By Dilworth'stheorem[7], is equalto the minimumnum-
ber of disjoint chainsthatcover . However, a chainin
consistsof at mosttwo verticesas and cannot
be both violated by a Booleanfunction. Hence,to cover
elementsat least out of chainshave to be of
lengthexactly two (otherwiseJessthan  elementsarecov-
ered).This collectionof atleast
disjointchainsof sizetwo is amatchingof violatedpairs. =

Reduction from monotonicity on generalgraphsto mono-

tonicity onbipartite graphs. Wenow provethattestingmono-
tonicity onarbitrarygraphss equivalentto testingmonotonic-
ity on bipartiteDAG's (which naturallycorrespondo posets).

De nition 1. Foreachdirectedgraph
let  bethebipartitegraph
where . For
eachlabeling of ,de nethecorrespondindabeling  of
by .
Notethat isatransitvely closedDAG with
andthe samenumberof edgesas

vertices

CLAIM 5. Let bealabelingonagraph . Then

ProoF. Theproofis straightforvard,andwe omit it. [

In fact We postpone
theproof of this strongerclaimto thefull versionof the paper

THEOREM 6. If is - -testablefor a graph
then is -testable Thereductionpreserved.-sided
error: al-sidedestfor givesa 1-sidedestfor

PROOF. Let bealabelingof andlet be the asso-
ciatedgraphwith labeling  asde ned above. By Claim 5,

.If is -farfrommono-

toneon then is  -farfrom monotoneon because
hastwice asmary nodes. A testfor oninput can
simulatea testfor oninput , askingat mostthe same
numberof queries. [

3. EQUIVALENCE OF BOOLEAN MONO-
TONICITY AND OTHER PROBLEMS

Testing2-CNF assignmentss equivalent to testingBoolean
monotonicity. Recallthata Booleanformulais in conjunc-
tive normalform (CNF) if it consistsof clausegoinedby s,
whereevery clauseis an  of literals. (A literal is a Boolean
variableor a negatedBooleanvariable.) If all clauseshave
two literals, the formulais a 2-CNFE Let  be a 2-CNF for-
mulawith variables ,and
beanassignmento its variables. Theproperty

is the setof satisfyingassignmentsf . We shav that the
testabilityquestiorof fora2-CNFformula isequiv-
alentto thetestabilityof Booleanmonotonicityon digraphs.

THEOREM 7. For everygraph  with  vertices,ther
is a corresponding2-CNF on variablessud that if
is -testablethen is also -testable
for Booleanlabelings.Thereductionpreserves -sidederror.

PROOF. Let be a digraph. With each
associatea Booleanvariable . De ne the 2-CNF formula
on the setof variables asfollows: for

eachedge , form theclause — . A Boolean
labeling on de nesanassignment on by

. Clearly, . Thus,
atestfor canbeusedasatestfor . u

THEOREM 8. For every2-CNF on  variables,there
is a correspondinggraph with verticessud that if

is -testablefor Boolearlabelingsthen
is -testable Thereductionpreserved -sidederror.
PROOF. Let bea satis able2-CNFformula on a set

of variables.(If is unsatis able,it hasa trivial testthat
rejectsall assignments)With eachBooleanvariable ,



associatéwo vertices and - thatrepresentiterals corre-

spondingto . We usethe corvention —and - .

De ne theimplicationgraph ~ , onthesetof thecorrespond-

ing verticesasfollows: for eachclause ,where and
areliterals,addedges — and — . For ary edge

calledge — ~ its dual edge.Notethatdualedgesap-
pearin the implication graphin pairs, with the exceptionof

edgexftheform  — , whicharedualto themseles.
Let be anassignmento . De ne the
associate®ooleanlabeling  of by for

all literals . If
monotoneon

satis es , thecorrespondindabeling is
. It remaingo provethat

. Toshav thiswetransform into asatisfy-
ing assignmenfor by changingat most
variableassignments.To this end, a Booleanlabeling of an
implication graphis called negation-compliantif and—
havedifferentlabelsfor all literals . Notethatevery negation-
compliantabelingof  hasacorrespondingssignmenio
Furthermoreif is monotoneandnegation-complianfor
thenthe correspondingissignment for , givenby

for everyliteral , is asatisfyingassignmentor

Notethatfor everyliteral , and™ areneverin thesame
stronglyconnecteccomponenbecause is satis able. Also,
if isequvalentto in then™ is equivalentto —.

Thefollowing algorithmtransforms  into anearbymono-
tone,negation-compliantabeling.

1. Corvert  to a nearestmonotoneassignment on
.(isnotnecessarilynegation-compliant.)

2. While hasnodes with -
Findamaximal (with respecto ) amongthose
with - . Change to1for
all thatareequvalentto  (including itself).

3. While hasnodes with —

Find a minimal among those with
- . Change toOforall thatare
equivalentto  (including itself).

First, we shawv thatthe resultinglabeling  is monotone

on .Indeed, ismonotoneafterstepl. Sinceit is mono-
tone, nodesin the samestrongly connecteccomponent(i.e.,
equivalent nodeswith respectto ) have the samelabels.
Hence aftereachchangen step2, equivalentnodesstill have
thesamdabels.Suppose ismonotoneon beforesomeit-

erationof step2 andis notmonotoneafterit. Thensomeedge

is violatedby changing tol. Then

bothbeforeandafterthisiteration,and is notequialentto

. Since , it mustbethat — (otherwise,

would have changedbefore ). But thenthe dual edge

— ~ isviolatedbeforetheiteration,giving acontradiction.

Similarly, if is monotoneon  beforesomeiterationof
step3 thenit is monotoneafterit.

Secondly the resultinglabeling  is negation-compliant
becausetep2 relabelsall nodes  with - ,
andstep3 relabelsall nodeswith -

Finally, let betheassignmento  with
for everyliteral . By theremarksabove, isasatisfying
assignmenfor . It is not hardto shaw that

|

Other testing problemsequivalent to 2-CNF testing. Re-
call thatamonotoneCNF is a CNF with only positive literals.
We prove thattesting2CNFis equivalentto testingmonotone
2CNF Sincewe have shavn that2-CNF testingis equivalent
to testingBooleanmonotonicityover generalgraphswhichis
equivalentto testingBooleanmonotonicityon specialkind of
bipartitegraphsijt is enoughto prove thefollowing theorem.

THEOREM 9. Let be a bipartite digraph
with all edgesdirectedfrom to and . For
eah theris a correspondingnonotone2-CNF  on
variabless.t. if is -testablethenmonotonicity
of Booleanfunctionsover is also -testable

PROOF. Associateavariable with everynode in

. Eachnode in isrepresentetty ,while eachnode
in  isrepresentedy —. De ne aBooleanformula  on
the setof variables asfollows: form a
clause for eachedge . A Booleanlabeling

of denesanassignment for by
if and if . Thenanedge is
violatedif andonly if thecorrespondinglause isun-
satis ed. Therefore, ,
andeachtestfor ~ canbeusedasatestfor . n

Let be an undirectedgraph. For a ,
let be a characteristidunction of , i.e.
if andonly if . A vertex coverof isa
subsewf the verticeswhereevery edgeof  touchesone of
thosevertices. A cliquein is a subsetof the verticesthat
inducesa completegraphin . The property is the
setof all characteristidunctions  suchthat is a vertex
coverof . Similarly, the property is the set
of all characteristidunctions  suchthat is cliqueof

THEOREM 10. Thefollowing statementare equivalent:

is -testabléefor everymonotone2-CNF
on Vvariables.
is -testabldfor everygraph on  nodes.
is -testablefor everygraph  on
nodes.

Moreover, thereductiongpreservel-sidederror.

Thetheorentollows from thefollowing threelemmas.

nodes
variables

LEMMA 11. For every undirectedgraph  on
thereis a correspondingnonotone2-CNF  on
s.t.if is -testablethensois

PROOF. Let be an undirectedgraph. Asso-
ciatea Booleanvariable  with each . De ne the 2-
CNFformula  onthesetof variables as
follows: form theclause for eachedge
A subset of verticesin  de nesanassignment to vari-
ablesin by . Clearly

,andevery -testfor canbeused

asatestfor . u



LEMMA 12. For every undirectedgraph on  nodes
thereisacorrespondinggraph  on nodess.t. if

is -testablethensois

PROOF. Let be an undirectedgraph. De ne
where s the setof vertex pairsthatarenot

. For asubset of |, let . Clearly
,andevery -

edgesin

testfor canbeusedasan -testfor

variables,
nodess.t.

LEMMA 13. Foreverymonoton€@-CNF on
thereis a correspondingundirectedgraph  on
if is -testablethensois

PrROOF. Let beamonotone2-CNF Associatea node
with eachvariable of . De ne the undirectedgraph
on the set of vertices asfollows: start
with acompletegraphon andthenfor eachclause
in deletean edge from . An assignment to

the variablesof de nes a subset of the verticesof
by . Clearly,

,andevery -testfor
canbeusedasatestfor . u

4. GENERAL UPPERBOUND

We presenta simple 1-sidederror -testfor monotonicity
(notnecessarilyBoolean)on bipartitegraphs
with andall edgesaredirectedfrom  to

TEST FOR

1. Query verticesuniformly andin-
dependentlfrom eachof  and

2. Rejectif aviolatedpair of verticesis found; oth-
erwise,accept.

THEOREM 14. If
rithm

as above then algo-

is a 1-sidederror -testfor

ProoOF. Thetestacceptsall monotongunctions. Suppose
afunctionis -far from monotone.Thenby Lemmas3, there
are vertex-disjoint violated pairs. Call them witness-
pairs and their vertices,witnesses A randomlychosen -
vertex is awitnesswith probability .

Let betheeventthatno violatedpairis detected, be

theeventthat -witnessearequeriedand  bethe
eventthat -witnessesrequeried.
Thus,thetestfails with probabilitylessthan1/3. [

By Theorem$-10,monotonicityovergeneragraphsandprop-
ertiesin Section3 have 1-sidederror -tests.

5. GENERAL LOWER BOUNDS

This sectionaddressekwer boundsfor testingmonotonic-
ity on generalgraphs.We restrictour attentionto the Boolean
casewhich implies matchinglower boundsfor all properties
in Theorem10. We rst de ne whatwe call Ruzs&a-Szemexdi
typegraphs Wethenshav thatmonotonicityover suchgraphs
(with suitableparametersis hardto testnon-adaptiely.

Let be an undirectedgraphand let
be a matchingin , i.e. no two edgesin have a ver-
tex in common. Let be the set of the endpointsof

edgesn . A matching in is calledinducedif thein-
ducedgraph containonly theedgeof . Namely

if andonly if forall .
A (bipartite) graph is called - Ruzé-

Szemexdiif its edgesetcanbe partitionedinto at least in-
ducedmatchings , eachof sizeatleast .

THEOREM 15. Let bean -Ruzé-
Szemexdi graphwith . Directall edgesof
from to toobtaina graph . Thenany non-adaptive

--testfor requires " queries.

PrROOF. We useYao's principle, which saysthatto shav
a lower boundon the compleity of a randomizedest, it is
enoughto presentan input distribution on which ary deter
ministic testwith that compleity is likely to fail. Namely
we de ne distributions on positive (monotone)and
negative ( -far from monotone)inputs, respectrely. Our in-
put distribution rst chooses  or with equalprobabil-
ity andthendraws aninput accordingto the chosendistribu-
tion. We shav thatevery deterministicnon-adaptie testwith
" querieshaserrorprobabilitylargerthan  (with
respecto theinducedprobabilityoninputs).

We now de ne thedistributions and , aswell asthe

auxiliary distribution . For and ,choosearandom
uniformly. For all nodes and
outsideof matching , set and . For ,
uniformly choose or
independentlyor all edges . For , uniformly
choose or
independentlyor all
is supportedonly on monotonelabelings, but is

not supportecbnly on negative inputs. However, for  large
enoughyith probabilitymorethan8/9 atleastl/3 of theedges
of  areviolatedwhentheinputis choseraccordingo ,
makingtheinput  -far from monotone. Denotethe latter
eventby andde ne , hamely is con-
ditionedontheevent . Notethatfor anedgeis violated
onlyif it belongsto , sincethematchingsareinduced.
Givena deterministicnon-adaptie testthatmakesa set
of queries,the probability thatoneor moreof  's edges
havebothendpointsn  isatmost for both
This is because¢he matchingsare disjoint, andthe vertex set

inducesat most edgesof . For T, with
probability morethan no edgeof hasboth end-
pointsin . Conditionedon ary choiceof for which

hasno suchedge the distribution of is identicalfor both

and : every vertex outsideof is xedto 1if it is
in andtoOif itisin , andthevalueof every othervertex
is uniform andindependenbver . Let denotethe



setof inputsconsistenwith queryanswers

no edgein noedgein
For every tuple of answers , the error probability underthe
above conditioning (with negative inputs chosenunder
ratherthan ) is 1/2. As the probability of the condition
is , the overall error probability without the con-

ditioning is . Sinceneggative inputsare chosen
under , not , the succesprobabilityis

Thus,the
errorprobabilityis . [

6. CONSTRUCTION OFHARD TOTEST
GRAPHS
This sectionconstructsRuzsa-Szemekdi graphsthat yield

non-adaptie lowerboundsfor monotonicitytest-
ing. Wethendiscusgheparametersf Ruz&-Szemegdigraphs
thatarecurrentlyattainable.

THEOREM 16. Theeexistan -
Ruz&-Szemexdi graphs with

COROLLARY 17. Forsome -vertexgraphs ,everynon-

adaptive — -testfor

queries.

requires

PROOF OF THEOREM 16. Let

is divisibleby 3and . Thevertex setof is
, thus . We de ne afamily of (partial)
matchingson the verticesof  andtake the edge-sebf the
graphto betheunionof theedge-setsf thesematchingsThe

betwo integerswhere

matchingsareindexed by a family of —-subsetof . Let
, —. Let -.
De nition of a matching . Color the pointsin the two

copiesof by blue,redandwhite. The color of a point
is determinedby . First, partitionthe vertex setinto
levels wherethelevel istheset . Then
combinelevelsinto strips, wherefor aninteger , the
strip . Colorthestrips  with

blue, the stripswith red,and
the remainingstrips white. The matching is de ned by
matchingblue pointsin  to red pointsin  asfollows: If
abluepoint in hasallits -coordinategyreaterthan ,
matchit to a point in . Thevector isthe
characteristiovectorof ;itis on and outside . Note
that is necessarilyed. is clearlya matching.Our next
stepis to shaw thatit is large.

LEMMA 18.

PrROOF. Considerthe“projected”matching onthever

ticesof thebipartitegraph , whichis de-
ned by . Namely partitionthe pointsof asdescribed
above, coloringthemby blue,redandwhite,andmatcha blue

pointin onecopy of to aredonein anotherby subtract-
ing . Since is determinedy thecoordinatesn it

is enoughto shaw that , Where

Let be the setsof the blue, red and white
points,respectiely. Then

First, we claim that . In-
deed,consideranew matchingbetween and de nedby
matching to . Assumethat .
Thenthe only unmatchecpointsin are containedin the
set , proving this claim. Similarly

Next, obsenre thatthe only blue andred points(in the cor-
responding-opiesof ) unmatchedy arethesewhich
have a coordinatewhosevalueis in . It fol-
lows that is

— Since , theclaim of thelemmafol-
lows. ]

Now, let betwo —-setsin  , suchthat
. We claim that no edgeof is inducedby . In-
deedJet bematchedo by ,in particular .
If theedge isinducedby ,then iscoloredblueand
is coloredredin the coloringde ned by . By thede ni-
tion of the coloring, since , Is located

in a blue level separatedy a white level from the red level
of . Thisimpliesthat — Onthe
otherhand,

— — reachinga
contradiction.

Wewouldliketo have alargefamily  of —-subset®f
suchthatthe intersectionbetweenary two of themis of size
at most —, or, equivalently, suchthatthe Hammingdistance
betweenary two of themis atleast— — —. Sowe
needa lower boundon the size of a constantweight binary
errorcorrectingcode  with thefollowing parametersblock
length , weight —, distance —. Applying the
Gilbert-Varshame boundfor constantwveightcodes[19], we
get—

Choose andde ne theedge-set
of by By the precedingliscus-
sion, is agraphon vertices,whoseedge-sets a
disjoint union of inducedmatchings
of size . L]

-Ruzsa-Szemeedi Graphs. For which valuesof and
is therean -Ruzsa-Szemedi graph?We areinterested
in the asymptoticversionof this questionas . Call
a sequencef pairs -realizableif thereis anin-
nite sequencef , andgraphs with  vertices,that
are -Ruzsh-Szemerdi. Dene  to be the set
of realizablesequencedNotethat ismono-
tonein the naturalorderon pairs,namelyif it contains ,
and , , thenit contains . Thereforeit is
de ned by its setof maximalpoints.

Two trivial maximalpointsin  are , comingfrom
acompletegraphon  vertices,and , comingfrom
a perfectmatchingon  vertices. A muchmore interesting
pointin  is givenby a constructionof Ruzsa and Szemegdi
[25], following Behrend]5]. Their result,with someabuseof



notation,canbe statedasfollows:

We have alreadyseenthat for thereis an ab-
solute constant , suchthat . This
trivially implies that thereis a constant suchthat for ary

positive , . A more techni-

cally involved generalizatiorof the constructionin this sec-
tion, postponedo the full versionof the paper gives: there
is a constant suchthatfor ary constantpositive ,

grows, it canbe shavn for
, that thereis an absoluteconstant

Letting goto as

,S.t.

7. HYPERCUBE LOWER BOUNDS

1-sided non-adaptive lower bound. Considerthe setinclu-
sion orderon the verticesof the Booleanhypercube
For , let beits Hammingweight.

THEOREM 109. sud that every non-adaptivel-
sidederror -testfor monotonicityof Booleanfunctionsonthe
-dimensionaBooleanhypecuberequires " queries.

PrROOF. Notethatal-sidederrortestmustaccepif novio-
lationis uncovered;otherwisethetestfailsonmonotondunc-
tions consistentvith the queryresults.For de ne
afunction by

if

if

otherwise
It is easyto seethatfor all , is -farfrom mono-

tone,for someconstant independensf . Thefollowing
immediatelyimpliesourtheorem. [

LEmMMA 20. For everynon-adaptive -querymonotonicity
test, there existsan index , sud that the testsucceeds
(nds aviolation)on  with probability at most -

PROOF. It sufces to prove the claim for teststhat only
queryverticeswith Hammingweightin therange -,
asqueriesout of this rangedo not participatein ary violation.

Weshaw thatevery setof queriesrevealsaviolationfor at
most ~ ofthefunctions . It followsthatfor everytest
thatmales queries, aviolationfor isfound

andsothereexistsan for which thetest nds a
violation with probability at most ~ , asclaimed.
Let bethe setof queriedverticesof of size .

The queriesdetecta pair of verticesviolatedby  only if
containscomparablevertices and thatdiffer in coordinate
. Construcanundirectedgraphwith vertex set , by drawing
anedgebetween and if they arecomparable.Considera
spanningforestof this graph. If suchvertices and exist,
they mustlie in the sametree. Furthermoretheremustexist
adjacentverticeson the pathbetween and thatdiffer in
coordinate . Thereforethenumberof functions  for which
the queriesreveal aviolation is at mostthe maximumnumber

of edgesn theforest(whichis atmost ) multiplied by the
maximumpossibledistancebetweeradjacentertices( ).
Thetotalis atmost . [

2-sidedlower bound. We give alogarithmiclower boundfor
non-adaptie 2-sidedmonotonicitytestsof Booleanfunctions
over . Thisimpliesanon-constanfthoughdoublylog-
arithmic)lower boundfor adaptve testingof this property

THEOREM 21. sud thateverynon-adaptive -test
for monotonicityof Booleanfunctionson the -dimensional
Booleanhypecuberequires queries.

Proor. ThelowerboundusesYao's method.Namely we
de ne two distributions over input functions, and ,
suchthat for ary setof — verticesof the hyper
cube, the distributions inducedon by restrictingthe
functionstothe verticesare - close while aninputchosen

accordingto is monotoneandaninput choseraccording
to is -farfrom monotonegor a constant.
Two distrib utions. For , weview bothasa
binaryvectorof length andasubset of

De nition 2. Let —. Given ,let
be 1 when - andO otherwise.

Thetrimmedoligarchy functionaccodingto is
if -
if
otherwise

Thetrimmedanti-oligarchy functionaccodingto is

if -
if
otherwise

Thetheoremfollows from the next two lemmas. u

LEMMA 22. Theeexists
set , is monotonend

, sud thatfor anynonempty
is -far frommonotone

PROOF. It is easyto seethattrimmedoligarchyfunctions
aremonotone.For trimmedanti-oligarchyfunctions,we will
nd vertex-disjoint violatedpairs.

Let . Foreveryinteger suchthat -

- ,andeveryinteger suchthat - et
denotethe set and ,
and denotetheset and

. By de nition, for every
and for every . and have the
samesize, since isin iff the complementof isin

. Wewantto nd abijection suchthat

for every .
Considethebipartitegraphover with theposet

relationsasedges.lt is easyto seethatthis graphhasa con-
stantdegree,so a matchingexists (by Hall's Theorem)if this
degreeis nonzero. This happensdf satisfy -

- in additionto the conditionsabove. The union over
all such of thesets coversa x edfractionof
thehypercubesowe aredone. [



Tode ne and pick arandomset
pendentlychoosingeachcoordinateo lie in - with probabil-
ity — .For ,takethecorresponding andfor ,
take the corresponding

by inde-

LEMMA 23. and restrictedto any set of
— queriesare -close for any

PROOF SKETCH. Let — . Let be
a x ed subsetof . We can assumewithout loss of
generality that the points satisfy B
~. Thisis becauseghe functionsin and
areconstanandidenticaloutsidethis range.
Insidetherangeforary ,thecorrespondingligarchyand
anti-oligarchyfunctions complemeneachother Therefore,
theinduceddistributions and  on aremirror im-
agesof eachother: for ary ,
where isthecomplemenbf . Foradistribution on ,
let beits mirrorimage.Call symmetrigf . Ourclaim
amountgo shaving  to bealmostsymmetric.
In fact, we constructa symmetricdistribution , suchthat
. Thisimpliesour claim since

We getto by a sequenceof four distributions, eachone
closeto its predecessorThe rst elementin the sequenceas
andthelastis . Thetriangleinequalitythenimplies
thatthe distancebetween and is at mostthe sumof the
distancedetweerthe consecutie elementof thesequence.
For , let be suchthat
and “. Let bethedistributionon
inducedby restrictingthe functionsin to . Then
iscloseto  becausev.h.p.overthechoiceof afunction
from , changingthe queriesby at most " bits, does
notchangehevalueof the onthequeries.
The -sets inducea standarcpartitionof  into
disjoint subsetsindexed by . For , the
'th elementf thepartitionis .
random

Here s the setcomplemenbf . We de ne
variablesdependingon by setting f
isempty isidentically .

Notethat areindependeninomially distributedvari-
ablesandthatthey determinegherestrictionof to .In
fact,is if andonly if , whichis
equialentto

Since , we can
replaceeach by arandomvariable with
zeroexpectation.

Next, we would like to replaceeach by a symmetric?
randomvariable . Obsenethatoncewe doso,providedthe
new distribution on is closeto , wearebasically
done.Indeed,achoiceof apointin accordingo is
determinedby the signsof linear expressiondsn . Since

is invariantunder ipping thesignof all the , apoint

A realrandomvariable is symmetricif for all ,
. Thetwo notionsof sym-
metric distributionsin the proof should, hopefully causeno

confusion.

andits complement would bechoserwith almost® thesame
probability Therefore, is closeto a symmetricdistribution

on , completingthe proof.

We know, say by the Berry-Esseertheorem([9], p. 126)
thatabinomialdistributionwith parameters and , suchthat

, is, in somesensegcloseto the normaldistribution

which is, of course,symmetric. We give a precisemeaning
to this intuition, proving directly that sucha binomial distri-
bution is stochasticallycloseto a symmetricone. This allows
ustoreplace with large parameter by symmetric
randomvariables.

Asto forwhichtheparameter is small,it turnsoutthat
we cangetrid of themsimply by replacingthemwith . =

8. FAMILIES OF GRAPHSWITH EFFI-
CIENT MONOTONICITY TESTS

Thissectiondescribeseveralfamiliesof ef ciently testable
graphs,including graphswith few edgesn thetransitve clo-
sure,graphswith small width, top-parallelgraphs treesand
graphswith smallseparatorsAll testspresentedhave 1-sided
error Hencewe only needto analyzethe probability of error
for functionsthatarefar from monotone Throughouthe sec-
tion, we denotethetransitive closureof agraph by

8.1 Testswith query complexity indepen-
dent of graph size

Our rst test workswhenthe fraction of vertex pairs

violatedby the input functionis high andis usefulfor testing

graphswith few edgesn thetransitve closure aswell assmall

width graphs.Notethattest gueriesatmost  vertices.

TEST

1. Pick edgesfrom the transitve closureof the
graphuniformly andindependently

2. For eachedge,queryits endpoints.Rejectif it is
violated;otherwise accept.

LEMMA 24.If is a graph with at most edeges in
, thenalgorithm  with parameter setto is
a 1-sidederror -testfor monotonicityon

A graph haswidth if every setof mutuallyincomparable
verticeshassizeatmost . Thefollowing shavsthat can
beusedto testsmallwidth graphs.

LEMMA 25.If is a graph of width , thenalgorithm
with setto is a 1-sidederror -testfor
monotonicityof Booleanfunctionson

PROOF OF LEMMA 25. Let beagraphof width and
let beaBooleanlabelingof thatis -far from mono-
tone. We will shav thatthe numberof violatededgesin the
transitive closureis atleast . Sincetheto-
tal numberof edgesn thegraphis atmost , thetestwill
nd aviolatededgewith probabilityatleast

Becausen orderto get in -th coordinateve needthe cor-
respondindinear expressiorto be strictly positive, andto get
we needit to be only non-positve (zeroincluded).



CLAIM 26. If for a Booleanlabeling
thenther is a set , of O-labeledvertices,s.t. is
incidentto at least violatedpairs.

PrROOF OF cLAIM. If , by Lemma4,
hasa matchingof violatededgesof size . Call end-

points of the edgesin the matchingwitnesses Let  be the
setof O-labeledwitnessesandlet be a minimal setof
verticess.t. with . Clearly contains

no comparableairs,andhenceis of sizeatmost . Eachl-
labeledwitnessis belowv oneof thenodesn andhencein
|

Applying the claim to andremoving the nodesin
from the graphrepeatedlyuntil no verticesareleft, we ob-
sene thatthe numberof violatededgesn is atleast

Top-parallel graphs. Let and
be disjoint graphs. Graph  obtainedby connecting  and
in parallel is de ned by . Graph
obtainedby connecting  and using the top opeia-
tion is de ned by , where
and . Top-pamllel graphs

arede nedrecursvely: the 1-vertex graphis top-parallel and
a graphformed by top or parallel operationsfrom two top-
parallelgraphsis alsotop-parallel. Examplesof top-parallel
graphsincludethe transitive closureof a rootedtree with all
edgeddirectedeithertowardsthe root or away from theroot,
andthe transitive closureof a completelayeredgraph. The
proof of thefollowing lemmais omitted.

LEMMA 27.If is atop-pamllel graph,it hasa 1-sided
-testfor Booleanmonotonicity

Tree-likegraphs. A directedgraph istree-likeif it is
obtainedby arbitrarily directingeachedgeof a forest

LEMMA 28.If isatree-likgraph,it hasa 1-sidederror
-testfor Booleanmonotonicity

Thefull proofis technical,andwe omit it. We sketcha sim-
plied prooffor thecaseof arootedtree whichis obtained
from atree by choosinga specialvertex
anddirectingthe edgesalong pathsfrom otherverticesto
Let denote for . Obsere
thatin arootedtree, for all incompa-
rablevertices . A vertex is -badwith respecto
aBooleanlabeling if andmorethan fraction of
verticesin arelabeledl by

FOR BOOLEAN LABELINGS ON ROOTED TREES

1. Query - nodesuniformly andindependently

2. Foreachqueriednodewith label0, query- nodes
belaw it uniformly andindependentlyRejectif a
violatedpairis found; otherwise accept.

If atleastan fraction of verticesin  are  -badwith
respecto theinputlabeling , thetestrejectswith probability

. Otherwisewe canobtainamonotone by changing

on lessthan fraction of the vertices. Let  be the set
of O-labeledverticeswhicharenot  -bad,and betheset
of maximalnodesof . Set to O if for

some andto 1 otherwise. It is not hardto shav that
is monotoneandcloseto , asclaimed,whichimpliesthe
correctnessf thetest.
A generalizationof a bad vertex yields a similar test for
tree-like graphs.

8.2 A testfor graphswith small separators

Herewe considergraphsthat canbe brokeninto relatively
smallconnecteccomponentd®y removing afew vertices.

De nition 3. Let beanin nite family of undirectedyraphs
thatis closedundertaking subgraphs.We saythat is -
separabléf every -vertex graph canbebrokeninto
connecteccomponentf size at most by remwring a
subsebf atmost vertices,calleda separator

E.g.,forestsare -separableboundedree-widthgraphshave
boundedseparatorsind planargraphsare " -separable
[20]. Inthesequel mightbeasublineamon-decreasinfunc-
tion of

Let be a directedgraph. Let be the undi-
rectedgraphobtainedrom by undirectingits edgesCall

-separabléf belongsto a -separabléamily of graphs.

Considera standardtreestructureover disjoint subgraphs
of generatedy inductively taking out separatorsNamely
generatarootedtree whereeachnode in s associated

with asetof vertices of .Let beaseparatofor
of size  , andsupposehat has components.
Theroot of isassociateavith  (i.e., ) and

has children,onefor eachcomponent.The subtreesf the
childrenaregeneratedecursvely from their respectie com-
ponentdy thesameprocedure Therecursionstopsatcompo-
nentsof sizelessthan . Theleavesareassociatedvith
vertex setsof their componentsNotethatthe depthof thetree
is .

Let be the path from the root to
anode in Denote by Namely

containsall verticesof  associatedvith andall

verticesfrom separatorshatappearon the pathfrom the root
of to .Foravertex let denotethenode of
sothat

We present 1-sidederrortestfor — usingthestructure .

TEST FOR GRAPHSWITH SMALL SEPARATORS,

1. Pick - nodesof  uniformly andindependently

2. Foreachnode , queryall nodesin .
Rejectif a violated pair is found; otherwise, ac-
cept.

Callavertex badif containsa violatedpair.

CLAIM 29. If afunctionis -far from monotoneat least
fractionof verticesare bad.

PrROOF. Considerviolatedpair . Wewill provethat
either or isbad.Theclaimthenfollows asthegraphhasat
least vertex-disjoint violatedpairs(by Lemma3).



If and areonthesamepathfrom therootto aleaf

in , then or . W.lo.g,,
suppose ,then isbadbecause
containsa violated pair L f and arenoton

the samepathfrom theroot to aleaf, they got separatedvhen
wasconstructedi.e.,somevertex  onadirectedpathfrom

to ,in ,isinacommonancestopf and . Since
or hasto beviolated,either or isbad. =

LEMMA 30. Let bea -sepamble -vertex
graph. Thenalgorithm isa1-sidederror - -
testfor monotonicityof functions(with geneal ranges)on

This generalizeshe more ef cient testsfor Booleanfunc-
tionsovertree-like graphsandbounded-widtlgraphgor which
tighter results(by factor) are obtainedin lemmas28

and?25. It alsoprovidesanalternatve -

testfor planargraphs,which performsmore queriesthanthe
generahlgorithmfrom sectiord, but requiredewerlabelcom-
parisons.We notethatthis resultcannotbe dramaticallyim-
proved asthe generalmonotonicitytestfor theline (which is
1-separablelequires querieq11].
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