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ABSTRACT
The �eld of property testing studiesalgorithmsthat distin-
guish,usinga smallnumberof queries,betweeninputswhich
satisfya given property, andthosethatare`far' from satisfy-
ing the property. Testingpropertiesthat arede�ned in terms
of monotonicityhasbeenextensively investigated,primarily
in the context of the monotonicityof a sequenceof integers,
or themonotonicityof a functionover the � -dimensionalhy-
percube�����
	�	�	���
���� . Theseworksresultedin monotonicity
testerswhosequerycomplexity is at mostpolylogarithmicin
thesizeof thedomain.

Weshow thatin itsmostgeneralsetting,testingthatBoolean
functionsarecloseto monotoneis equivalent,with respectto
thenumberof requiredqueries,to several othertestingprob-
lemsin logic andgraphtheory. Theseproblemsinclude: test-
ing that a Booleanassignmentof variablesis closeto an as-
signmentthatsatis�esaspeci�c � -CNFformula,testingthata
setof verticesis closeto onethatis avertex coverof aspeci�c
graph,andtestingthata setof verticesis closeto a clique.

We theninvestigatethe querycomplexity of monotonicity
testingof bothBooleanandintegerfunctionsovergeneralpar-
tial orders.We give algorithmsandlower boundsfor thegen-
eralproblem,aswell asfor someinterestingspecialcases.In
proving agenerallowerbound,weconstructgraphswith com-
binatorialpropertiesthatmaybeof independentinterest.
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1. INTRODUCTION
Propertytesting[24, 15] dealswith a relaxationof decision

problemswhereoneis to determinewhetheraninput satis�es
a particularpropertyor is far from satisfyingit. This hasre-
cently becomequite an active researcharea;see[23, 12] for
surveyson thetopic.

Monotonicity is a naturalpropertyof functionson posets.
Givena poset��������������� anda linearorder  , a function
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�%$& is monotoneif
!

�(')�*�

!

�(+,� for all '-��+/.0�

with +1�2�3' . A function
!

is 4 -closeto monotoneif we
canmake

!

monotoneby changingits valueon at mostan 5

fraction of the domain. Along with linearity andlow-degree
testing,monotonicityis oneof themorestudiedpropertiesin
thecontext of propertytesting(see[10, 16,8, 4, 2, 14,11]).

Virtually all previousworksdealwith posets� thathappen
to be hypercubesof differentsizesanddimensions,andpro-
vide 1-sidederror testerswhosecomplexity is at mostpoly-
logarithmicin the sizeof the domain. For the casewhere �

is the linear orderof size 6 , and  is large enough,thereis
an optimal testingalgorithmwhich uses78�(9;:�<=6>� time and
queries[10]. The casewhen � is the � -dimensionalhyper-
cube ? @BAC� , @D�%���E�
	F	F	F�G
�� , where '#�H�('JI
��	K	�	-�L'

�

�M�

+B�H�(+
I

��	�	�	��G+

�

� if 'ON*�P+EN for every Q , was �rst studied
andshown to havemonotonicitytesterswith querycomplexity
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>UEV  WV � by [16]. Themostef�cient known testerfor this
casehascomplexity 78�

�

T

�(9F:�<X
>�K�(9F:�<YV  2V ��� [8]. For Boolean
functions,this complexity canbemadeindependentof 
 [8].

Very little was known regardinglower boundsfor mono-
tonicity testing. For the casewhere � is the linear orderof
size 6 , the lower boundin [11] which shows that the algo-
rithm of [10] is tight gives the only previously known non-
constantlower boundfor any monotonicitytestingproblem.
In particular, no nonconstantlower boundwasknown for any
posetwhen  Z�[�]\,�
�]� , namely, for Booleanfunctions. The
lower boundquestionfor thecaseof theBooleanhypercube,
aswell asfor generalposets,remainedunresolved.

Our Results.Themainobjective of this work is a systematic



studyof thequerycomplexity of monotonicitytestingongen-
eral posets.Our resultsfall into threecategories: reductions
betweentestingmonotonicityandothertestingproblems,al-
gorithmsfor testingmonotonicityandlower bounds.

We begin by showing thatmonotonicitytestingof Boolean
functionsover generalposetsis equivalent to the following
threetestingproblems. The �rst is that of testingif a given
assignmentto Booleanvariablesis closeto onethat satis�es
a �x ed 2-CNF formula. The secondis that of testingif a set
of vertices(in a �x ed) graphis closeto a vertex cover. Here
closenesscapturesthenumberof verticesthatneedto beadded
to make thesetinto a vertex cover. The third problemis that
of testingif a setof verticesis closeto a clique,whereclose-
nessrefersto thenumberof verticesthatneedto beremovedto
makethesetinto aclique.Thesereductionsprovideadditional
motivationfor studyingmonotonicityover generalposets.

Wenext presentanalgorithmwith an 78��� 6���5�� querycom-
plexity for testingmonotonicityovergeneralposetswith 6 el-
ements,addressinganopenproblemposedby [8, 22]. This, in
turn,yields 78��� 6��]5�� querytestsfor all theabove equivalent
properties.

Wethenshow thatnonon-adaptive testwhichmakesonly a
polylogarithmicnumberof queriesexists. Our mainhardness

result is a lower boundof 6���� �

	 
��
	 
������

queriesfor general
Booleannon-adaptive monotonicitytesting. This implies an
adaptive lowerboundof �Y��� �����

� ����� �����

� . Thisaddressestheopen
problemraisedin [8, 22], for which no previous lower bound
wasknown. It alsoshows that for theabove equivalentprop-
erties,monotonicitytestingis the`essentialdif�cult part'.

To achieve our lower bound,we show that thereis a graph

with 6 verticesthat canbe partitionedinto 6����

	 
��

�����

	 
��
	 
��
���

in-
ducedmatchingsof size 4G6 . The latter result is of indepen-
dentinterest:graphswith a similar propertywereconstructed
by Ruzśa andSzemeŕedi [25] to provide a lower boundfor a
Turán-like theorem.Recentlythey have beenusedby H	astad
andWigderson[18] for constructingbetterlinearitytests1. Mo-
tivatedby conjecturesin graphtheory, Meshulam[21] con-
structedsimilar graphswith different parameters. Our ap-
proachis differentfrom all of theabove.

We alsopresentlower boundsfor non-adaptive monotonic-
ity testsover the (Boolean) � -dimensionalhypercube. We
prove an �Y��� �-� lower boundfor 1-sidederror algorithms,
and an �Y�(9F:E<X�-� lower bound for 2-sidederror algorithms.
Theseresultsimply thecorrespondingadaptive lower bounds
of �Y�(9F:E<X�-� and �Y�(9F:�<=9F:E<X�-� , respectively. Thesearethe�rst
nontrivial lowerboundsfor theBooleanhypercube,for both1-
sidedand2-sidederroralgorithms,answeringtheopenques-
tionsraisedby theworksof [16, 8, 22].

Finally, the questionarisesas to what otherposetscanbe
testedmoreef�ciently thanthegenerallowerbound.Weshow
that functionsover certaintypesof posetshave testswith a
numberof queriesthatis independentof thesizeof theposet.
For Booleanfunctions,this includesposetswhoseHassedi-
agramsaretrees,posetshaving constantsizeantichains,and
whatwecall `top-parallel'posets.For functionswith arbitrary

I Substitutingthegraphswe constructfor thegraphsof Ruzśa
andSzemeŕedi in [18] yieldsa family of linearity tests.These
testsareincomparableto theseof H	astadandWigderson,they
could be better or worse dependingon the distanceof the
testedfunctionto theclosestlinearfunction.

ranges,thisappliesto posetswith alinearnumberof compara-
ble elementpairs. We alsoprove that for posetsderivedfrom
graphswith boundedseparators,monotonicitytestingof func-
tionswith arbitraryrangesrequiresonly a logarithmicnumber
of queries.

Organization. Section2 introducesbasicde�nitions andgen-
eral tools. Section3 shows theequivalenceto testing2-CNF,
vertex cover andclique. Section4 providesthe test for gen-
eral posets.Section5 preparesthe tools for the lower bound
for generalposets,while the speci�c constructionsaregiven
in Section6. Section7 presentsthe lower boundsfor mono-
tonicity testingover thehypercube.Finally, Section8 contains
ef�cient algorithmsfor severalspecialclassesof posets.

2. PRELIMIN ARIES
Property testing. A propertyis a collectionof functionswith
a �x eddomain � anda �x edrange . Thedistancebetween
functions

!

and
!! 

, denotedby "�Q�#%$K�

!

�

!! 

� , is the numberof
domainelementsonwhichthey differ. Thedistance"�Q�#&$��

!

��' �

of afunction
!

to aproperty' is (*),+.-0/2143*"�Q�#%$K�

!

�

!
 

� . Its rel-
ativedistanceto ' is its distanceto ' dividedby thesizeof
thedomain.A function is 5 -far from ' if its relative distance
to ' is at least5 .

A propertyis � 4���5 � -testableif thereis a randomizedalgo-
rithm that for every input function

!

queriesthe valuesof
!

onatmost 5 pointsof thedomain,andwith probabilityat least
U

6 distinguishesbetweenthecasethat
!

hasthe propertyand
the casethat

!

is 5 -far from the property. The algorithm is
referredto asan �(5���5E� -testor simply an 5 -test. An algorithm
is non-adaptiveif its queriesdo not dependon theanswersto
previousqueries.An algorithmhas1-sidederror if it always
acceptsaninput thathastheproperty.

Monotone functions and graph labelings. Let 71�[��� �98 �

be a directedgraph. Let
! "

�;: $  be a labelingof �

with membersof a linearorder  . Then
!

is monotoneon 7 if
!

�(+�N �Y�

!

�(+&<E� for all �(+�N��L+%<�� .=8 . Themonotonicityprop-
erty, denotedby 
?>��A@ , is thesetof monotonelabelingsof 7 .
If thereis a directedpathfrom +

N to +
< in 7 , we saythat +

N is
below +

<
(or +

<
is above +

N
) anddenoteit by +

N
�B@ +

<
(which

is notanorderrelationin general).Everysuchpairof vertices
of 7 imposesa constraint

!

�(+EN � �

!

�(+%<�� . A pair of vertices
�(+

N
�L+

<
� is violated if +

N
�B@3+

< and
!

�(+
N

�DC

!

�(+
<

� . Ver-
tices +�N and +&< areequivalentin 7 if +EN��

@
+&< and +&< �

@
+�N ,

namely, if botharein thesamestronglyconnectedcomponent.
Note that monotonicityof labelingsof acyclic graphscor-

respondsto monotonicityof functionson posets. We often
considera specialcaseof monotonicityrestrictedto Boolean
functionsor labelings(namely, with  � ��\ �
��� ), which we
call Booleanmonotonicity.

Handy lemmasfor monotonicity testing. A transitive clo-
sureof a graph 7��P��� ��8 � , denotedby EGF �H7 � , is a graph

��� �98

 

� where �(+ I
��+

U

� is in 8

 

if thereis a directedpathfrom
+ I to +

U

in 7 . Observethattwo graphswith thesametransitive
closuregive riseto thesamemonotonicityproperty
?>��I@ .

LEMMA 1. Let
!

be a labeling for a graph 7 ��� �98 � . If
!

is monotoneon an inducedsubgraph 7

 

� ���

 

�98

 

� of
EGF �H7 � , then

!

's distanceto monotoneis at most V �J: �

 

V .



PROOF. Assumingthat
!

is monotoneon an inducedsub-
graph 7

 

� ���

 

�98

 

� of EGF �H7 � , we make
!

monotoneon
EGF �H7 � by relabelingonly verticesin �J: �

 

.
Indeed,�x �

 

andlet
!

V �I/ bethepartiallabelingon �

 

that
is monotoneon 7

 

���

 

�98

 

� . Weextend
!

V � / to � for onever-
tex +*. �J: �

 

at a time,alwayskeepingthepartial labeling
monotoneontheinducedcurrentgraph.Wenow show how to
extendthedomainof

!

by onevertex. Let +�. � : �

 

bea
`minimal' elementin ��: �

 

(namely, + is unreachablefrom
any othervertex � . � : �

 

thatis not equivalentto it). Let
�

� �
' . �

 

V]' �B@ + � . We extend
!

to �����]+ � by letting
!

�(+,� be (����
	

1��

�

!

�(')�G� if
��


��� andtheminimumvaluein
therangeotherwise.By transitivity, since

!

wasmonotoneon
�

 

, theextended
!

is monotoneon ��� �]+ � .

COROLLARY 2. Let
!

bea labelingof 70� ��� �98 � . Then
"�Q�#&$��

!

��
?>�� @�� is equal to the minimumvertex cover of the
graphof violatededgesof EGF �H7 � .

A matching in a graphis a collectionof edgesthat share
no commonvertex. The next two lemmasrelatea function's
distanceto monotoneto thenumberof edgesit violatesin the
transitive closureof thegraph.The�rst of themfollows from
Corollary2 andthefactthatthesizeof a maximummatching
is at least1/2of thesizeof a minimumvertex cover.

LEMMA 3 ([8] ). Let
!

bea labelingwhich is 5 -far from
monotoneon a graph 7 with 6 nodes.Then EGF �H7 � hasa
matching of violatededgesof size5�6���� .

LEMMA 4. Let
!

bea Booleanlabelingwhich is 5 -far from
monotoneover a graph 7 with 6 nodes.Then EGF �H7 � hasa
matching of violatededgesof size5�6 .

PROOF. Let �

 

beaposetof verticesin � with partialorder
de�ned by + �/' if �(+ ��')� is a violatedpair in 7 . Let ��� �

be a maximal antichainin �

 

. Certainly,
!

is monotoneon
thesubgraphof EGF �H7 � inducedby � , as � containsno vio-
latedpairs.Thenby Lemma1, "�Q�#&$��

!

�L
 >��
@

�2� V � V : V � V .
By Dilworth's theorem[7], V � V is equalto theminimumnum-
ber of disjoint chainsthat cover �

 

. However, a chainin �

 

consistsof at most two verticesas �(+ ��')� and �('J����� cannot
be both violatedby a Booleanfunction. Hence,to cover V � V

elements,at least V � V�:0V � V out of V � V chainshave to be of
lengthexactly two (otherwise,lessthan V � V elementsarecov-
ered).This collectionof at least V � V4:BV � V�� "�Q�#&$��

!

��
 >��
@

�

disjointchainsof sizetwo is amatchingof violatedpairs.

Reduction fr om monotonicity on generalgraphs to mono-
tonicity onbipartite graphs. Wenow provethattestingmono-
tonicity onarbitrarygraphsis equivalentto testingmonotonic-
ity on bipartiteDAG's (whichnaturallycorrespondto posets).

De�nition 1. Foreachdirectedgraph7#� � �
+ I
��	K	�	���+

�

� ��8 � ,
let �

@ bethebipartitegraph � �
+
I

��	�	�	K��+

�

���K�
+

 

I

��	
	K	���+

 

�

����8�� �

where 8
�

��� �(+
N

��+

 

<

��V�+
<

)�� ��!"��#%$&�(' 9�!*)+�G: (#+
N

) + 8 � . For
eachlabeling

!

of 7 , de�ne thecorrespondinglabeling
!

� of
��@ by

!

�
�(+

N
���

!

�
�(+

 

N

���

!

�(+
N

� .
Notethat �

@ is a transitively closedDAG with ��6 vertices
andthesamenumberof edgesas EGF �H7 � .

CLAIM 5. Let
!

bea labelingona graph 7 . Then
"�Q�#&$��

!

�L
 >�� @ �=� "�Q�#&$��

!

� ��
 >�� �-, � 	

PROOF. Theproof is straightforward,andweomit it.

In fact "�Q�#%$K�

!

�L
?>�� @ � �J"�Q�#&$��

!

� ��
 >�� �-, � 	 We postpone
theproofof thisstrongerclaimto thefull versionof thepaper.

THEOREM 6. If 
 >��.�-, is �

T

U

��5 � -testablefor a graph 7

then 
?>�� @ is �(5�� 5E� -testable. Thereductionpreserves1-sided
error: a1-sidedtestfor 
 >��.�-, givesa1-sidedtestfor 
?>�� @ .

PROOF. Let
!

be a labelingof 7 andlet � @ be theasso-
ciatedgraphwith labeling

!

� asde�ned above. By Claim 5,
"�Q�#&$��

!

�L
 >�� @ � � "�Q�#&$��

!

� ��
 >��.� , � . If
!

is 5 -farfrom mono-
toneon 7 then

!

� is 54�E� -far from monotoneon ��@ because
� @ hastwice asmany nodes. A test for 7 on input

!

can
simulatea testfor ��@ on input

!

�
, askingat mostthe same

numberof queries.

3. EQUIVALENCE OF BOOLEAN MONO­
TONICITY AND OTHER PROBLEMS

Testing2-CNF assignmentsis equivalent to testingBoolean
monotonicity. Recall that a Booleanformula is in conjunc-
tive normalform (CNF) if it consistsof clausesjoinedby / s,
whereevery clauseis an 0 of literals. (A literal is a Boolean
variableor a negatedBooleanvariable.) If all clauseshave
two literals, the formula is a 2-CNF. Let 1 be a 2-CNF for-
mulawith variables2*I
�K	
	�	��32

�

, and
! "

�42*I]��	K	�	���2

�

� $

��\ �
��� beanassignmentto its variables.Theproperty56�

�

�71��

is the setof satisfyingassignmentsof 1 . We show that the
testabilityquestionof 56�

�

�71�� for a2-CNFformula 1 isequiv-
alentto thetestabilityof Booleanmonotonicityondigraphs.

THEOREM 7. For every graph 7 with 6 vertices,there
is a corresponding2-CNF 1

@ on 6 variablessuch that if
56�

�

�71 @ � is �(5 ��5 � -testablethen 
 >�� @ is also �(5���5 � -testable
for Booleanlabelings.Thereductionpreserves1-sidederror.

PROOF. Let 7��������98 � bea digraph. With each+ . �

associatea Booleanvariable 8-9 . De�ne the 2-CNF formula
1

@ on thesetof variables2 � �48
9

V�+>. � � asfollows: for
eachedge �('J��+,�=.�8 , form theclause� 8:	;0<8=9E� . A Boolean
labeling

!

on � �H7 � de�nesanassignment
R

!

on 2 by
R

!

�>8
9

���

!

�(+,� . Clearly, "�Q�#&$��

!

��
 >�� @��Y� "�Q�#&$��

R

!

�?56�

�

�71 @ ��� . Thus,
a testfor 56�

�

�71 @ � canbeusedasa testfor 
?>��A@ .

THEOREM 8. For every 2-CNF 1 on 6 variables,there
is a correspondinggraph 7A@ with ��6 verticessuch that if


?>�� @.B is �(54�E����5 � -testablefor Booleanlabelingsthen 56�

�

�71��

is �(5���5E� -testable. Thereductionpreserves1-sidederror.

PROOF. Let 1 be a satis�able2-CNF formula on a set 2

of 6 variables.(If 1 is unsatis�able,it hasa trivial test that
rejectsall assignments).With eachBooleanvariable 8 .C2 ,



associatetwo vertices+�� and + � that representliterals corre-
spondingto 8 . We usetheconvention + � � + � and + � � + � .
De�ne theimplicationgraph, 7A@ , onthesetof thecorrespond-
ing ��6 vertices,asfollows: for eachclause8 0

� , where8 and
� areliterals, addedges� +�� ��+ � � and � + � ��+��E� . For any edge

�('J��+,� call edge � + � ')� its dual edge.Notethatdualedgesap-
pearin the implication graphin pairs,with the exceptionof
edgesof theform �('J� ')� , which aredualto themselves.

Let
! "

2 $ ��\,�K��� be an assignmentto 1 . De�ne the
associatedBooleanlabeling

!

@ of 7 @ by
!

@ �(+���� �

!

�>8)� for
all literals 8 . If

!

satis�es 1 , thecorrespondinglabeling
!

@ is
monotoneon 7;@ . It remainsto provethat "�Q�#&$K�

!

��5 �

�

�71-��� �

"�Q�#&$��

!

@ �L
?>�� @ B � . To show thiswetransform
!

into asatisfy-
ing assignmentfor 1 by changingat most "�Q�#&$K�

!

@=��
 >�� @ B �

variableassignments.To this end,a Booleanlabelingof an
implication graphis called negation-compliantif + � and + �

havedifferentlabelsfor all literals 8 . Notethateverynegation-
compliantlabelingof 7;@ hasacorrespondingassignmentto 1 .
Furthermore,if

R

!

is monotoneandnegation-compliantfor 7A@

thenthecorrespondingassignment
!

for 1 , givenby
!

�>8)�W�

R

!

�(+
�

� for every literal 8 , is a satisfyingassignmentfor 1 .
Notethatfor every literal 8 , +�� and +�� arenever in thesame

stronglyconnectedcomponentbecause1 is satis�able. Also,
if +

� is equivalentto +�� in 7;@ then +
� is equivalentto +�� .

Thefollowing algorithmtransforms
!

@ into anearbymono-
tone,negation-compliantlabeling.

1. Convert
!

@ to a nearestmonotoneassignment
R

!

@ on
7;@ . (

R

!

@ is notnecessarilynegation-compliant.)

2. While 7;@ hasnodes+
�

with
R

!

@ �(+
�

�W�

R

!

@ � +
�

�W�1\

"

Findamaximal +�� (with respectto 7
@ ) amongthose

with
R

!

@ �(+
�

� �

R

!

@=� +
�

���B\ . Change
R

!

@ �(+���� to 1 for
all +�� thatareequivalentto +

� (including +
� itself).

3. While 7;@ hasnodes+�� with
R

!

@
�(+����W�

R

!

@
� +����W�[�

"

Find a minimal +
�

among those with
R

!

@ �(+
�

� �

R

!

@ � +
�

�W��� . Change
R

!

@ �(+���� to 0 for all +�� thatare
equivalentto +�� (including +�� itself).

First, we show that the resultinglabeling
R

!

@ is monotone
on 7;@ . Indeed,

R

!

@ is monotoneafterstep1. Sinceit is mono-
tone,nodesin the samestronglyconnectedcomponent(i.e.,
equivalent nodeswith respectto 7A@ ) have the samelabels.
Hence,aftereachchangein step2, equivalentnodesstill have
thesamelabels.Suppose

R

!

@ is monotoneon 7 beforesomeit-
erationof step2 andis notmonotoneafterit. Thensomeedge

�(+�� ��+
�

� is violatedby changing
R

!

�(+�� � to 1. Then
R

!

@
�(+

�
���B\

bothbeforeandafterthis iteration,and +�� is notequivalentto
+

� . Since +�� �B@ +
� , it mustbethat

R

!

@=� +�� � � � (otherwise,
+

� would have changedbefore +�� ). But then the dual edge
� +��,� +

�
� is violatedbeforetheiteration,giving acontradiction.

Similarly, if
R

!

@ is monotoneon 7 beforesomeiterationof
step3 thenit is monotoneafterit.

Secondly, the resultinglabeling
R

!

@ is negation-compliant
becausestep2 relabelsall nodes+

�
with

R

!

�(+
�

� �

R

!

� +
�

��� \ ,
andstep3 relabelsall nodeswith

R

!

�(+
�

� �

R

!

� +
�

��� � .
Finally, let

R

!

betheassignmentto 2 with
R

!

�>8)�=�

R

!

@
�(+�� �

for everyliteral 8 .<2 . By theremarksabove,
R

!

isasatisfying
assignmentfor 1 . It is not hard to show that "�Q�#&$K�

!

�

R

!

� �

"�Q�#&$��

!

@
�L
?>��

@
B � .

Other testing problemsequivalent to 2-CNF testing. Re-
call thata monotoneCNF is a CNFwith only positive literals.
We prove thattesting2CNFis equivalentto testingmonotone
2CNF. Sincewe have shown that2-CNFtestingis equivalent
to testingBooleanmonotonicityovergeneralgraphs,which is
equivalentto testingBooleanmonotonicityon specialkind of
bipartitegraphs,it is enoughto prove thefollowing theorem.

THEOREM 9. Let 73���>2 ��� �98 � be a bipartite digraph
with all edgesdirectedfrom 2 to � and V 2 V � V �MVE�B6 . For
each 7 there is a correspondingmonotone2-CNF 1 @ on 6

variabless.t. if 56�

�

�71 @ � is �(5 ��5 � -testablethenmonotonicity
of Booleanfunctionsover 7 is also �(5���5E� -testable.

PROOF. Associatea variable 	�9 with every node + in 2 �

� . Eachnode � in � is representedby 	 � , while eachnode8

in 2 is representedby 	 � . De�ne a Booleanformula 1 @ on
thesetof variables
/�0��	�9 V
+ . 2 ��� � asfollows: form a
clause�
	��-0�	 � � for eachedge�>8J�

�

.?8 � . A Booleanlabeling
!

of 7 de�nes anassignment
R

!

for 
 by
R

!

�
	
�

�W�[�B:

!

�>8)�

if 8>. 2 and
R

!

�
	����X�

!

�

�

� if �

.�� . Thenanedge �>8J�

�

� is
violatedif andonly if thecorrespondingclause�
	

�
0�	���� is un-

satis�ed. Therefore,"�Q�#&$��

!

��
 >�� @ �8� "�Q�#%$K�

R

!

�?56�

�

�71 @���� ,
andeachtestfor 1

@ canbeusedasa testfor 
?>��
@ .

Let � � �����98 � be an undirectedgraph. For a 5��P� ,
let

!�� "

�H$ �]\,�
��� be a characteristicfunction of 5 , i.e.
!

�(+,�M�H� if andonly if +0. 5 . A vertex cover of � is a
subsetof the verticeswhereevery edgeof � touchesoneof
thosevertices. A clique in � is a subsetof the verticesthat
inducesa completegraphin � . The property ��� ���Y� is the
setof all characteristicfunctions

!
�

suchthat 5 is a vertex
cover of � . Similarly, the property �Y ������ 8 ���Y� is the set
of all characteristicfunctions

!
�

suchthat 5 is cliqueof � .

THEOREM 10. Thefollowingstatementsare equivalent:

�

56�

�

�71�� is �(5���5 � -testablefor everymonotone2-CNF 1

on 6 variables.

�

��� ���Y� is �(5 ��5 � -testablefor everygraph � on 6 nodes.

�

�Y ������ 8 ���Y� is �(5���5E� -testablefor every graph � on
6 nodes.

Moreover, thereductionspreserve1-sidederror.

Thetheoremfollows from thefollowing threelemmas.

LEMMA 11. For every undirectedgraph � on 6 nodes
there is a correspondingmonotone2-CNF 1�� on 6 variables
s. t. if 56�

�

�71
�

� is �(5���5 � -testablethensois ��� ���Y� .

PROOF. Let � � ��� �98 � be an undirectedgraph. Asso-
ciatea Booleanvariable 8:9 with each + . � . De�ne the 2-
CNFformula 1�� on thesetof variables2 �0�"8

9
VK+ .>� � as

follows: form theclause�>8:	;0�8:9�� for eachedge �('J��+,�=. 8 .
A subset5 of verticesin � de�nes an assignment

R

!

to vari-
ablesin 2 by

R

!

�>8
9

�W�

!��

�(+,� . Clearly "�Q�#&$��

!��

� ��� ���Y���W�

"�Q�#&$��

R

!

�%56�

�

�71
�

��� , andevery 5 -testfor 56�

�

�71�� canbeused
asa testfor ��� ���

@
� .



LEMMA 12. For every undirectedgraph � on 6 nodes
there is a correspondinggraph �

 

on 6 nodess. t. if ��� ���

 

�

is �(5�� 5E� -testablethensois �Y ��� � 8 ���Y� .

PROOF. Let �3� ��� ��8 � be an undirectedgraph. De�ne
�

 

� ��� ��8

 

� where 8

 

is thesetof vertex pairsthatarenot
edgesin 8 . For a subset5 of � , let 5

 

� �

�

5 . Clearly,
"�Q�#&$��

! �

� �Y ��� � 8 ���Y����� "�Q�#%$K�

!

�

/L� ��� ���

 

��� , andevery 5 -
testfor ��� ���

 

� canbeusedasan 5 -testfor �Y ����� 8 ���Y� .

LEMMA 13. For everymonotone2-CNF 1 on 6 variables,
there is a correspondingundirectedgraph � @ on 6 nodess.t.
if �Y ��� � 8 ���6@,� is �(5���5E� -testablethensois 56�

�

�71�� .

PROOF. Let 1 bea monotone2-CNF. Associatea node +��

with eachvariable 8 of 1 . De�ne the undirectedgraph � @

on the set of vertices � � �]+ � V=8 . 1-� as follows: start
with a completegraphon � andthenfor eachclause�>8 0

�

�

in 1 deletean edge �('
�

��' �E� from � . An assignment
!

to
the variablesof 1 de�nes a subset 5 of the verticesof �

by 53� �]+
�

V

!

�>8)�>� \�� . Clearly, "�Q�#&$��

!

�?56�

�

�71
�

�����

"�Q�#&$��

!��

� �Y ��� � 8 ���
@

��� , andevery 5 -testfor �Y ������ 8 ���Y�

canbeusedasa testfor 56�

�

�71
�

� .

4. GENERAL UPPERBOUND
We presenta simple1-sidederror 4 -test for monotonicity

(not necessarilyBoolean)on bipartitegraphs70�1�>2 � ���98 �

with V 2 V � V �MVE� 6 andall edgesaredirectedfrom 2 to � .

TEST
�

I FOR 7 � �>2 ��� �98 �

1. Query 5 ������� 6���5�� verticesuniformly andin-

dependentlyfrom eachof 2 and � .

2. Rejectif a violatedpair of verticesis found;oth-
erwise,accept.

THEOREM 14. If 7 � �>2 � ���98 � as above, then algo-

rithm
�

I is a 1-sidederror ��5��G78�9� 6 ��5���� -testfor 
 >�� @ .

PROOF. Thetestacceptsall monotonefunctions.Suppose
a function is 5 -far from monotone.Thenby Lemma3, there
are 5�6���� vertex-disjoint violated pairs. Call them witness-
pairs and their vertices,witnesses. A randomlychosen2 -
vertex is a witnesswith probability 5 .

Let 	 betheevent thatno violatedpair is detected,	�
 be
theeventthat �/5 5 �E�*2 -witnessesarequeried,and 	
� bethe
eventthat � 5 5 �E��� -witnessesarequeried.

�

��? 	�A��

�

�]? 	



A��

�

��? 	�� A��

�

��? 	 V 	



/ 	�� A

��������������������� :

5 5 �E�

5�6������

T��! 

U

�/�"�#�����$���&%�'

S

S

�)(

�

*
	

Thus,thetestfails with probabilitylessthan1/3.

By Theorems6–10,monotonicityovergeneralgraphsandprop-

ertiesin Section3 have 1-sidederror ��5 �L78�9� 6 ��5���� -tests.

5. GENERAL LOWER BOUNDS
This sectionaddresseslower boundsfor testingmonotonic-

ity on generalgraphs.Werestrictourattentionto theBoolean
casewhich implies matchinglower boundsfor all properties
in Theorem10. We�rst de�ne whatwecall Ruzśa-Szemeŕedi
typegraphs.Wethenshow thatmonotonicityoversuchgraphs
(with suitableparameters)is hardto testnon-adaptively.

Let � �%��� �98 � be an undirectedgraphand let @ � 8

be a matchingin � , i.e. no two edgesin @ have a ver-
tex in common. Let �8��@Z� be the set of the endpointsof
edgesin @ . A matching @ in � is calledinducedif the in-
ducedgraph� ? � ��@Z� A containsonly theedgesof @ . Namely,

�('J��+,�X. 8 ���Y� if andonly if �('J��+,�=. @ for all '-�G+ . � ��@#� .
A (bipartite) graph � � �>2 � ���98 � is called �H# ��$G� - Ruzśa-
Szemeŕedi if its edgesetcanbe partitionedinto at least # in-
ducedmatchings@ I���	
	�	�� @,+ , eachof sizeat least$ .

THEOREM 15. Let � � �>2 � ���98 � bean �(
 ��5�6>� -Ruzśa-
Szemeŕedi graphwith V 2 V,� V �*V��#6 . Directall edgesof �

from 2 to � to obtain a graph 7 . Thenany non-adaptive
T-

-testfor 
?>��A@ requires �Y��� 
>� queries.

PROOF. We useYao's principle, which saysthat to show
a lower boundon the complexity of a randomizedtest, it is
enoughto presentan input distribution on which any deter-
ministic test with that complexity is likely to fail. Namely,
we de�ne distributions .8�=�/.

�

on positive (monotone)and
negative ( 5 -far from monotone)inputs,respectively. Our in-
put distribution �rst chooses.

� or .

�

with equalprobabil-
ity andthendraws an input accordingto the chosendistribu-
tion. We show thatevery deterministicnon-adaptive testwith

5 � >,��� 
>� querieshaserrorprobabilitylargerthan � �

*

(with
respectto theinducedprobabilityon inputs).

Wenow de�ne thedistributions . � and .

�

, aswell asthe
auxiliarydistribution

R

.

�

. For .8� and
R

.

�

, choosea random
Q . �����
	�	�	���
�� uniformly. For all nodes8 . 2 and �

. �

outsideof matching@
N , set

!

�>8)���0� and
!

�

�

���B\ . For .8� ,
uniformly choose

!

�>8)�8�

!

�

�

� �P\ or
!

�>8O�8�

!

�

�

�8� �

independentlyfor all edges�>8J�

�

�W. @
N
. For

R

.

�

, uniformly
choose

!

�>8)� � � :

!

�

�

�*�%\ or
!

�>8)� � � :

!

�

�

�M�H�

independentlyfor all �>8J�

�

�=.>@ N .
. � is supportedonly on monotonelabelings,but

R

.

�

is
not supportedonly on negative inputs. However, for 6 large
enough,with probabilitymorethan8/9atleast1/3of theedges
of @

N areviolatedwhentheinput is chosenaccordingto
R

.

�

,
making the input 54�10 -far from monotone. Denotethe latter
eventby � andde�ne .

�

�

R

.

�

V 2 , namely, .

�

is
R

.

�

con-
ditionedon theevent � . Notethatfor

R

.

�

anedgeis violated
only if it belongsto @

N , sincethematchingsareinduced.
Givena deterministicnon-adaptive testthatmakesa set �

 

of 5 queries,the probability that oneor moreof @
N 's edges

havebothendpointsin �

 

isatmost5 U%� �43E
 � for both .
�

�

R

.

�

.
This is becausethematchingsaredisjoint, andthevertex set

�

 

inducesat most 5
U

�53 edgesof 7 . For 5*� >,��� 
>� , with
probabilitymorethan � :=>,�L�]� no edgeof @

N
hasbothend-

points in �

 

. Conditionedon any choiceof Q for which @ N

hasno suchedge,thedistributionof
!

V �I/ is identicalfor both
R

.

�

and . � : every vertex outsideof @
N is �x ed to 1 if it is

in 2 andto 0 if it is in � , andthevalueof every othervertex
is uniform andindependentover �]\,�
�]� . Let � �71�� denotethe



setof inputsconsistentwith queryanswers1

"

�

 

$ �]\,�
��� .
�

����� ? � �71���V no edgein @ N A �

�

���

�

�

? � �71���V noedgein @ N A .
For every tuple of answers1 , the error probability underthe
above conditioning(with negative inputs chosenunder

R

.

�

ratherthan .

�

) is 1/2. As the probability of the condition
is �3��: >,�L�]� , the overall error probability without the con-
ditioning is ���0�E� :=>,�L�]� . Sincenegative inputsarechosen
under .

�

, not
R

.

�

, thesuccessprobability is �L� ��� �=> �L�
�����

�

�

�]? � A �

�

I

� �L�0�E� � >,�L�]�����

	

��
>�

	

� � 0 � >,�L�]� 	 Thus,the
errorprobabilityis �
�4� � 0 :D> �L�
� .

6. CONSTRUCTION OF HARD TO TEST
GRAPHS

This sectionconstructsRuzśa-Szemeŕedi graphsthat yield

6

�

�

�

	 
��
	 
������

non-adaptivelowerboundsfor monotonicitytest-
ing. Wethendiscusstheparametersof Ruzśa-Szemeŕedigraphs
thatarecurrentlyattainable.

THEOREM 16. Thereexistan � 6

�

�

�

	 
��
	 
����
�

�G6��

*

:G>,� 6>��� -
Ruzśa-Szemeŕedi graphs � �3�>2 � ���98 � with V 2 V)�PV �MV)�

6 .

COROLLARY 17. For some��6 -vertex graphs7 , everynon-

adaptive �

I

I

�

: >,�L�]��� -test for 
 >�� @ requires 6

�

�

�

	 
��
	 
����
�

queries.

PROOF OF THEOREM 16. Let 
 ��� betwo integerswhere
� is divisibleby 3 and � � >,�(
>� . Thevertex setof � is 2��

� � ? 
*A
� , thus 6 ��


� . We de�ne a family of (partial)
matchingson the verticesof � andtake the edge-setof the
graphto betheunionof theedge-setsof thesematchings.The
matchingsare indexed by a family of

�

6 -subsetsof ? �)A . Let
�

�#? �OA , V

�

V �
�

6 . Let � �
�

6 .

De�nition of a matching @

� . Color the points in the two
copiesof ? 
 A � by blue,redandwhite. Thecolor of a point 8

is determinedby �

N

1 �

8 N . First, partition thevertex setinto
levels, wherethelevel  + is theset ��8

"

�

N

1 �

8
N

�J#�� . Then
combinelevelsinto strips, wherefor aninteger � �0�E	F	F	 
 , the
strip 5��M�� ����A� 	;	F	��  

�

���
I

�

�

�

I

. Color the strips 5�� with
��� \ �(
 >4"

*

� blue, the stripswith � ��� �(
 >4"

*

� red,and
the remainingstripswhite. The matching @

� is de�ned by
matchingblue points in 2 to red points in � as follows: If
a blue point ! in 2 hasall its

�

-coordinatesgreaterthan � ,
matchit to a point " �#!G: �$���

� in � . Thevector �

� is the
characteristicvectorof

�

; it is � on
�

and \ outside
�

. Note
that " is necessarilyred. @

� is clearlya matching.Our next
stepis to show thatit is large.

LEMMA 18. V @

�

V��/6 �

*

:D> � 6>� 	

PROOF. Considerthe“projected”matching@ on thever-
ticesof thebipartitegraph �

�

�&% ? 
 A

�

�
? 
*A

��'

, which is de-
�ned by

�

. Namely, partitionthepointsof ? 
*A

�

asdescribed
above,coloringthemby blue,redandwhite,andmatchablue
point in onecopy of ? 
*A

�

to a redonein another, by subtract-
ing �(�
�

� . Since @

� is determinedby thecoordinatesin
�

, it
is enoughto show that V @1V=�Z�G�

*

: >,� � � , where � �#


� .

Let � ��) ��* �P? 
*A

�

be the setsof the blue, red andwhite
points,respectively. Then �Z� V �*V��BV )8V�� V * V 	

First, we claim that V * VO� V )8V"�,+

+

�"8

".-

QG�.8 N � �]��+

+

. In-
deed,considera new matchingbetween* and ) de�ned by
matching��./* to � :B�

� . Assumethat 
0�1\ �(
?> "

*

� .
Then the only unmatchedpoints in * are containedin the
set �48

".-

Q�� 8 N �0��� , proving this claim. Similarly V * V �

V �*V � +

+

��8

"1-

Q�� 8ON-� 
�� +

+

.
Next, observe that theonly blueandredpoints(in thecor-

respondingcopiesof ? 
*A

�

) unmatchedby @ arethesewhich
have a coordinatewhosevalueis in ���E� ���G
 :/�E��
>� . It fol-
lows that V @ V is

CZ�GV )8V �8V � V ���E�
: +

+

�48

"�-

Q��38ON . � �E� � �L
 : ����
���� +

+

C �G�

*

:

%2+

+

�48

".-

QG� 8 N .������ � ��
 : �E��
>�E�3+

+

�4+

+

�"8

"�-

QG��8 N �0�E�L
���+

+

'

� �G�

*

:

-

�

5

���=	 Since� � >,�(
>� , theclaimof thelemmafol-
lows.

Now, let
�

�

�

I be two
�

6 -setsin ? �OA , suchthat V

�76 �

I]VJ�

� �8� . We claim that no edgeof @

� is inducedby @

�

�

. In-
deed,let ! bematchedto " by @

� , in particular!.:9"Y�Z��� �

� .
If theedge�:!��;"E� is inducedby @

�

�

, then ! is coloredblueand
" is coloredred in thecoloringde�ned by

�

I . By thede�ni-
tion of the coloring, since �

�

N=<
I

!KN C>�

�

N?<
I

"]N , ! is located
in a blue level separatedby a white level from the red level
of " . This impliesthat +

+

�

N

1��

�

!
N

:
�

N

1��

�

"
N

+

+

�

�

6

	 On the
otherhand, +

+

�

N

1 �

�

!
N

:
�

N

1��

�

"
N

+

+

�
+

+

�

N

1 �

�

�:!
N

:@"
N

�
+

+

�

+

+

�

N

1��

�

���9� �

�

�
N

+

+

�%�9��V

�A6 �

I
VW�

U
�

B

(

�

6

� reachinga
contradiction.

Wewould like to have a largefamily C of
�

6 -subsetsof ? �)A ,
suchthat the intersectionbetweenany two of themis of size
at most

�

B , or, equivalently, suchthat the Hammingdistance
betweenany two of themis at least

U
�

6

:

U
�

B

�

�

�

U

I

. So we
needa lower boundon the sizeof a constantweight binary
error-correctingcode C with thefollowing parameters:block
length � , weight � � �

6 , distance" �

�

�

U

I

. Applying the
Gilbert-Varshamov boundfor constantweightcodes[19], we
get I

�

9;:�<YV CMV&�ED �L� �

*

� : �0�

*

�FD �43
���E� : � �

*

�FD ���4�8��� :

>,�L�]���B\,	 \,� 3 : > �L�
� 	 Choose
3� �

U

andde�ne theedge-set
8 ���Y� of � by 8 ���Y���HG

� 18I

@

�

	 By theprecedingdiscus-
sion, � is a graphon 6 � �

U
� vertices,whoseedge-setis a

disjoint union of �

���

�

�

� 6

�

�

�

	 
��
	 
����J�

inducedmatchings
of size 6 �

*

: >,� 6>� .

�H#E��$�� -Ruzśa-Szemeŕedi Graphs. For which valuesof # and
$ is therean �H#E� $G� -Ruzśa-Szemeŕedi graph?We areinterested
in the asymptoticversionof this questionas 6 $LK . Call
a sequenceof pairs �H# � 6>� � $K� 6>��� -realizableif thereis an in-
�nite sequenceof 6 , and graphs �

�

with 6 vertices,that
are �H#�� 6 � � $�� 6>��� -Ruzśa-Szemeŕedi. De�ne ' to be the set

� �H# � 6>� ��$�� 6>���G� of realizablesequences.Notethat ' ismono-
tonein thenaturalorderon pairs,namelyif it contains�H#E� $�� ,
and #

 

� # , $

 

� $ , then it contains �H#

 

� $

 

� . Thereforeit is
de�ned by its setof maximalpoints.

Two trivial maximalpointsin ' are %2%
�

U

'

�
�

'

, comingfrom
a completegraphon 6 vertices,and �L��� 6����E� , comingfrom
a perfectmatchingon 6 vertices. A muchmore interesting
point in ' is givenby a constructionof Ruzśa andSzemeŕedi
[25], following Behrend[5]. Their result,with someabuseof



notation,canbestatedasfollows: � 6��

*

� 6������

�

�

� ���!�

�

� .

'8	 We have alreadyseenthat for 4>� �Y�L�]� thereis an ab-
soluteconstant� , such that � 6��

 

� ����� �����

�G4G6>� . ' . This
trivially implies that there is a constant� suchthat for any

positive 4 , �E� ��4��]6 �

 

� ����� ����� �G4G6 � . ' . A more techni-
cally involved generalizationof the constructionin this sec-
tion, postponedto the full versionof the paper, gives: there
is a constant� suchthat for any constantpositive 4>� � �"3 ,

�
6

�

���

� ���

I

 ��

�

 

� ����� ����� � 4 6 � .?' .

Letting 4 go to \ as 6 grows, it canbe shown for �0��4 �

� �
� 9F:E<=6 ��9F:E<=9F:�<=6 �
, that thereis an absoluteconstant

�

(

� , s.t. � 6	���G6 ��7 � � 9F:E<=6 � 9;:�<X9F:E<X6 � � .?'8	

7. HYPERCUBE LOWER BOUNDS
1-sidednon-adaptive lower bound. Considerthe set inclu-
sion orderon the verticesof theBooleanhypercube��\ �
��� � .
For 8 . �]\,�
���

� , let 
%8�
 beits Hammingweight.

THEOREM 19.
-

5 C \ such that every non-adaptive1-
sidederror 5 -testfor monotonicityof Booleanfunctionsonthe

� -dimensionalBooleanhypercuberequires �Y��� �J� queries.

PROOF. Notethata1-sidederrortestmustacceptif novio-
lationis uncovered;otherwise,thetestfailsonmonotonefunc-
tionsconsistentwith thequeryresults.For Q�� �E�
	F	F	;�G� de�ne
a function

!

N

"

��\,�
�]��� $ ��\,�
�]� by

!

N
�>8JI���	�	K	-�38

�

� �

�


 �
� if 
%8�
 C � ��� � � �

\ if 
%8�


(

� ����: � �

� : 8
N otherwise

It is easyto seethatfor all � �/Q=�B� ,
!

N is 4 -far from mono-
tone,for someconstant4 C \ independentof � . Thefollowing
immediatelyimpliesour theorem.

LEMMA 20. For everynon-adaptive5 -querymonotonicity
test,there existsan index Q�.B? �OA , such that the testsucceeds
(�nds a violation)on

!

N with probability at most 78� 5 � � �J� .

PROOF. It suf�ces to prove the claim for teststhat only
queryverticeswith Hammingweightin therange� ����� � � ,
asqueriesout of this rangedonotparticipatein any violation.

Weshow thateverysetof 5 queriesrevealsaviolation for at
most 78� 5

�
�J� of thefunctions

!

N . It followsthatfor every test
that makes 5 queries,

�

�

N=<
I

�

��? a violation for
!

N is foundA �

78� 5 � � � � andso thereexists an
!

N for which the test �nds a
violationwith probabilityatmost 78� 5 � � �-� , asclaimed.

Let � be the setof queriedverticesof �]\,�
���
�

of size 5 .
Thequeriesdetecta pair of verticesviolatedby

!

N only if �

containscomparablevertices' and + thatdiffer in coordinate
Q . Constructanundirectedgraphwith vertex set � , by drawing
anedgebetween8 and � if they arecomparable.Considera
spanningforestof this graph. If suchvertices ' and + exist,
they mustlie in thesametree. Furthermore,theremustexist
adjacentverticeson the path between' and + that differ in
coordinateQ . Therefore,thenumberof functions

!

N for which
thequeriesreveala violation is at mostthemaximumnumber

of edgesin theforest(whichis atmost 5A: � ) multipliedby the
maximumpossibledistancebetweenadjacentvertices( �
� � ).
Thetotal is atmost 78� 5

�

�-� .

2-sidedlower bound. We give a logarithmiclower boundfor
non-adaptive 2-sidedmonotonicitytestsof Booleanfunctions
over ��\ �
����� . This impliesanon-constant(thoughdoublylog-
arithmic)lower boundfor adaptive testingof this property.

THEOREM 21.
-

5 C \ such thateverynon-adaptive5 -test
for monotonicityof Booleanfunctionson the � -dimensional
Booleanhypercuberequires �Y�(9F:E< �-� queries.

PROOF. Thelower boundusesYao's method.Namely, we
de�ne two distributions over input functions, . � and .

�

,
suchthat for any setof 5 �

I

U��

9F:�<X� verticesof the hyper-
cube,the distributions inducedon ��\,�
�]�

�

by restrictingthe
functionsto the 5 verticesare

(

I

6 close,while aninputchosen
accordingto .8� is monotone,andaninput chosenaccording
to .

�

is 4 -far from monotonefor a constant4 .

Two distrib utions. For 8 .1��\,�
�]�
� , we view 8 both as a

binaryvectorof length � anda subset�]Q

"

8
N

�0��� of ? �)A .

De�nition 2. Let � �

I

I

���

. Given � �#? �OA , let 
	��� �>8

6

� �

be1 when V 8

6

� V�C

I

U

V � V and0 otherwise.
Thetrimmedoligarchy functionaccording to � is

!

�
�>8)���

�



�

� if 
?8�
 C �A��� ��� � �

\ if 
?8�


(

�A��� :�� � �


���� �>8

6

� � otherwise

Thetrimmedanti-oligarchy functionaccording to � is

!

2

�

�>8)���

�




�
� if 
%8�
 C � �E� ��� � �

\ if 
%8�


(

� �E� :��
�

�

�G: 
	��� �>8

6

� � otherwise

Thetheoremfollows from thenext two lemmas.

LEMMA 22. Thereexists5 C \ , such thatfor anynonempty
set � ,

!

� is monotoneand
!

2

�

is 5 -far frommonotone.

PROOF. It is easyto seethat trimmedoligarchyfunctions
aremonotone.For trimmedanti-oligarchyfunctions,we will
�nd 4 ��� vertex-disjoint violatedpairs.

Let 
��1V � V . For every integer � suchthat I

U

� :�� � � �

�

(

I

U

� , andevery integer + suchthat \ � +

(

I

U


 , let ��� � 9

denotethe set �48 . ��\ �
���
�

"


?8�
 � � and V 8

6

� VJ� + � ,
and �

� � 9 denotetheset �48 . �]\,�
�]�
�

"


?8�
 � � : � and V 8

6

� V � 
 : + � . By de�nition,
!

�>8)�W��� for every 8 . ��� � 9

and
!

�>8)� ��\ for every 8/.B�
� � 9 . �

� � 9 and �
� � 9 have the

samesize, since 8 is in ��� � 9 if f the complementof 8 is in
�

� � 9 . We wantto �nd a bijection !

"

�
� � 9

$ �
� � 9 suchthat

8�"#! �>8O� for every 8M. ��� � 9 .
Considerthebipartitegraphover �

� � 9
� �

� � 9 with theposet
relationsasedges.It is easyto seethat this graphhasa con-
stantdegree,soa matchingexists (by Hall's Theorem)if this
degreeis nonzero. This happensif � �G+ satisfy I

U


 : +B�

I

U

��: � in additionto the conditionsabove. Theunionover
all such� �L+ of thesets�

� � 9
�8�

� � 9 coversa �x edfractionof
thehypercube,sowe aredone.



To de�ne . � and .

�

pick a randomset ���0? �OA by inde-
pendentlychoosingeachcoordinateto lie in � with probabil-
ity I

I

�

�

�

I

 

U

. For . � , take thecorresponding
!

� andfor .

�

,
take thecorresponding

!

2

�

.

LEMMA 23. .

�

and . � restrictedto any set of 51�

I

U��

9F:E< � queriesare 4 -close, for any 4 C \ .

PROOF SKETCH. Let 50�

I

U��

9F:�<X� . Let 8JI��K	�	�	��38

� be
a �x ed subsetof ��\,�
�]��� . We can assume,without loss of
generality, that the points satisfy � �E�?: � � �%� 
?8 N 
#�

� �E� � � � � . This is becausethe functionsin . � and .

�

areconstantandidenticaloutsidethis range.
Insidetherange,for any � , thecorrespondingoligarchyand

anti-oligarchyfunctionscomplementeachother. Therefore,
theinduceddistributions ",� and "

�

on ��\ �
���

�

aremirror im-
agesof eachother: " � � � � � "

�

��� � � for any � .��]\,�
���

�

,
where�� is thecomplementof � . Foradistribution " on ��\,�
�]�

�

,
let �

" beits mirror image.Call " symmetricif " �

�

" . Ourclaim
amountsto showing " � to bealmostsymmetric.

In fact, we constructa symmetricdistribution # , suchthat

 "

�
: # 


I
� >,�L�]� . This impliesourclaim since


 ",� : "

�


�I � 
�",��:

�

",� 
�I

� 
�",��: # 
�I�� 


�

",��:�� # 
�I=�Z� 
 ",� : # 
�I
	

We get to # by a sequenceof four distributions, eachone
closeto its predecessor. The �rst elementin the sequenceis

" IX� ",� andthelastis # . Thetriangleinequalitythenimplies
that the distancebetween"

� and # is at mostthesumof the
distancesbetweentheconsecutive elementsof thesequence.

For � �ZQ�� 5 , let �

N . ��\ �
���
� besuchthat 


�

N�
 � �A���

and 
?8
N

:

�

N

 � � � � . Let "

U

bethedistribution on ��\ �
���

�

inducedby restrictingthefunctionsin .
� to �

I
��	F	;	F�

�

� . Then
"

U

is closeto " I becausew.h.p.over thechoiceof afunction
!

from .8� , changingthequeriesby at most 78�
�

�-� bits, does
notchangethevalueof the

!

on thequeries.
The � �E� -sets�

I�	F	F	

�

� inducea standardpartitionof ? �)A into
�

�

disjoint subsets,indexed by �]\,�
���

�

. For ��. ��\ �����

�

, the
� ' th elementof thepartitionis ���W���

N
	
���

<
I

�

N

6

�

N
	
���

<

�

�

�

N

.
Here �

�

N

is the set complementof �

N . We de�ne �

�

random
variablesdependingon � by setting )�� �7� ���PV �

6

����V . If
��� is empty, )�� is identically \ .

Notethat �F)���� areindependentbinomiallydistributedvari-
ables,andthatthey determinetherestrictionof

!

to �

I�	F	;	

�

� . In
fact,is

!

�

�

N ��� � if andonly if V

�

N

6

� V
C0V

�

�

N

6

� V , which is
equivalentto �

�
	 N

1

�

)���C
�

�
	 N

 

1

�

)�� .
Since �E%

�

�
	 N

1

�

)��

'

�0�.����� ���E%
�

�
	 N

 

1

�

)��

'

, we can
replaceeach)�� by a randomvariable 
�� �#)�� :��3)�� with
zeroexpectation.

Next, we would like to replaceeach 
�� by a symmetric2

randomvariable5
� . Observe thatoncewedoso,providedthe

new distribution "

6 on �]\,�
�]�

�

is closeto "

U

, we arebasically
done.Indeed,a choiceof a point in ��\,�
�]�

�

accordingto "

6 is
determinedby the signsof 5 linear expressionsin 5�� . Since

"

6 is invariantunder�ipping thesignof all the 5
� , a point �

U A realrandomvariable2 is symmetricif for all $ , �$" �42 �

� 2 :=$G�M�[�$"��"2 ��� 2 � $ � . The two notionsof sym-
metric distributions in the proof should,hopefully, causeno
confusion.

andits complement�� wouldbechosenwith almost3 thesame
probability. Therefore,"

6 is closeto a symmetricdistribution
# on ��\,�
�]�

�

, completingtheproof.
We know, sayby the Berry-Esseentheorem([9], p. 126)

thatabinomialdistributionwith parameters� and� , suchthat
�F��� � , is, in somesense,closeto the normaldistribution
which is, of course,symmetric. We give a precisemeaning
to this intuition, proving directly that sucha binomial distri-
bution is stochasticallycloseto a symmetricone.This allows
usto replace
 � with largeparameter� �1V � � V by symmetric
randomvariables.

As to 
�� for which theparameter� is small,it turnsout that
wecangetrid of themsimplyby replacingthemwith \ .

8. FAMILIES OF GRAPHS WITH EFFI­
CIENT MONOTONICITY TESTS

Thissectiondescribesseveralfamiliesof ef�ciently testable
graphs,includinggraphswith few edgesin the transitive clo-
sure,graphswith small width, top-parallelgraphs,treesand
graphswith smallseparators.All testspresentedhave 1-sided
error. Hence,we only needto analyzetheprobabilityof error
for functionsthatarefar from monotone.Throughoutthesec-
tion, wedenotethetransitiveclosureof agraph7 by EGF �H7 � .

8.1 Testswith query complexity indepen­
dent of graph size

Our �rst test
�

U

� 5 � workswhenthefractionof vertex pairs
violatedby the input function is high andis usefulfor testing
graphswith few edgesin thetransitiveclosure,aswell assmall
width graphs.Notethattest

�

U

� 5E� queriesatmost � 5 vertices.

TEST
�

U

� 5E�

1. Pick 5 edgesfrom the transitive closureof the
graphuniformly andindependently.

2. For eachedge,queryits endpoints.Rejectif it is
violated;otherwise,accept.

LEMMA 24. If 7 is a graph with at most �K6 edges in
EGF �H7 � , then algorithm

�

U

with parameter 5 set to 3��%��5 is
a 1-sidederror �(5���
��%��5�� -testfor monotonicityon 7 .

A graph 7 haswidth � if every setof mutuallyincomparable
verticeshassizeat most � . Thefollowing shows that

�

U

can
beusedto testsmallwidth graphs.

LEMMA 25. If 7 is a graph of width � , then algorithm
�

U

with 5 setto �4���]5

U

is a 1-sidederror �(5�� 3 � ��5

U

� -testfor
monotonicityof Booleanfunctionson 7 .

PROOF OF LEMMA 25. Let 7 be a graphof width � and
let

!

bea Booleanlabelingof � �H7 � that is 5 -far from mono-
tone. We will show that the numberof violatededgesin the
transitive closureis at least5

U

6

U

� ������� :D> �L�
� . Sincetheto-
tal numberof edgesin thegraphis atmost 6

U

��� , thetestwill
�nd aviolatededgewith probabilityat least � : 5

�

U
C/� �

*

.
6

Becausein orderto get � in Q -th coordinatewe needthecor-
respondinglinearexpressionto bestrictly positive, andto get

\ we needit to beonly non-positive (zeroincluded).



CLAIM 26. If "�Q�#%$K�

!

�97 �<� " for a Booleanlabeling
!

,
thenthere is a set

�

�]V

�

V�� � , of 0-labeledvertices,s.t.
�

is
incidentto at least " violatedpairs.

PROOF OF CLAIM . If "�Q�#&$��

!

��
 >�� @ � � " , by Lemma4,
EGF �H7 � hasa matchingof violatededgesof size " . Call end-
pointsof the edgesin the matchingwitnesses. Let 
 be the
setof 0-labeledwitnessesandlet

�

� 
 bea minimal setof
verticess.t. � 	 . 
 �

-

$=.

�

with 	 � @ $ . Clearly,
�

contains
no comparablepairs,andhenceis of sizeat most � . Each1-
labeledwitnessis below oneof thenodesin 
 andhencein

�

.

Applying the claim to EGF �H7 � andremoving the nodesin
�

from thegraphrepeatedlyuntil no verticesareleft, we ob-
serve that thenumberof violatededgesin EGF �H7 � is at least

5�6 � �(5�6 : �Y� � �(5�6 :B�4�Y��� ��� � � �(5�6 ( :��<�����

�(5 U 6 U ��� ������� 	

Top-parallel graphs. Let 7
I

� ���
I

��8
I

� and 7

U

� ���

U

�98

U

�

be disjoint graphs.Graph 7 obtainedby connecting7 I and
7

U

in parallel is de�ned by 70� ���JI �M�

U

��8 I �?8

U

� . Graph
7 obtainedby connecting7

I and 7

U

using the top opera-
tion is de�ned by 7 � ���-I � �

U

�98 I � 8

U

�=8
�

� , where
8 �*� � �(+

U

��+
I

��V +
I

. �
I and +

U

. �

U

� . Top-parallel graphs
arede�ned recursively: the1-vertex graphis top-parallel,and
a graphformed by top or parallel operationsfrom two top-
parallelgraphsis also top-parallel. Examplesof top-parallel
graphsincludethe transitive closureof a rootedtreewith all
edgesdirectedeithertowardsthe root or away from the root,
and the transitive closureof a completelayeredgraph. The
proof of thefollowing lemmais omitted.

LEMMA 27. If 7 is a top-parallel graph, it hasa 1-sided
�(5�� 3
�]5

U

� -testfor Booleanmonotonicity.

Tree-likegraphs. A directedgraph7 ������8 � is tree-like if it is
obtainedby arbitrarily directingeachedgeof a forest ��� �98 � .

LEMMA 28. If 7 is a tree-likegraph,it hasa 1-sidederror
�(5�����0 ��5�U
� -testfor Booleanmonotonicity.

The full proof is technical,andwe omit it. We sketcha sim-
pli�ed proof for thecaseof a rootedtree 7 which is obtained
from a tree

�

����� �98 � by choosinga specialvertex "�./�

anddirectingthe edgesalongpathsfrom otherverticesto " .
Let  >�� �(+,� denote�]'B. � V 'B�

@
+ � for + .B� . Observe

thatin a rootedtree,  >(� �>8)�

6

 >(� �

�

� � � for all incompa-
rablevertices 8J�

� . A vertex + . � is 5 -bad with respectto
a Booleanlabeling

!

if
!

�(+,�=� \ andmorethan 5 fractionof
verticesin  >�� �(+,� arelabeled1 by

!

.

�

6 FOR BOOLEAN LABELINGS ON ROOTED TREES

1. Query �

T

nodesuniformly andindependently.

2. For eachqueriednodewith label0,query �

T

nodes
below it uniformly andindependently. Rejectif a
violatedpair is found;otherwise,accept.

If at leastan 54�E� fraction of verticesin 7 are 54�E� -badwith
respectto theinput labeling

!

, thetestrejectswith probability

� � �

*

. Otherwise,we canobtaina monotone
!

 

by changing
!

on less than 5 fraction of the vertices. Let 
 be the set
of 0-labeledverticeswhich arenot 5 ��� -bad,and 5 be theset
of maximalnodesof 
 . Set

!  

�>8)� to 0 if 80.0 >�� �(+,� for
some + .�5 andto 1 otherwise. It is not hardto show that

!

 

is monotoneandcloseto
!

, asclaimed,which implies the
correctnessof thetest.

A generalizationof a bad vertex yields a similar test for
tree-like graphs.

8.2 A testfor graphswith small separators
Herewe considergraphsthat canbebroken into relatively

smallconnectedcomponentsby removing a few vertices.

De�nition 3. Let � beanin�nite family of undirectedgraphs
that is closedundertaking subgraphs.We say that � is � -
separableif every 6 -vertex graph ��.�� canbebroken into
connectedcomponentsof sizeat most ��6 �

*

by removing a
subsetof at most � vertices,calleda separator.

E.g., forestsare � -separable,boundedtree-widthgraphshave
boundedseparatorsandplanargraphsare 78�

�

6>� -separable
[20]. In thesequel� mightbeasublinearnon-decreasingfunc-
tion of 6 .

Let 7�� �����98 � be a directedgraph. Let �
@ be theundi-

rectedgraphobtainedfrom 7 by undirectingits edges.Call 7

� -separableif �
@ belongsto a � -separablefamily of graphs.

Considera `standard'treestructureover disjoint subgraphs
of 7 generatedby inductively takingout separators.Namely,
generatea rootedtree

�

whereeachnode8 in
�

is associated
with asetof vertices� �>8)� of 7 . Let �

�

beaseparatorfor �
@

of size �/� , andsupposethat � @ ����: �

�

� has� components.
The root 8 of

�

is associatedwith �

�

(i.e., � �>8)�Y���

�

) and
has � children,onefor eachcomponent.The subtreesof the
childrenaregeneratedrecursively from their respective com-
ponentsby thesameprocedure.Therecursionstopsatcompo-
nentsof sizelessthan �=9F:E<=6 . Theleavesareassociatedwith
vertex setsof theircomponents.Notethatthedepthof thetree
is 78�(9F:�< 6>� .

Let " � 8

�

�38JI��
	F	F	F��8
<

� 8 be the path from the root to
a node 8 in

�

. Denote �

<

N=<

�

�8�>8ON�� by � �
$
	J�>8O� . Namely,
� �
$
	J�>8O� containsall verticesof 7 associatedwith 8 andall
verticesfrom separatorsthatappearon thepathfrom theroot
of

�

to 8 . For avertex + .>� let
�

�(+,� denotethenode8 of
�

sothat + .>� �>8)� .
We presenta 1-sidederrortestfor 7 usingthestructure

�

.

TEST FOR GRAPHS WITH SMALL SEPARATORS,
�

�

�(5��

1. Pick �

T

nodesof 7 uniformly andindependently.

2. For eachnode + , queryall nodesin � �
$�	J�

�

�(+,��� .
Rejectif a violatedpair is found; otherwise,ac-
cept.

Call a vertex + badif � �
$
	J�

�

�(+,��� containsa violatedpair.

CLAIM 29. If a function is 5 -far from monotone, at least
54�E� fractionof verticesare bad.

PROOF. Consideraviolatedpair �(+ ��')� . Wewill prove that
either + or ' is bad.Theclaimthenfollowsasthegraphhasat
least5�6���� vertex-disjoint violatedpairs(by Lemma3).



If
�

�(+,� and
�

�(')� areonthesamepathfrom therootto aleaf
in

�

, then + .B� �
$
	-�

�

�('O��� or ' . � �
$
	J�

�

�(+,��� . W.l.o.g.,
suppose+ .>� �
$
	-�

�

�('O��� , then ' is badbecause� �
$
	J�

�

�(')���

containsa violatedpair �(+ �L')� . If
�

�(+,� and
�

�(')� arenot on
thesamepathfrom theroot to a leaf, they got separatedwhen

�

wasconstructed,i.e.,somevertex � onadirectedpathfrom
+ to ' , in 7 , is in acommonancestorof

�

�(+,� and
�

�(')� . Since
�(+ �3��� or �>� �G')� hasto beviolated,either + or ' is bad.

LEMMA 30. Let 73� ��� �98 � be a � -separable 6 -vertex
graph.Thenalgorithm

�

�

isa 1-sidederror % 5 ��7#%

�

T

9;:�<=6

'F'

-
testfor monotonicityof functions(with general ranges)on 7 .

This generalizesthe moreef�cient testsfor Booleanfunc-
tionsovertree-likegraphsandbounded-widthgraphsfor which
tighter results(by 9;:�<=6 factor) are obtainedin lemmas28

and25. It alsoprovidesanalternative ��5 ��7 �

�

6 9;:�<=6 � � -

testfor planargraphs,which performsmorequeriesthanthe
generalalgorithmfromsection4,but requiresfewerlabelcom-
parisons.We notethat this resultcannotbe dramaticallyim-
provedasthegeneralmonotonicitytestfor the line (which is
1-separable)requires�Y�(9F:�< 6>� queries[11].
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