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Abstract
The iterative procedure called ’mean-shift’ is a simple ro-
bust method for finding the position of a local mode (local
maximum) of a kernel-based estimate of a density function.
A new robust algorithm is given here that presents a natural
extension of the ’mean-shift’ procedure. The new algorithm
simultaneously estimates the position of the local mode and
the covariance matrix that describes the approximate shape
of the local mode. We apply the new method to develop
a new 5-degrees of freedom (DOF) color histogram based
non-rigid object tracking algorithm.

1. Introduction
Visual data is often complex and there are usually many data
points that are not well explained by the applied models. In
order to deal with the outliers robust estimation techniques
are very important for solving vision problems [8]. Vision
problems are often very specific and the methods from ro-
bust statistics [7] need to be modified in such a way that they
are made appropriate for vision problems. A robust method
that is often used for solving vision problems [3, 2, 1] is
the ’mean-shift’ procedure [9]. Data samples are used to
get a kernel based approximation of the probability density
function [17]. The mean-shift algorithm is a procedure to
search for a local mode of the empirical density function.
The position of the local mode is known to be very tolerant
to outliers.

Efficient color-histogram-based tracking presented in [3]
is based on the mean-shift procedure. Color histogram is a
very robust representation of the object appearance [16]. In
[3] the shape of the tracked non-rigid object is represented
by an ellipse. A similarity function is defined between the
color histogram of the object and the color histogram of a
candidate ellipsoidal region from a new image from an im-
age sequence. The mean-shift procedure is used to find the
region in the new image that is the most similar to the ob-
ject. See section 5 and [3] for more details. The problem of

adapting the ellipse that approximates the shape of the ob-
ject when the shape and the size of the tracked object change
remained unsolved. Some local shape descriptors were used
in [5]. In [3] after each tracking step the ellipse is adapted
by checking a +10% larger and a -10% smaller ellipse and
choosing the best one. In [14] an extensive search is per-
formed within a range of scales of the ellipse.

In this paper we present an extension of the mean-shift
algorithm. Instead of only estimating the position of a local
mode the new algorithm simultaneously estimates the co-
variance matrix that describes the shape of the local mode.
This is illustrated in figure 1. Further, we show how the
algorithm can be applied to color-histogram-based object
tracking in a similar way as in [3]. We propose a 5-DOF
color-histogram-based tracking method that estimates the
position of the tracked object but also simultaneously esti-
mates the ellipse that approximates the shape of the object.
The new algorithm solves the mentioned problem of adapt-
ing the ellipse in an efficient way.

The paper is organized as follows. In section 2 we intro-
duce mean-shift as a robust estimation technique. In section
3 we present how the mean-shift can be viewed as an EM-
like algorithm. In section 4 we extend the EM-like algo-
rithm to estimate also the local scale. In section 5 we apply
the new algorithm to color histogram based tracking. Some
experiments are given in section 6 and in section 7 we report
some conclusions.

2. Extreme outlier model
We will denote a data set of N independent samples byX =
{~x1, ..., ~xN}. Let us assume that the probability density
function p(~x), for example a Gaussian p(~x) = N (~x; ~θ, V ),
is a good generative model for our data. Maximum Likeli-
hood (ML) estimates for the mean vector ~θ and the covari-
ance matrix V are the values that maximize the likelihood
function

∏N
i=1 p(~xi). Often in practice we are confronted

with a data set which is polluted by some outliers. Uniform
distribution 1/A (where A is the area of the domain of ~x)
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can be used to model the outliers. If e presents the probabil-
ity that a data sample is an outlier, we can write a common
generative model, that takes into account the outliers, as:

p′(~xi) = e/A + (1− e)p(~xi). (1)

The likelihood of the data is now
∏N

i=1 p′(~xi) and Taylor
expansion of the likelihood in (1− e) is given by:

(e/A)N +(e/A)N−1(1− e)

N
∑

i=1

p(~xi)+O((1− e)2). (2)

In an extreme case where there are a lot of outliers, e is close
to 1 and only the first two terms matter [12]. The first term is
constant and the ML estimates are obtained by maximizing
∑N

i=1 p(~xi). For Gaussian p, the objective function to be
maximized can be written as:

f(~θ, V ) =

N
∑

i=1

N (~xi; ~θ, V ). (3)

Given a fixed V and if we add 1/N in front, (3) resem-
bles an empirical density estimate using Gaussian kernels,
where V can be regarded as the bandwidth factor [17]. The
mean-shift can be used to get a robust estimate of ~θ - the
mode of this empirical density function. In section 4 of this
paper we show how to get also robust estimates for V using
this extreme outlier model. Vision problems often involve
analyzing only a local part of an image and disregarding the
data from the rest of the image regardless of how large the
image is. The extreme outlier model is obviously appropri-
ate for such problems.

The robust statistics procedure called ’iteratively
reweighted least squares’ (IRLS) [6] is very similar to the
mean-shift procedure. In fact we can see the mean-shift as a
version of IRLS for the extreme outlier model. In a similar
way, the new procedure we present here is a special version
of the robust scale estimators [11]. We mentioned that V in
(3) can be regarded as the bandwidth factor in kernel-based
density estimation. However, the objective in bandwidth es-
timation [17] is quite different.

3. Mean-shift as an EM-like algorithm
If each data point has also a weight factor ωi, a more general
version of (3) is given by:

f(~θ, V ) =

N
∑

i=1

ωiN (~xi; ~θ, V ). (4)

We would like to find the parameters ~θ and V for which the
maximum value of (4) is achieved. This can be done iter-
atively using EM-like iterations [4, 13]. From the Jensen’s
inequality we get:

logf(~θ,V ) ≥ G(~θ,V,q1, ...,qN ) =
N
∑

i=1

log

(

ωiN (~xi; ~θ,V )

qi

)qi

(5)
where qi-s are arbitrary constants that meet the following
requirements:

N
∑

i=1

qi = 1 and qi ≥ 0. (6)

Let us assume that the current estimate values of the pa-
rameters are denoted by ~θ(k) and V (k). The E and M steps
described below are repeated then until convergence:

1. E step: find qi-s to maximize G while keeping ~θ(k)

and V (k) fixed. It is easy to show that the maximum (equal-
ity sign in (5)) is achieved for:

qi =
ωiN (~xi; ~θ

(k), V (k))
∑N

i=1 ωiN (~xi; ~θ(k), V (k))
. (7)

2. M step: maximize G from (5) with respect to ~θ and V
while keeping qi-s constant. The qi-s are now fixed we need
to minimize only a part of G that depends on the parameters:

g(~θ, V ) =

N
∑

i=1

qi logN (~xi; ~θ, V ). (8)

From ∂

∂~θ
g(~θ, V ) = 0 we get:

~θ(k+1) =
N
∑

i=1

qi~xi =

∑N
i=1 ~xiωiN (~xi; ~θ

(k), V (k))
∑N

i=1 ωiN (~xi; ~θ(k), V (k))
(9)

Note that this update equation for the position estimate is
equivalent to the ’mean shift’ update equation for the Gaus-
sian kernels. For other kernel types this might be different.
This new EM-like view of the problem will lead to update
equations for V as described next.

4. Scale selection
If p∗(~x) is the true distribution of the data, the expected
value of (3) is:

E
[

f(~θ,V )
]

=

∫

~x

p∗(~x)N (~x; ~θ, V ). (10)

This can be seen as a smoothed version of the original p∗

and the maximum with respect to V does not have some de-
sirable properties [15]. For example, if p∗ is locally a Gaus-
sian N (~x; ~θ∗, V ∗), the expected value (10) is a smoothed
Gaussian N (~x; ~θ∗, V ∗+V ). The expected maximum is for
~θ = ~θ∗, but unfortunately for the trivial value V = 0 since
the value at the local mode is decreasing with larger V . We
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normalize the result by multiplying density estimate (4) by
|V |γ/2 and we get what we can call a ’γ-normalized’ func-
tion:

fγ(~θ, V ) = |V |γ/2f(~θ, V ). (11)

Under the same assumption that the local mode is approxi-
mately a Gaussian, the value at the mode will now be pro-
portional to |V |γ/2/|V ∗+V |1/2. The maximum with respect
to V is at:

∂

∂V

|V |γ/2

|V ∗+V |1/2
= 0 (12)

Since ∂
∂V |V | = |V |

[

2V −1 − diag(V −1)
]

we get:

γ|V |γ
[

2V −1 − diag(V −1)
]

|V ∗+V |
−|V |γ |V ∗+V |

[

2(V ∗+V )−1 − diag((V ∗+V )−1)
]

= 0. (13)

From here we get γV −1 = (V ∗+V )−1 and V = γ
1−γ V ∗.

Obviously only for γε(0, 1) we get a positive value. For
γ = 1/2 it follows that expected maximum is for V = V ∗.
The solution using the γ-normalized function is not biased
and this is a desirable property of an estimation algorithm.

The extreme outlier model in the limit case can be ex-
plained also as a model where only one observation is not
an outlier [12]. Then it is understandable that V can not be
estimated reliably using this model. The γ-normalization
can be seen as introducing a certain informative prior for
V to regularize the solution and get non-biased estimates.
Another interesting connection is with some image filtering
algorithms. For example, in [10] γ-normalized image con-
volution was studied for selecting the scale of the filtering
operator. If we have a 2D case and we replace p∗ in (10)
with an image, the connection with the image convolution
is evident.

The EM-like iterative algorithm from the previous sec-
tion can be applied to the γ-normalized function. The only
difference is in the M-step. Instead of (8) we have now:

g(~θ, V ) =

N
∑

i=1

qi log |V |γ/2N (~x; ~θ, V ). (14)

The position update equation (9) stays the same. From
∂

∂V g(~θ, V ) = 0 it is easy to show that the update equation
for V in the M-step is given by:

~V k+1 = β

N
∑

i=1

qi(~xi − ~θ(k))(~xi − ~θ(k))T , (15)

where β = 1/(1− γ).
In figure 1 an example is shown to illustrate the perfor-

mance of the new algorithm. The simulated data consists
of 600 samples generated using a mixture of three Gaussian

distributions. The three modes are clearly visible in fig-
ure 1. The iterations (the 2-sigma contours of the estimated
Gaussian) of the mean-shift procedure are plotted in figure
1a. In figure 1b we show the iterations of the new EM-like
algorithm with γ = 1/2 (β = 2). We can observe how the
new algorithm simultaneously estimates both the position
of the local mode and the covariance matrix that describes
the shape of the mode. Note that β = 2 is appropriate if the
underlying distribution is Gaussian. If some other distribu-
tion is approximated by a Gaussian some other value for β
might be needed in order to avoid biased solution. Similar
parameter and similar discussion is also given in the stan-
dard robust statistics methods [11, 7]. The difference is that
the results we present here are for the extreme outlier model.

Final solution 

Initial position Initial position 

Final solution 

a) mean-shift iterations b) EM-shift iterations

Figure 1: Performance of the two algorithms on simulated
2D data.

5. Color histogram tracking
We assume that the shape of a non-rigid object is approx-
imated by an ellipsoidal region in an image. Initially the
object is selected manually or detected using some other
algorithm, background subtraction for example. Let ~xi de-
note a pixel location and ~θ0 the initial location of the center
of the object in the image. The second order moment can
be used to approximate the shape of the object:

V0 =
∑

all the pixels that belong to the object

(~xi − ~θ0)(~xi − ~θ0)
T .

(16)
Further, the color histogram is used to model the object ap-
pearance. Let the histogram have M bins and let the func-
tion b(~xi) : R2 → 1, ...,M be the function that assigns a
color value of the pixel at location ~xi to its bin. The color
histogram model of the object consists then of the M val-
ues of the M bins of the histogram ~o = [o1, ..., oM ]T . The
value of the m-th bin is calculated by:

om =

NV0
∑

i=1

N (~xi; ~θ0, V0)δ [b(~xi)−m] , (17)
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where δ is the Kronecker delta function. We use the Gaus-
sian kernel N to rely more on the pixels in the middle of
the object and to assign smaller weights to the less reliable
pixels at the borders of the objects. We use only the NV0

pixels from a finite neighborhood of the kernel and the pix-
els further than 2.5-sigma are disregarded.

5.1. Similarity measure
Let us assume that we have a new image from an image
sequence and the object we are tracking is present in the
image. The goal of a tracking algorithm is to find the object
in the new image. Let an ellipsoidal region in the new image
be defined by its position ~θ and its shape described by the
covariance matrix V . The color-histogram that describes
the appearance of the region is ~r(~θ, V ) and the value of the
m-th bin is calculated by:

rm(~θ, V ) =

NV
∑

i=1

N (~xi; ~θ, V )δ [b(~xi)−m] . (18)

The similarity of the region to the object is defined by the
similarity of their histograms. As in as in [3] we use Bhat-
tacharyya coefficient as a measure of similarity between two
histograms:

ρ
[

~r(~θ, V ), ~o
]

=

M
∑

m=1

√

rm(~θ, V )
√

om. (19)

The first order Taylor approximation around the current es-
timate ~r( ~θ(k), V (k)) is given by:

ρ
[

~r(~θ, V ), ~o
]

≈ c1 + c2

NV
∑

i=1

ωiN (~xi; ~θ, V ), (20)

where c1 and c2 are some constant factors and

ωi =

M
∑

m=1

√

om

rm(~θ(k), V (k))
δ [b(~xi)−m] . (21)

Since the last term in (20) has the same form as (4) we can
use the new EM-like algorithm to search for the local maxi-
mum of the similarity function (20). The weights are recal-
culated before each iteration using (21) and then the update
is done using (7),(9) and (15). Some practical issues are
presented next.

5.2. Practical algorithm
For the sake of clarity we present here the whole algorithm:

Input: the object model ~o, its initial (k = 0) location
~θ(k) and shape defined by V (k).

1. Compute the values of the color histogram of the cur-
rent region defined by ~θ(k) and V (k) from the current
frame using (18).

2. Calculate weights using (21).

3. Calculate qi-s using (7).

4. Calculate new position estimate ~θ(k+1) using (9).

5. Calculate new variance estimate V (k+1) using (15).

6. If no new pixels are included using the new elliptical
region defined by the new estimates ~θ(k+1) and V (k+1)

stop, otherwise set k ← k + 1 and go to 1.

The procedure is repeated for each frame. In the simplest
version the position and shape of the ellipsoidal region from
the previous frame are used as the initial values for the new
frame.

The function (20) that is regarded as the underlying den-
sity function is not a Gaussian. We also used the approxi-
mation that the weights ωi are constant during one iteration.
The maximum of (20) is well defined with respect to V for
β = 1. However since we disregard the samples further
than 2.5-sigma and it is easy to show that we should use
β ≈ 1.1. The correct value for the β depends on the noise
that is present in the image sequence. Small errors in choice
of β leads to slightly biased solution but since the ellipse is
just an approximation of the shape this is acceptable.

Finally, because of the approximation that the weights ωi

are constant during one iteration the convergence proof does
not hold. An additional line search should be performed
to make sure that we increase the value of (19) as it was
mentioned in [3]. However the approximation is usually
good in the small neighborhood and this is not needed. This
was also noted for the mean-shift algorithm presented in [3].

6. Experiments
The new 5-DOF color-histogram-based tracking was ap-
plied to a number of sequences and some results are re-
ported in this section. The position and shape of the tracked
objects is represented by the dashed ellipse.

First in figure 2 we illustrate the performance of the al-
gorithm. A player is selected as indicated by the elliptical in
figure 2a. For better presentation we increased the bright-
ness of the images we present here. The original images
was darker. The image is scaled 1.5 times in the vertical di-
rection and then rotated for 45 degrees as presented in figure
2b. We use the initial shape of the region and we manually
select a position in the new rotated and scaled image. The
iterations and the final of the mean-shift procedure are pre-
sented in figure 2b. In figure 2c we present the iterations
and the final solution of our algorithm. Both the new shape

4



Final solution 

Initial position Initial position 

Final solution 

a) the selected region b) ’mean-shift’ search c) EM-shift search

Figure 2: The mean shift and the new EM-like algorithm

and the position are accurately estimated. The new ellipti-
cal region contains the same content as the content of the
initial region.

The ’hall’ sequence (figure 3)is a long video from a
surveillance camera. Very hard lightning conditions are
present. We used only H and S from HSV color space to
be more robust to the light effects. The objects was repre-
sented using a 8 × 8 histogram in the HS space. Since the
objects were walking people we did not expect the orienta-
tion of the ellipse that approximates the shape of the objects
to be other than vertical. Therefore we constrained V to be
diagonal. Two frames from that represent a typical situa-
tion from the video are presented in figure 3a. The object
moves towards the camera and the size of the object changes
considerably. Standard mean-shift tracking from [3] fails to
adapt to these size changes. This is similar to the sequence
that was used in [14]. Our algorithm has no problems with
adapting as the much slower extensive search method from
[14].

The ’PETS1’ is a sequence from the standard data set
from www.visualsurveillance.org. The covariance matrix
is now not constrained to be diagonal since the vehicles are
also changing orientation. We used RGB space and 8×8×8
histogram. Two frames from the sequence are shown in 3b.

The ’hand’ sequence is used to demonstrate the full 5-
DOF color-histogram-based tracking. To be robust to light
conditions we used again 8 × 8 histogram in the HS space.
The hand is tracked. The sequence has 250 frames and the
position and the shape of the hand are changing rapidly. In
figure 3c we can see that the new algorithm can track the
hand and also adapt to the shape of the object. Hand track-
ing was used for example in [18]. However the algorithm
they used is not very robust and can be used only for single
colored objects.

Finally, in figure 4 we present the number of iterations of
the algorithm for the ’hand’ sequence. The average number
of iterations per frame was approximately 6. This is slightly
more then 4 that was reported for the mean-shift based it-

erations in [3]. The computational complexity of one iter-
ation of the new algorithm is slightly higher than the com-
putational complexity of the mean-shift. On average our
algorithm is around 2 times slower but still fast enough for
real-time performance. In our current implementation the
algorithm works comfortably in real-time on a 1GHz PC.

7. Conclusions
We presented a new 5-DOF color-histogram-based non-
rigid object tracking. We demonstrated that he new algo-
rithm can robustly track the objects in different situations.
The algorithm can also adapt to changes in shape and scale
of the object. The algorithm works in real-time and the
computational cost is only slightly higher than for the pre-
viously proposed algorithms that had problems with shape
and scale changes. The new color-histogram-based object
tracking procedure is based on a natural extension of the
mean-shift algorithm that can be useful also for many other
vision problems. This is a topic of our further research.
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Figure 3: Some tracking results
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