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Abstract

Three-dimensionateconstructionfrom a setof imagesis an importantand dif-

cult problemin computervision. In this paper we addressthe problemof de-
terminingimage featue correspondenceghile simultaneouslyeconstructinghe
correspondingD featues,giventhe camen posesf dispamate monocularviews.
First, two new af nity measues are presentedhat captue the degree to which

candidatefeatues from different images consistentlyrepresentthe projection of
the same3D point or 3D line. An af nity measue for point featuesin two dif-

ferentviewsis de nedwith respecto their distancefroma hypotheticalbprojected
3D pseudo-intesection point. Similarly, an afnity measue for 2D image line

sgmentsacrossthree views is de ned with respectto a 3D pseudo-intesectian

line. Theseafnity measues provide a foundationfor determiningunknowncor-

respondencessingweightedbipartited graphsrepresentingcandidatepoint and
line matdesacrossdifferentimages. As a resultof this graph representationa
standad graph-theoetic algorithm can provide an optimal, simultaneousnatd-

ing and triangulation of points acrosstwo views, and lines across three views.
Experimentalresultson syntheticand real data demonstate the effectivenes®f
theapproad.

1 Intr oduction

Three-dimensionahodelacquisitionremainsa very active researclareain com-
putervision. One of the key questionsis how to reconstructaccurate3D mod-
els from a setof calibrated2D imagesvia multi-imagetriangulation. The basic
principlesinvolvedin 3D modelacquisitionarefeaturecorrespondencaetermina-
tion andtriangulationwith thetwo commonlyusedtypesof imagefeatureseing
pointsandlines. Usually 2D featuresareextracted rst, suchascornersgcunature
points,andlines from eachimage. Then,the correspondencef thesefeaturess
establishedetweerary pair of imagesusuallyreferredto as“the correspondence
problem”. Finally, the 3D structurds triangulatedrom these2D correspondences.
Many reconstructionpapersassumethe correspondencg@roblem has been
solved [2, 7, 35, 39, 50, 51, 53]. Unfortunately in mary applicationsthis infor-
mationis not availableandmechanismso achiere correspondencareunreliable.
This hascausedseriouscriticism of feature-basethethodqd6, 22, 33, 52, 60, 61].
Theprocesf nding imagefeaturecorrespondencasanbe computationally
expensve anddif cult to implementreliably, requiring subsequerdlgorithmsto
employ robustmechanisms$or detectingoutliersdueto mismatche$46, 49|.
Evenif theimagefeaturecorrespondenceare known, robust triangulationof
the3D modelsusingnoisyimagedatais still anon-trivial problemandanon-going



researchiopic. Extensve researchhasbeendevotedto developing robust algo-
rithmsin thisared[5, 8, 23, 37, 46,49, 66, 67, includingprocessingf monocular
motion sequencesstereopairs, and setsof distinctviews. Although both point-
basedand line-basedriangulationare commonly emplgyed, more attentionhas
beenpaidto line-basedriangulationsinceit generallyprovidesmoreaccuratee-
constructions.

In this paperwe addresshe problemof determiningmagefeaturecorrespon-
dencesgiven known cameraposes,while simultaneouslycomputingthe corre-
sponding3D features.We restrictour attentionto simultaneousleterminatiorof
imagefeaturecorrespondenceandrecorvery of their 3D structureusingmatching
andtriangulationof noisy 2D imagepointsandlines. Our approachassumes set
of calibratedmagesfor which bothintrinsic (lens)parameterandeitherabsolute
or relative posesareknownn. Thereforetheseapproachegarewell-suitedfor pho-
togrammetrianappingapplicationsvhereextrinsic parameterarealreadyknown,
suchas 3D aerialreconstructiorin cultural settings[4], for wide-baselinemulti-
camerasteresystemsor for modelextensionapplicationsvhereapreviouspartial
modelhasbeenusedto determinecamergoosefor a setof new views, from which
previously unmodeledscendeaturesarenow to berecovered[18, 19, 21, 46].

This paperis organizedasfollows. Section2 reviews previous relatedwork
in theareaof 3D reconstructiorwith unknavn apriori correspondence&ection3
introduceswo new af nity measure$or determiningimagepoint andline corre-
spondenceacrossimages,andusesthemto constructweightedbipartitegraphs.
Sectiod formulategheimagefeaturematchingproblemasthegeneramaximum-
weightbipartitematchingproblemanddevelopstwo algorithmsto simultaneously
matchandreconstrucB8D pointsandlinesfrom noisy 2D imagepointsandlines,
respectrely. Finally, Section5 and Section6 presentand analyzeexperimental
resultsfrom syntheticandrealimagedatasets.Section7 givesour conclusions.

2 Previous Work

2.1 Motion Estimation without Correspondences

Aggarval et al [2] reviewed the correspondenceroblemtwo decadesago. In
recentyears,a variety of correspondencproblems[2, 6, 13, 14, 16, 33, 39, 51,
52, 61, 63] have beenstudied. In addition,mary researcherbave worked on the
problemof motion estimationwithout pre-speci edcorrespondencg8, 22, 33,
39,50, 52, 63].

Aloimonos, et al [3], presentedan algorithmto estimate3D motion without
apriori correspondencdsy combiningmotion and stereomatching. Huangand
his researchgroup[33, 50, 52] presented seriesof algorithmsto estimaterigid-
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body motionfrom datawithout matchingpoint correspondencessoldgof et
al [33] presentednoment-basedlgorithmsfor matchingand motion estimation
of 3D point or line setswithout correspondenceand appliedthesealgorithmsto
objecttrackingover theimagesequencesThe basicideais to nd two coordinate
systemdasedn relative positionsof 3D points/linesbeforeandafterthe motion,
thencomputethe motion parametergrotationandtranslationthatmake theseco-
ordinatesystemscoincide. The disadwantagesf the approachnclude sensitvity
to noiseandto missingor falsepointsor lines.

Leeetal [52] proposedanalgorithmto dealwith the correspondencegroblem
in imagesequencanalysis.This methodis basedon the following threeassump-
tions: (1) the objectsundego a rigid motion; (2) a perspectie projectioncamera
modelcanbe used;(3) the translationvectoris small comparedo the distanceof
the object.

Recently we presentec mathematicasymmetryin the solutionsof rotation
parametersand point correspondenceslerived a closed-formsolution basedon
eigenstructurelecompositiorfor correspondenceecovery in ideal caseswith no
missingpoints, and developeda weightedbipartite matchingalgorithmto deter
minethe correspondences generakcasesvheremissingpointsoccur[63]

2.2 Determination of Correspondence$ om Nonrigid Objects

Objectsin theworld canbe nonrigid,andanobjects appearanceandeformasthe
viewing geometrychangesConsequentlyresearctnasbeencarriedoutto address
the problemof correspondencanddescriptionusingdeformablemodels[56, 57,
59, 60, 61].

ScottandLonguet-Higgind60] developedanalgorithmto determinethe pos-
sible correspondences 2D point featuresacrossa pair of imageswithout useof
ary otherinformation(in particular they hadno informationaboutthe posesof the
cameras).They rst incorporateda proximity matrix descriptionwhich describes
Gaussian-weightedistancedetweerfeaturegbasedon interelementdistances)
anda competitionschemeallowing candidatdeaturedo contestfor bestmatches.
Thenthey usedthe eigevectorsof this matrix to determinecorrespondencese-
tweentwo setsof featurepoints.

Shapiroand Brady [61] also proposedan eigervector approacho determin-
ing point-featurecorrespondencbasedon a modal shapedescription. Recently
Sclarof andPentland59] describeda modalframewnork for correspondencand
description.They rst developeda nite elemenformulationusingGaussiarbasis
functionsas Galerkininterpolants then usedtheseinterpolantsto build stiffness
andmassmatrices. Correspondencesere determinedoy decomposinghe stiff-
nessandmassmatricesinto asetof eigervectors.



2.3 Determination of CorrespondencesmongDisparate, Monocular
Images

Methodsbasedon tracking featuressuchas points and line sggmentsthrougha
sequencef closely-spaceinageframescannotbeappliedin our presentiomain,
sincethey arebasedn small-motionapproximationswhile we arepresentedavith
a set of discrete,disparatemonocularviews. Furthermore heuristic measures
basedon similarity of imagefeatureappearancacrossmnultiple imageswill also
fail, sincewidely disparateviewpoints, taken at differenttimes of day andunder
differentweatherconditionscan leadto correspondingmagefeaturesof signif-
icantly different appearance.Gruenand Baltsavias [35] describea constrained
multi-image matchingsystemwhereintensity templatesextractedfrom one ref-
erenceimageare af ne-warpedand correlatedalong epipolarlines in eachother
image.Kumaretal [48] presenta multi-imageplane+parallaxnatchingapproach
wherethey compensatéor theappearancef aknown 3D surfacebetweerarefer
enceview andeachotherview, thensearchfor correspondingpointsalonglinesof
residualparallax.

Collins [16] introducesthe term "true multi-image” matchingand presenta
new space-sweeppproacho multi-imagematchingthat malke full andef cient
useof thegeometriaelationshipbetweermultipleimagesandthe scendo simul-
taneouslydetermine2D featurecorrespondencesndthe 3D positionsof feature
pointsin thescene.

BedekarandHaralick[7] rst posethetriangulationproblemasthatof nding
the Bayesiammaximuma posterioriestimateof the 3D point, givenits projections
in N images,assuminga Gaussiarerror modelfor the image point coordinates
andthe cameraparameters.Then, they considerthe correspondencproblemas
a statisticalhypothesisseri cation problemandsolwe this problemby aniterative
steepestlescenmethod.

Graphtheoreticmethodsalso have beenapplied[13, 14, 30, 34, 43, 58, 63,
64, 65]. Gold andRangarajaf30] presentec new algorithmfor graphmatching,
which usesgraduatedassignment.They applied“softassign”,a novel constraint
satishctiontechniqueto a new graphmatchingenegy functionthatusesarohust,
sparsedistancemeasurebetweerthe links of the two graphs.Wu andLeon [64]
proposed two-pasgyreedybipartitematchingalgorithmto determingheapprox-
imatesolutionof the stereocorrespondencproblem. Grif n [34] presented bi-
partitegraphmatchingmethodo determinghecorrespondencdsetweer-D pro-
jectionsof a 3-D scene.Roy andCox [58] describedh algorithmfor solving the
N-camerastereocorrespondencgroblem.



2.4 Our Approach

The work in this paperis basedon an optimal graphtheoreticapproachusinga
residualerrorfunctionde ned ontheimageplaneto constructa bipartitegraph,a
correspondingo w network, and nally amaximumnetwork o w thatdetermines
the correspondencdsetweertwo imageq13]. Unlike mary othermatchingtech-
niques,our methodof network o w ensureshatamaximalmatchingcanbefound.
Fromthe point of view of implementationthis matchingtechniquecanbe imple-
mentedef ciently andin parallel,andhasbeensuccessfullyappliedby othersto
matchingproblemsnvolving graphsof large size(about100,000vertices)[41].

Whatis neededor correspondencmatchingamongdisparatemonoculaim-
agess adescriptionof theaf nity (or 2D/3D spatialrelationship) betweenmage
features. The term "af nity” is rst introducedby Ullman in [62] asa measure
of the pairing likelihood of two objectsin two sets. Here,we de ne the af nity
asa measuref the degreeto which candidate$rom differentimagesconsistently
representhe projectionof thesame3D point or thesame3D line.

Traditionally two separaterocessingphasesreemplo/edto reconstrucBD
scenestructure:featurematchingand3D triangulation.With this division of pro-
cessing,t is very dif cult to employ 3D informationto measurehe af nity be-
tweenimage featuresduring the matchingphase. We amue that it is betterto
combinematchingandtriangulationin anintegratedmanner Thisis accomplished
by introducingan af nity measureoetweenimage point andline featuresbased
on their distancefrom a hypotheticalprojected3D pseudo-intersectiopoint or
line, respectiely [14]. Theideasdevelopedin this paperare an extensionof our
previouswork [13, 14].

Thechallengan combiningmatchingandtriangulationfor imageline features
is thatit is more dif cult to describethe af nity betweenimagelinesthanit is
for imagepoints. Line segmentendpointsare not meaningfulsincetheremay ex-
ist signi cant fragmentatiorand occlusionin imageline data,andthereforeonly
the positionandorientationof thein nite image line passinghrougha givenline
sggmentcanbe consideredeliable. Moreover, this impliesthat at leastthreeim-
agesarenecessaryo describdine af nity , sincethe projectionplanesfor ary pair
of imagelinesin two imagesalwaysintersectin a 3D line (Note: if parallel,the
planesare saidto intersectat in nity). Thus, no conclusve evidenceaboutpos-
sible correspondencdsetweenn nite imagelinesmay be derived from only two
images.

Oneof the contritutionsof our work is anaf nity measurdor linesbasedon
therapidcomputatiorof a3D pseudo-intersectidme from asetof possiblycorre-
spondingmagelinesduringthe matchingprocessThis approacHeadsto general
maximum-weighbipartitematchingtechniqueso dealwith the 3D reconstruction



problemwithout apriori speci cationof known imagefeaturecorrespondences.

3 Measuring 2D Image Point amd Line Af nity

3.1 Measuring 2D Image Point Af nity from Two ImagesVia a 3D
Pseudo-IntersectionPoint

Givenapoint inimage ,we seekits match in anotheimage . Point

necessarilypelongson anepipolarline of image determineccompletelyby
andyvice versa. Most of the existing matchingalgorithmse.g. [5] directly utilize
this 2D epipolarline constrainto determindgheimagepointcorrespondencdsom
two images.However, it is very dif cult to employ 3D informationto measurehe
afnity betweenmagefeaturesfrom this 2D epipolarline constraint. We argue
thatit is betterto combinematchingandtriangulationin anintegratedmanner

The key obseration is thatfor ary pair of imagepoints and  from two
images and ,thereexistsa  pseudo-integectdbn point, de ned asthe point
with the smallestsum of squareddistancedrom it to the two projectionlines of

and . Thephysicalmeaningof the pseudo-intersectiopointis thatideally,
if and arecorrespondindmagepointsfrom and , thentheir pseudo-
intersectiomointisareal  pointrecoreredby thetraditionaltriangulationcon-
straint.

Given ary pair of imagepointschosenat random,onefrom eachimage,the
pair may or may not truly correspondo a single3D pointin the scene.Thetwo
imagepointsalwaysyield a 3D pseudo-intersectiopointin eithercase but when
this 3D point is projectedbackinto eachimageit will only coincidereasonably
well with the original pair of 2D imagepointsif the pointsarea true correspon-
dence,andwill yield a very poor t otherwise. Therefore the distancebetween
the projectedposeudo-intersectigmoint andthe original pair of imagepointsyields
anafnity measurdhat signi es whetherthat pair of pointsforms a compatible
correspondence.

Let us now provide a formal speci cation of the afnity measurewith the

readerreferringto Figure1l. Giventwo poses and from two
images and , ary pairof points and ( vy ) vy )
from and ,denetwo lines and suchthat passeshroughpoints

and ,and passeshroughpoints and . and aretheprojection

linesof points and , respectrely.

Supposesachprojectionline  ( ) is written as



t t

r

Figurel: A triangulationprocesdor apair of images.

1)

with unit directionvector =
Consider rst how to compute an optimal pseudo-integection point
with thesmallessumof distancedrom  tothetwolines and
. Theerrorfunctioncanbede ned[33] as

(2)

After setting — — — , We obtain the optimal pseudo-
intersectiorpoint  [33]

(3)

where
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Figure2: A wrong“negative” 3D pointcorrespondingo apairof imagepointsthat
intersectbehindoneor both cameras.Thisis a detectablecondition,eventhough
it satis esthede nition of pseudo-intersection

As mentionedbefore,if and aretrue correspondingmagepoints,then

is thereal point to be recorered. However, therearefour caseshatare
exceptions:(1) no point couldbe obtainedfor and , becausehetwo
lines and areparallel;(2) anincorrect'negatve”  pointcouldbeobtained
for and , duetothetwo lines and intersectingoehindoneor both
camerasasshavn in Figure 2; (3) a wrong “epipolar” point is obtained
dueto ambiguousorrespondences,g. atypical problemwith  corresponding
toeither or isshavnin Figure3. This caseshavsthatapoint inimage

couldintersectwith the projectionline of morethanoneimagepointin image
; (4) apseudo-intersectin3D point is computedalthough and dont
correspondhtall.

The rst casewith parallelprojectionlines, is exceedinglyrare,but is easily
detectedby examiningwhethera solutionexistsfor Eq. 3. It alsocanbe detected
by examining whetherthe directionsof the projectionlines and arethe
same.

For the secondcase,as all pairs of image points from two imagesare con-
sideredinitially aspossiblecorrespondencespmeof thosewill intersectin their
negative directionsandsatisfythe minimal distanceconditionto lines  and
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Figure 3. An errorin correspondencproducesa wrong 3D Pseudo-intersection
point  , or ambiguityin pairsof correspondences. is the correctpseudo-
intersectionpointbut an incorrect correspondencesing along the correct
epipolarline produces  asanincorrectpsuedo-intersectiopoint. If is an
existing candidatecorrespondencéhentwo pairsof ambiguousorrespondences
canbesuccessfullyesohed.
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but areincorrect. Fortunatelyit is easyto detectthis kind of “negative” point
by examiningthedirectionsof raysfrom to andfrom to or raysfrom
to andfrom to tomakesurethatthey arethesame.

The third caseis the interestingone, causedoy anincorrectcorrespondence,
dueto ambiguity For example,asshavn in Figure3, suppose corresponds$o

with asthecorrect  point. However, the known posesspecifyepipolar
lines,andsince lies onthe known epipolarline of  in image , thenboth
areplausiblebut ambiguousandidatedor a correspondencmatch. Thus  and

would intersectat a point . However, this kind of ambiguitymight be
detectecbecause mightcorrespondo anotherexisting point appearingn
image . For this case the true (maximum)correspondencesould be detected
for the two setsof points,i.e., correspondéo and  correspond$o
Unfortunately if the point doesnt appearin the rst image,it is dif cult to
resolhe this inherentambiguity In suchsituations,a third imagewould greatly
reducesuchambiguities.

For the fourth case,sinceit is an incorrect correspondencethe pseudo-
intersectionpoint is locatedfar from the two projectionlines. This caseis
easilydetectedy its 2D af nity functionde ned below.

For ary pairofimagepoints( , ), weprojectthe“pseudo-interseaiin’ point

into thetwo images and |, to getthetwo projectedmagepoints

and . Finally, we computetheerrorfunctions  and
(4)
andde ne a 2D pointaf nity function isde nedas
()
The criterion underlying is that the best estimatefor ary 3D

pseudo-intersectio point is the point that minimizes the sum of the squared
distancedetweenthe predictedimagelocationof the computed3D point andits

actualimagelocationsin the rst andsecondmages.|f = ,it means
that is not a possiblematchfor ; if =1, it meansthat isa
perfectmatchfor

3.2 Measuring 2D Line Af nity from Threelmagesvia a 3D Pseudo-
Intersection Line

Here, we develop an analagoudine pseudo-intersectiomeasuresimilar to the
2D afnity measurebetweenimage point featuresin the last subsection.Given
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the posesof threeimages,a 2D af nity measureamongimageline sggmentsis
developedfor the problemof determiningimageline correspondencesyhile si-
multaneoushcomputingthe corresponding  lines. Thechallengan combining
matchingandtriangulationfor imageline featuress thatit is moredif cult to de-
scribethe af nity betweenmageline segments. Sinceit is well-known thatline
sggmentendpointsare proneto error due to fragmentatiorand unreliabletermi-
nationsin imageline data,only the positionand orientationof thein nite image
line passingthrougha given line segmentof sufcient lengthcanbe considered
reliable.Moreover, thisimpliesthatat leastthreeimagesarenecessaryo describe
afnity , sincethe projectionplanesfor any pair of imagelinesin two imagesal-
waysintersectin a 3D line (if parallel,the planesaresaidto intersectatin nity),
andthusno conclusve evidenceaboutpossiblecorrespondencdsetweenn nite
imagelinesmaybederived from only two images.

Giventhreeimagesandtheircorrespondingamergosesywe assumehatthree
line segmentsare chosenat random,one from eachimage, so that the set may
or may not truly correspondo a single 3D line in the scene. For ary triplet of
imagelines from threeimages thereexists a 3D pseudo-intesectio line  with
the smallestsumof squaresf the mutualmomentsof  with respecto the two
projectionlines of the two endpointsfor eachimageline. As this computation
will be performedmary timeson imageswith large numbersof line sgmentsas
we searchfor correctcorrespondencesje needit to be computationallyef cient,
even if this speedis achieved at the expenseof accurag. Here,the linear line
reconstructioralgorithmpresentedn [12] is emplo/ed to achieve a closed-form
solutionfor thebest3D pseudo-intersectidime. It hasbeenshavn in [12] thatthe
algorithmis fastandef cient.

For ary triplet of imageline sggmentsfrom threeimageswe wish to compute
anafnity valuethatmeasureshe degreeto which theselines areconsistentvith
thehypothesishatthey areall projectionsof thesamdinear3D scenestructure.To
dothis,we rst usetheline reconstructioralgorithmpresentedhn [12] to compute
their pseudo-intersectioline , andthenproject backinto eachimageto get
threein nite imagelines .

Suppose isrepresentedly theequation

in pixel coordinates , andthatthe endpointsof the original 2D line segment
inimage are and . A naturalmeasureof the distancefrom the
line segmentto the projectedbseudo-intersectn line  isthesumof absolutepixel
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distanced$rom theline sggmentendpointdo , thatis

_ (6)

If the threeimageline sggmentsactually are a true correspondencef a single
linear 3D structure,we canexpectall of themto lie “close” to their respeciie
reprojectionsof the pseudo-intersectioline, whereclosenesss judgedbasedon
our knowledgeof the error characteristicef the line segmentextractionprocess
andthelevel of noisein theimage.Ontheotherhand,if theimageline sggmentsdo
notcorrespondo alinearscenestructuretheir distancdrom theprojectedoseudo-
intersectionline will be large, which is true of mostof the line triplets (barring
accidentablignments).The distanceis greaterto the extentthatthe choserlines
aretruly geometricallyincompatible.

Basedon the above distancemeasurethe line af nity value
for atriplet of imageline sggmentsfrom threeimagess de ned as

)
where canbeinterpretedasthe averagedistancerom the setof image
line segment endpointsto their respectie projectedpseudo-intersectiotines.
If =0, it meansthat , , and are not compatibleat all; if

=1,itmeangha , ,and areperfectlycompatible.

4 3D Reconstruction Algorithms without Correspon-
dences Based on the Weighted Bipartite Matching
Technique

Traditionalcorrespondenceatchingtechniquesiseonly 2D pixel-level informa-
tion. These2D imageanalysistechniquesencountersigni cant dif culty in re-
coveringcorrectcorrespondenceasf imagefeaturessincethey donotconsiderthe
important3D informationcapturedvia our pseudo-intersectiopointsor lines.

In the previous section,we developedtwo afnity measuredbetweenimage
features, in Eq. 5 for imagepointsand in Eq. 7 for im-
agelines. Thetwo af nity measurdunctionscontainsigni cant informationabout
potentialcorrespondencesetweenimagefeatures. The importantquestionthat
immediatelyfollows is how to usethis informationin areliableprocesdo deter
mine imagefeaturecorrespondencesWeightedbipartite matching[41, 42] is a
maturemathematicaframework for solving matchingproblemsusingour af nity
measure.
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In thissectionwewill shav how theproblemof imagefeaturematchingcanbe
formulatedasa maximum-weighbipartitematchingproblemby usingthe 2D im-
agepointaf nity functionin Eq.5 andthe2D imageline af nity functionin Eq.7.
An efcient graph-basealgorithmfor matchingandreconstructioris developed
to determineimagefeaturecorrespondenceshile simultaneouslyrecorering 3D
features.

4.1 Formulation asa Maximum-W eight Bipartite Matching Problem

Given the two setsof imagepointsL = from image

and = from image , anundirectedweightedgraph
canbeconstructedsfollows: = . Eachedge

( v ..., ) corresponds$o aweightedlink between in

and in ,whoseweight is equalto theafnity between and | i.e.

= . Obviously, thegrapharisingin sucha caseis a weightedbi-
partltegraphby constructionsincetwo pointsin thesamemagecannotbelinked.

Givena setof line sgments , , and in atriplet of images , and
, two undirectedbipartite graphs and canbe
constructedasfollows. First, generatdwo vertex sets and  suchthat
and . Next, for all feasiblematchesamongary threeimagelines
, and , onefrom eachimage,generatdheiredges and
with weightsequalto the af nity measure , asde ned in the last
section,i.e. = . Notethatin generalthis could

involve taking all triplets of imageline sggments,one from eachimage, unless
domainspeci ¢ informationis usedto prunethe setof possiblematchesdown to
asmallerfeasibleset. Often suchinformationshouldbe availablethroughdomain
constraints.

It shouldbe notedthatdueto the fragmentatiorof imagelines, multiple com-
petingedgesouldexist betweerthesameawo nodesn eithergraph.For example,
supposedhereexists a possiblecorrespondencamongthe line sggments ,
and from the threeimagesrespectiely, and anotherpossiblecorrespondence
between , ,and . It wouldseemthen,thattwo edgesbetween and are
neededpneto storethe weightfor andonefor . In
practice we remove thesetrivial con icts atgraphcreationtime by checkingif an
edgealreadyexists betweentwo nodesbeforeaddinga new one. If the af nity
value of the naw edgeis larger thanthe edgealreadythere,thenthe old edgeis
replacedoy thenew one,otherwiseit is left alone.

Fromthe previous subsectionswe know thatfor ary pair of imagepoints
and , thereis a weightedlink between and in the weightedbipartite
graph . Similarly, for ary triplet of imageline segments , , and , there
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is a weightedlink between and in the rst bipartitegraph  anda
weightedink between and inthesecondipartitegraph . Ideally, if the
imagefeaturegpoints/lines)arein true correspondenctaentheir weights ,
or and shouldbe equalto the maximumweight of 1; thusthey
signi cantly contrilute to the nal matchingto be determinedandthe numberof
totalimagefeature(point/line)correspondenceésequalto thesizeof thematching.
Due to the errorsin someof the cameraposesandthe locationsof the extracted
imagepointsor line sgmentshowever, theweights ,or and
will bebelaw 1, but oftencanbe expectedo behigh (i.e. approacHL).
Ontheotherhand,from graphtheory we know thatgivenanundirectedgraph,
a matding is a subsetof edges suchthatfor all vertices , at most
oneedgeof isincidenton . A verte is matchedoy  if someedge
in isincidenton ; otherwise, is unmatchedThe maximum-weighiatding
is a matching of size suchthat the sum of the weightsof the edges
in is maximumover all possiblematchings. Therefore,the image feature
correspondence® be determinedcorrespondo the maximum-weightmatching
in the bipartitegraphs for determinatiorof imagepoint correspondencesy
and for determinatiorof imageline correspondences.

4.2 Reductionto the Maximum-Flow Problem

Asdiscussedrom Subsectior.1,thecorrespondengeroblemof imagepointsand
linescanbeconsidere@stheproblemof nding themaximum-weightmatchingn
theweightedbipartitegraphs.Theremainingquestioris how to nd themaximum-
weightmatchingin theweightedbipartitegraphs.

If eachedgehasa unit weight in the bipartite graph, then we get the un-
weightedbipartite matchingproblem,which is to nd a matchingof maximum
cardinality Theabove imagefeaturematchingproblemfor imagepointsandlines
could be reducedto the unweightedmatchingproblemby settingall the weights
in the bipartitegraphto be 1 if for imagepoints and , or
if for imageline segments ,and . Here,thethresholds

and wouldbechoserempirically For theweightedbipartitegraphshavn in
Figure4(a), its unweightedcounterparis shavn in Figure4(a) by settingall the
weightsin thebipartitegraphto be 1 if

The problemof imagefeaturematchingseemson the surfaceto have little to
do with ow networks, but it canin fact be reducedto a maximum- ow prob-
lem. By relatingtheunweightedmatchingproblemfor bipartitegraphgo themax-
o w problemfor simplenetworks,thematchingproblembecomesimpler andthe
fastestnaximum o w algorithmcanbeusedio nd themaximummatchingwhich
wasdiscussedn [13]. In orderto reducethe problemof a maximummatchingin
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(a) (b)

Figure4: The weightedand unweightedbipartite graphs: (a) weightedbipartite
graph;(b) unweightedipartitegraph.

thebipartitegraph toamaximum o w problemin the o w network , thetrick
is to construcia o w network in which o wsrepresentorrespondence$Ve build
a correspondingo w network for thebipartitegraph  asfollows:
Letthesource andsink benew verticesnotin , let , andlet
thedirectededgesof  begivenby

and nally, assignunit o w capacityto eachedgein
Further it hasbeenshavn thata maximummatching in a bipartitegraph
corresponds$o a maximum o w in its correspondingo w network . There-
fore, the unweightedmagefeaturecorrespondencproblemis exactly equivalent
to nding themaximum o w in , andwe cancomputea maximum
matchingin by nding a maximum ow in . The main adwvantageof for-
mulating the imagefeaturecorrespondencproblemasthe unweightedbipartite
matchingproblemis that thereexist very fastalgorithms(e.g. Goldbeg's algo-
rithmis ), which canbeimplementedn anef cient andparallel
wayto nd themaximummatchingin theunweightedipartitegraph.
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4.3 Solvingfor the Maximum-W eight Bipartite Match

The maindisadwantageof the unweightedipartite matchingformulationis thatit
is crucialto choosean appropriatevaluefor thethreshold  for the imagepoint
correspondencproblemand for theimageline segmentcorrespondencprob-
lembefoe theunweightedipartite matdingalgorithmis performed If  or is
toosmall,moreoutlierswill becreatedjf or istoolarge,it will Iter outtoo
mary correctcorrespondencefor example,asshavn in Figure4(a),if we choose
= 0.9, thenthe correctcorrespondence could be ltered. In this case,
we would missthematching andcouldnotthendisambiguatéhe matchings
and for the left imagepoint “4”. Therefore,it is necessaryo deal
with the generalmaximum-weightipartite matchingproblem,which is the gen-
eralizationof the unweightedipartitematchingproblem. Althoughthe weighted
matchingproblemis not characterizetby maximum o wsin termsof augmenting
paths,t indeedcanbe solvedbasedn exactly the sameidea: startwith any empty
matching,andrepeatedlydiscorer augmentingpaths. In the following, we focus
onhow to nd themaximum-weighmmatchingin theweightedbipartitegraph.
Considethematching shavnin Figure5(a). Theedges , ,

and are matched,andthe edges and areunmatched.Given a
matching in abipartitegraph , asimplepathin is calledanaug-
mentingpathwith respecto matding  if its two endpointsarebothunmatched,
and its edgesalternatebetween andin . Theaugmentingpath =

with respecto matching is shavn in Figure5(b). End-
points5 andd areunmatchedandthe pathconsistingof alternatingedgeq5,e)in
,(4,e)in ,and nally (4,d)in
Let denoteanaugmentingpathwith respecto matching , and denote
the setof edgesin , then is calledthe symmetricdifferenceof  and
is the setof elementshat arein one of or , but notboth,i.e.
. It canbe shavn that hasthefollowing
properties(1) it isamatching(2) = +1. Thesymmetricdifference
is shawn in Figure5(c), i.e. ,
and =4+1=5.
Forthematching , its total weightof matdiing isde nedas

Let be a setof edgesthenanincrementalweight is de ned asthetotal
weightof theunmatcheadkdgesn minusthetotal weightof the matchededges
in
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Figure5: The symmetricdifferenceoperatorof and : (a) matching ; (b)
augmentingpath  wrt.  ; (¢)

Fromthe de nition of incrementalweight, we know thatfor an augmentingpath
with respecto , then givesthe netchangan the weightof the matching
afteraugmenting :

Intuitively, we canusean iterative algorithmto constructa maximum-weight
matching.Initially, thematching is empty At eachiteration,thematching is
increasedy nding anaugmentingpathof maximumincrementalveight. Thisis
repeatedintil no augmentingathwith respecto matching canbefound.It has
beenproventhatrepeatedlyperformingaugmentationssingaugmentingpathsof
maximumincrementalveight,yieldsa maximum-weighmatching [41].

Theremainingproblemis how to searchfor augmentingpathswith respecto
matching in asystematiandef cient way. Naturally a searchfor augmenting
pathsmuststartby constructingalternatingoathsfrom the unmatchegoints. Be-
causean augmentingpath musthave oneunmatchedendpointin - andthe other
in , withoutlossof generality we canstartgrowing alternatingpathsonly from
unmatchedrerticesof . We may searchfor all possiblealternatingpathsfrom
unmatchedserticesof  simultaneouslyn a breadth- rstmanner Here,an ef -
cientGabors N-cubedweightedmatchingalgorithm[41] is usedto computethe
maximum-weightmatchingn theweightedbipartitegraph.Thisalgorithmhastwo
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basicsteps:(1)to nd ashortespathaugmentatiofrom asubsebf left verticesin
to asubsebf right verticesin ; (2) to performthe shortestaugmentationThe
algorithmis very ef cient; moreimplementatiorarediscusseadn [41].

Sincethe numberof matchedverticesincreasedy two eachtime, this takes
at most— augmentationslt hasbeenshawvn thatfor a matching  of size of
maximumweightamongall matchingsof sizeatmost , if thereexistsamatching

of maximumweightamongall matchingsn , and , then

hasan augmentingpath of positive incrementalWweight. Therefore theimage
featurecorrespondencproblemcanbe exactly reducedo nding the maximum-
weightmatchingin theweightedbipartitegraph.

In summarythegeneramatchingandreconstructiomlgorithmfor imagepoint
correspondencesmnbeachiezed by thefollowing steps:

Stepl: computea pseudo-intersectiopoint for eachpair of imagepoints
and

Step2: calculatghevalueof in Eq.5 for eachpair of imagepoints

and .

Step 3: remove the pair from further graph-basednatchinganalysisif its

valueis lessthancertainprede nedthreshold.

Step4: determineif the pair shouldnot be addedinto a weightedbipartite
graphin Step5 with respecto incorrectCasesl and2, which werediscussedn
Section3.1.

Step5: construciaweightedbipartitegraph for imagepoints.

Step6: nd the maximumweightedmatching for

Step7: determineimagepoint correspondenceand their corresponding8D
pointsfrom the maximummatching

Similarly, the generalmatchingand reconstructioralgorithmfor imageline
correspondencasanbeachievzed by the following steps:

Stepl: computeapseudo-intersectidline for eachtriplet of imagelines ,
and .

Step2: calculatethe value of in Eq. 7 for eachtriplet of image
lines ,and

Step3: remove the triplet from further graph-basednatchinganalysisif its

) valueis lessthancertainprede nedthreshold.

Step4: constructtwo weightedbipartite graphs and

for imageline sggments.

Step5: nd the maximumweightedmatching for and .

Step6: determingmageline correspondencesdtheircorrespondin@D lines
from the maximummatching

It shouldbe notedthatStep3 in theabore two matchingalgorithmsis notnec-
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essarybut can Iter outagreatnumberof incorrectcorrespondencelusimprov-
ing computationakf ciency, sinceit canreducethe sizeof thebipartitegraphs.

5 Experimental Results for Correspondenceof Image
Points

In this section,we presenexperimentdo characterizeéhe performancef our ap-
proachto 3D point reconstructiorwhile simultaneouslydeterminingcorrespon-
dencespasedon the af nity functionde nedin Eq.5. We will examinethe per
formancein termsof the numberof the recoreredimagepoint correspondences,
andthe distancebetweeneachtriangulated3D pseudo-intersectiopoint andits
actual3D point. In all the experimentswe assumehatboththeintrinsic camera
parameter@and posesare knowvn. The algorithmusestwo setsof image points
separatelyextractedfrom two imagesasinput, andproducesa setof imagepoint
correspondenceandtheir correspondingriangulated3D points.

5.1 Synthetic Data

The syntheticexperimentsareperformedon a setof synthesize@®D pointsrepre-
sentingarigid object. To evaluateperformancevith known groundtruth, a setof
40 3D pointswererandomlygeneratedrom the objectandprojectednto two im-
ages.Theimagepointlocationsfor eachimagewerecorruptedoy Gaussiamoise.
Noisefor eachimagepointlocationwasassumedo be zero-meanidenticallydis-
tributed, and independent. The standarddeviation rangesfrom 1.0 pixel to 5.0
pixels. In orderto examinehow therobustnes®of matchingis affectedby missing
points(i.e. no correctcorrespondencim the otherimage),16 setsweregenerated
with differentpercentagesf missingpointsrangingfrom — to — . Foreachof
thesereducedpoint sets,100trials of noisy samplesvereusedto spatiallyperturb
the remainingpointsfor eachof the ve levels of noise. For eachsampleof the
sameset,thenumberof missingpointsis thesamej.e. the samepercentagef im-
agepointswererandomlydeleted.The algorithmwasrun on eachof thesamples,
andthe numberof incorrectimagepoint correspondencesascomputedor each
samplerun. Figure6 shavs the averagenumberof incorrectcorrespondencdsr
eachnoiselevel.

As shawn in Figure6, thealgorithmworksvery well if the numberof missing
pointsis 0, i.e. each3D pointto be recoreredis visible in bothimages. On av-
eragethereis only oneincorrectcorrespondencevenfor the highestnoiselevel
of 5 pixels. For lower levels of noiserangingfrom 1 pixel to 3 pixels, thereis
little effect on the performancenf the algorithmfor differentnumbersof missing
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Figure6: Performancef theimagepointmatchingalgorithmagainst ve levelsof
noisewith differentnumbersof missingpoints. The averagenumberof incorrect
correspondencds shavn for the true setof 3D points. Noiselevel meansall
pointswereperturbedvith Gaussiamoiseof standardleviation

points. For the higherlevels of noise,the numberof incorrectcorrespondences
increasedinearly asthe differencein the sizesof imagepointsfrom two images
increasesFromFigure6, we canseethaton average the numberof incorrectcor
respondencessesabout3% atary of thenoiselevels. Therefore pur experiments
have shavn thatthe algorithmcantoleratea signi cant differencein the number
of imagepointsfrom two imagesandis robustagainsta reasonabléevel of noise.
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5.2 PUMA Sequence

The3D pointreconstructiomlgorithmwith unknavn correspondencesappliedto
thesetof realimagegeferredo astheUMassPUMA sequenceriginally collected
by R. Kumar[49], sincethe imageswere acquiredby a cameramountedon a
PUMA robotarm. Theimagesequencegere capturedwith a SONY B/W AVC
D-1 camerawith aneffective eld of view of 41.7 (fovx: eld of view x-axis)by
39.5 (fovy: eld of view y-axis) andthe imageresolutionis . Thirty
framesweretakenoveratotalangulardisplacemendf 116degrees. Themaximum
displacemenbf the cameran thesetwenty framesis approximately2 feetalong
theworld y-axisand1 foot alongtheworld x-axis.

For eachimage line segmentswere rst extractedby the Boldt algorithm [9],
andthen 2D cornerimage points were computedby calculatingthe intersection
point betweenary pair of nearbyimageline segments. Figure 7 shawvs two sets
of extractedandunmatchedmagepointsfromthel frameandthel0 frame,
respectrely. Thereis a differencein the numberof imagepointsfrom the two
images,sincethel framehasll3imagepointswhile thel0 framehasl107
imagepoints. Therearetwo kinds of error sourcesthe 2D imagepoint locations
andtheestimatedamergparametersThenoisein theimagepointsis dueto mary
typical factorssuchas cameradistortion and errorsin the imageline extraction
algorithm. The noisein the cameraparameterss mainly dueto errorsin camera
calibration. As seenin Figure 7, someimage points were extractedin the 1
frame, but notin the 10 frame,andvice versa. Thus,it is a general3D point
reconstructiomproblemwith unknavn imagepoint correspondences.

Figure8 shawvs a subsebf 43 correctimagepointcorrespondenceatetermined
from thetwo frames.The corresponding@D pointsreconstructethy thealgorithm
arereportedin Tablel1. This experimentusesthe groundtruth 3D datasupplied
in Kumars thesis[49]. Notethatherewe only reportedthe comparisondetween
thereconstructe@D pointsandtheir groundtruth datafor those3D pointswhose
groundtruth coordinatesare available. As shawvn in Table 1, thereis only one
incorrectcorrespondencabeled21, wherethe correspondences of two different
imagepointsfrom the 1stframeand10 frame. Point21in Framel is onthe
lower of two rectanglegtheuppereft corner) while Point21in FramelOis onthe
upperrectanglgthelowerleft corner).Althoughthey arevery closein theimages,
the absoluteerror betweenthe triangulated3D point recoveredby this incorrect
correspondencandthe ariginal 3D point associatedvith imagepoint 21 in the

rst framehaslarge error, 9.69feet. For the other42 correctcorrespondencethe
averagedistancebetweenthetriangulated3D pointsandgroundtruth datais 0.43
feet.
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Table 1: 3D point reconstructiorerror for the PUMA ROOM data (average3D
error: 0.43feetwithoutincorrectpoint21.

. Actual 3D point Computed3D points | Error
Line (feet)
1 -6.06 -0.47 | 13.70 -5.94 -0.52 13.48 0.26

2 -6.06 | -0.47 | 1156| -589| -055| 11.18 | 0.43

3 -6.06 | -047| 16.81| -6.87| -050| 16.62 | 0.83

4 -6.06 | -0.47 | 1468| -6.88| -0.49 | 1450 | 0.84

5 -858 | -0.47| 16.81| -853| -0.48| 16.64 | 0.18

6 -8.58 -0.47 | 14.68 -8.54 -0.45 14.59 0.11

7 0.00 4.05 | 20.82 0.20 4.04 | 18.89 1.94

8 0.00 8.13 | 1351 0.13 8.21 13.32 0.25

9 0.00 6.81 | 14.91 0.17 6.89 | 14.64 | 0.33
10 0.00 7.31 | 1351 0.15 7.38 | 13.28 | 0.28
11 0.00 7.00 | 13.89 0.19 7.09 | 13.60| 0.36
12 0.00 7.00 | 11.76 0.18 7.11 | 11.47| 0.36
13 0.00 5.36 | 13.89 0.11 539 | 13.76 | 0.17
14 0.00 4.69 | 14.89 0.18 472 | 14.66 | 0.30
15 0.00 4.66 | 16.00 0.27 472 | 16.19| 0.33
16 0.00 498 | 11.95 0.25 5.07 | 11.58 | 0.46
17 0.00 492 | 1411 0.23 498 | 13.77| 0.41
18 0.00 4.25 | 11.96 0.34 422 | 1142 | 0.64
19 -3.32 9.01 7.03 -3.17 9.23 6.35 | 0.73
20 -1.45 9.01 3.13 -1.08 9.18 2.27 | 0.95
21 -3.02 3.80 | 11.28 0.68 4.26 233 | 9.69
22 -6.32 8.11 0.00 -6.13 8.27 | -0.85| 0.88
23 -4.20 8.07 0.00 -4.00 8.19| -0.64| 0.68
24 -6.35 6.49 0.00 -6.20 6.56 | -0.55| 0.58
25 -1.77 2.86 0.00 -1.52 2.87 | -068 | 0.73
26 -7.26 8.09 0.00 -7.11 8.17 | -047 | 0.50
27 -7.26 6.45 0.00 -7.15 6.50 | -0.25 | 0.27
28 -482| -047| 1782 | -468| -0.52 | 17.64| 0.23
29 -481 | -047| 1482 | -4.67| -0.54| 1456 | 0.30
30 -481| -047| 16.95| -4.66 | -0.52 | 16.73| 0.27
31 -443 | -047| 1163 | -422| -0.55| 11.30| 0.40
33 -6.44 | -047| 16.95| -6.35| -0.52| 16.74| 0.23
34 -6.94 | -047| 1945| -6.86| -0.52 | 19.24| 0.23
35 -6.94| -047| 1782| -6.88| -050| 1766 | 0.18
36 -7.53 | -047| 1754 | -748| -049| 17.38| 0.16
37 -3.32 9.01| 15.03| -3.42 9.04 | 15.08 | 0.12
38 0.00 537 | 11.76 0.35 548 | 11.17 | 0.70
39 0.00 4.10 | 14.09 0.24 4.15| 1376 | 0.41
40 -1.43 3.64 0.00 -1.21 3.67 | -0.55| 0.59
41 -4.23 6.45 0.00 -4.05 6.53 | -0.61| 0.64
43 -6.87 0.11 | 13.75| -6.84 0.09 | 13.71| 0.05
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5.3 RADIUS Image Set

The 3D pointreconstructioralgorithmwithout apriori correspondencas alsoap-
plied to the RADIUS imageset. This experimentusesdatasuppliedthroughthe
ARPA/ORD RADIUS project(Researcand Developmentfor ImageUnderstand-
ing Systems}4]. Theimagesandcamergarametersisedin this experimentwere
the”model board1” datasetdistributedwith versionl.0 of the RCDE (RADIUS
CommonDevelopmentErnvironment) software packageg54]. The imagesizeis
approximate pixels. Unlike the PUMA imagesequenceisedin last
subsectiongachpair of imagesfrom this datasetweretaken from two disparate
views. Eightimageswereprovidedin this dataset.

Again, for eachimage,line sgmentsand2D cornerpointswere extractedas
part of an automatedouilding detectionalgorithm[17]. These2D cornerpoints
arethusextractedin a differentmannerthanthosein the PUMA sequenceHere
the pointsto be matchedare the cornersof building polygons. Figures9 and10
shav two setsof extractedand unmatchedmage pointsfrom imagesJ3andJ7,
respectiely. It shouldbenotedthatJ3andJ7 have two differentnumbersof miss-
ing pointsalthoughthey have exactly the samenumberof imagepoints,i.e. 186
points.Again, boththe 2D imagepointsandthe camergparameterarenoisy The
noisein the imagepointsis againdueto errorsin point localizationand camera
calibration.

Ouralgorithmrecorered61 correspondenamoftoppolygonpoints,all of them
correct(Figuresllandl12). Thecorrespondin@D pointsreconstructedy the al-
gorithm arereportedin Table2. This experimentusesthe groundtruth 3D data
suppliedin the “model board1” datasetHerewe only reportedthe comparisons
betweerthereconstructe@D pointsandtheirgroundtruth datafor those3D points
whosegroundtruth coordinatesare available. From Table 2, we canseethat for
someimagecorrespondencesichas?20, 21, 34, 35, 36,49, 50, and57, thetrian-
gulated3D pointshave large errorsalthoughtheir correspondencesedetermined
correctly by our algorithm. This is due mainly to the errorsin the locationsof
rooftoppolygonpoints,sinceit is well knowvn thatthese2D errorshave asigni cant
effectonthetriangulatedD data,especiallywhenthereareonly two imageq17].
Someof theincreasedaizeof errorscanbeattributedto 2D cornersbeing”moved”
dueto shadwvs in oneof the views (e.g. point 49 which producedhe largester-
ror). In orderto improve overallaccurag, moreimagesarerequired.Nevertheless,
the resultsare quite good, with the averagedistancebetweenthe triangulated3D
pointsandgroundtruth dataacross61 correctimagepoint correspondencedseing
0.45feet.
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Table2: 3D pointreconstructiorerrorfor theRADIUS imagedata.

Line Actual 3D point ComputedD points | Error
(feet)

1| 15.79| 22.79| -1.15| 16.12| 22.79| -0.87 | 0.44
2| 15.77| 16.40| -1.15| 16.01| 16.51| -1.33| 0.32
3] 2051 16.39| -1.15| 20.74| 16.48| -1.39| 0.34
4| 20.52| 22.78| -1.15| 20.83| 22.76 | -0.93| 0.38
5 990 | 39.36| -1.21| 10.45| 39.46| -1.32| 0.56
6 9.90 | 40.13| -1.21| 10.45| 40.16| -1.29| 0.55
7 5.89 | 40.13| -1.21| 6.26| 40.17| -1.00| 0.43
8 589 | 39.35| -1.21 6.26 | 39.44| -1.01| 0.43
15| 17.55 714 | -0.16 | 17.79 7.17 0.46 | 0.67
16 | 17.52| 0.76| -0.16 | 17.77| 0.88| 0.46| 0.68
17 | 20.08 0.75| -0.16 | 20.32 0.80| -0.35| 0.31
18 | 20.11 7.13| -0.16 | 20.34 7.14 | -0.18 | 0.23
20 | 17.26| 10.35| -0.22| 17.53| 10.48| 1.06| 1.31
21| 17.27| 13.36| -0.22| 1756 | 13.56| 1.05| 1.32
22 | 20.29| 13.35| -0.22| 20.52| 13.52 0.06 | 0.40
23| 22.92| 11.25| -0.97| 22.98| 11.49| -0.86| 0.27
24 1.60| 23.56| -0.43| 1.86| 23.44| -1.06| 0.69
25 1.61| 26.53| -0.43 1.85| 26.61| -1.21| 0.82
26 | -441| 26.55| -0.43| -4.04| 26.69| -0.65| 0.45
27 | -4.42| 23.58| -0.43| -4.04| 23.47| -0.49| 0.40
28 1.64| 27.16| -0.78 186 | 27.21| -1.29| 0.56
29 1.61| 23.38| -0.78| 1.86| 23.40| -1.04| 0.36
30| 4.49| 26.52| -055| 4.75| 26.55| -0.60 | 0.27
31 4.34 | 16.55| -0.55 462 | 16.57| -0.53| 0.28
32| 14.33| 16.40| -0.55| 14.60| 16.45| -0.65| 0.29
33| 14.49| 26.31| -0.94| 14.75| 26.35| -1.06 | 0.30
34| 14.45| 2456 | -055| 13.07| 2490 | -2.01| 2.03
35| 12.88| 26.39| -0.55| 13.12| 26.38| -1.98| 1.45
36 | 20.47| 26.36| 1.71| 2091 | 26.42| -0.19| 1.96
49| 20.65| 32.76 | -1.19| 20.13| 35.10| -0.05| 2.65
50| 20.72| 35.92| -1.19| 20.16| 35.92| -0.10| 1.22
51| 12.80| 36.09| -1.19| 13.09| 36.17| -0.73| 0.55
52| 12.78| 35.26| -1.19| 13.05| 35.34| -0.86| 0.43
55| 13.16| 33.77| -1.47| 13.46| 33.78 | -1.23| 0.38
56 | 13.16| 33.01| -1.47| 13.42| 33.16| -1.43| 0.30
57| 19.01| 33.74| -1.47| 1959 | 33.04| -0.93| 1.05
58 | 19.01| 3297 | -1.47| 1959 | 33.66 | -1.05| 0.99
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6 Experimental Resultsfor Image Lines

In this section,we will demonstrat¢he performancef the 3D line reconstruction
algorithmwith unknavn correspondencesit shouldbe notedthat the accurag
of thetriangulated3D lines dependaiponthe performancef theline reconstruc-
tion algorithmemplo/ed. Here,we usea fastline reconstructioralgorithmwith
computationakf ciency androlbustnessagainstnoise[12]. Therefore,n thefol-
lowing, we will simply reportacomparisorbetweerthetriangulated3D linesand
their ground-truthdata,andconcentraténsteadon characterizinghe performance
of thealgorithmfor determiningthe 2D line correspondenceakatareusedfor 3D
line reconstruction.Thus, moredetailedexperimentsarereportedin termsof the
numberof the recoreredimageline correspondencedn all the experimentspre-
sentedhere,we againassumehatboththeintrinsic camergparameterandposes
areknown. Unlike theprevioussectionjmagelinesareextracteddirectly asimage
features,andthe algorithmusesthreesetsof imagelines acrossthreeimagesas
input, computingtheimageline correspondencemndtheir correspondingriangu-
lated3D linesasoutput.

6.1 Synthetic Data

Simulationswere performedon a set of synthetic3D lines representinga rigid

body A setof 40 3D lineswererandomlygeneratedrom anobject,andprojected
into threeimages.Thetwo endpointsof eachimageline segmentin threeimages
werecorruptedoy Gaussiamoise.Noisefor eachmageline sggmentendpointwvas
assumedo be zero-meanidentically distributed, andindependent.The standard
deviation of line endpointnoiserangesfrom 1.0 pixel to 5.0 pixels. In orderto

examinehow the numberof incorrectcorrespondencds affectedby the number
of missingimageline segments 16 setsof 100noisyline samplesverecreatedor

eachlevel of noise,in termsof 16 differentpercentagesf missinglines ranging
from — to — . For eachsampleof the sameset,the numberof missinglines
is the same,.e. the samepercentag®f imagelineswererandomlydeleted.The

algorithmwasrun on eachof the samplesandthe averagenumberof incorrect
imageline correspondencesascomputedacrosssamplesused.Figure 13 shaws

16 differentaveragenumbersof incorrectcorrespondencef®r eachnoiselevel,

respectrely.

As shavnin Figurel3,thealgorithmworksverywell if thenumberof missing
linesis 0, i.e. each3D line is visible in all threeimages.For example,on average,
thereareonly about0.5 incorrectcorrespondencdsr the noiselevel of 5 pixels.
For the lower levels of noiserangingfrom 1 pixel to 3 pixels, thereis little effect
on the performanceof the algorithmfor differentnumbersof missingpoints. For
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the higherlevels of noise,the numberof incorrectcorrespondencascreasesas
the numberof missingimagelinesincreasesFrom Figure 13, we canseethaton
the average the numberof incorrectcorrespondenceassesabout0.5 lines (about
2 ) atary of the noiselevels. Therefore,our experimentshave shavn that the
algorithmcantoleratea differencein thenumberof imagelinesfrom threeimages
andis robustagainstareasonabléevel of noise.

6.2 PUMA Sequence

In this subsectionyve teston theindoor PUMA imagesequencagain. For each
image,2D imageline segmentsvereextractedoy theaccurateBoldt line extraction
algorithm|[9]. Figuresl14 shaws atriplet of the extractedline setsfrom thel

10 ,and20 framesnthesequencwith 196,185,and189imageline segments,
respectrely. Here,the threeimageshave moreaccuratémageline segments but

alsomore line sggmentsare extractedthanin the previous setshavn in Figure
13. Figure15 shaws 76 correctimageline segmentcorrespondenceg\gain, this

experimentuseghegroundtruth 3D datasuppliedn Kumarsthesig49]. Herewe

only reportedhecomparisongetweerthereconstructe@D linesandtheirground
truth datafor those3D lineswhosegroundtruth coordinate®f two endpointsare
available. Table 3 and Table 4 reporta comparisorbetweenthe triangulated3D

lines andtheir ground-truthdata. For the 35 line correspondenceshe average
orientationerroris 3.36degree,andthe averagedistanceerroris 0.11feet.

6.3 RADIUS Image Set

The goal of this experimentis to testthe performanceof correspondencprocess
for largersizeimagesanda hugeline dataset,andwe will notattemptevaluation
of 3D accurag here.Again, this experimentuseshe RADIUS imagedataset(J1-
J8) suppliedthroughthe ARPA-ORD RADIUS project[4]. Eachimagecontains
approximatelyl1320 1035 pixels, with about11 bits of grey level information
per pixel. The dimensionsof eachimagevary slightly becausdghe imageshave
beenresampledandunmodeledyeometricand photometricdistortionshave been
introducedto moreaccuratelyre ect actualoperatingconditions.

Here,the Boldt line algorithm[9], wasrun on all of the eightimagesJ1-J8.
To reducethe numberof linesto a computationallymanageablsizetheseimages
were rst reducedin resolutionto half their original size beforeline extraction.
After line extraction,the sgmentsfound wererescaledackinto original image
coordinatesthen ltered sothateachline segmentin the nal sethasalengthof
at least10 pixels anda contrast(differencein averagegrey level acrossthe line)
of atleastl15 grey levels. This proceduregproducedmorethan2000line sggments
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Table3: 3D line reconstructiorerrorfor the PUMA SequencéamesusingBoldt
line algorithm:Processingf Framesl,10,20producesnaverageorientationerror
of 3.36degree,andaveragedistanceerrorof 0.11feet(Part1).

Line Actual 3D Lines Computed3D Lines Orient. | Distance
Error Error

4 -0.00 | -0.00 | 1.00 | 0.08 0.02 | 1.00
-8.19 | -0.00 | -0.00| -7.98 | -0.91 | 0.66 4.74 0.05
5 -0.00 | -0.01 | 1.00 | 0.00 | -0.02 | 1.00
-701| -0.00 | -0.00| -7.13 | 0.16 | 0.03 0.21 0.19
7 0.00 | 0.00 | 1.00 | 0.01 0.01 | 1.00
-7.25| 0.00 | 0.00 | -7.30 | 0.04 | 0.09 0.71 0.05
8 -0.00 | -0.00 | 1.00 | 0.02 | -0.00 | 1.00
-7.03 | -0.00 | -0.00| -7.15| -0.09 | 0.17 1.38 0.12
9 0.00 1.00 | 0.00 | 0.12 0.97 | -0.20
13.89| 0.00 | 0.00 | 1450 | -1.65 | 0.62 | 13.41 0.01
10 0.00 | -0.02 | 1.00 | -0.01 | -0.01 | 1.00
-5.02 | 0.00 | 0.00 | -484| 0.35 | -0.04| 0.95 0.22
11 | -0.00 | -0.03 | 1.00 | 0.02 | -0.04 | 1.00
-5.34 | -0.00 | -0.00| -5.49 | -0.09 | 0.12 1.39 0.12
12 1.00 | -0.00 | -0.00| 1.00 | -0.02 | 0.10
-0.00 | -7.03 | 9.01 | -1.05| -6.71 | 9.10 5.90 0.09
15 1.00 | 0.01 | 0.00 | 1.00 0.00 | 0.06
0.14 | -11.28 | 4.17 | -0.23 | -11.09 | 4.16 3.60 0.03
17 0.00 1.00 | 0.00 | 0.06 0.99 | -0.16
11.28| 0.00 | 294 | 1263 | -0.09 | 3.44 9.58 0.00
18 1.00 | 0.01 | 0.00 | 1.00 0.01 | -0.04
0.14 | -11.28| 2.79 | 0.16 | -10.87 | 2.74 2.09 0.02
23 | -0.00 | -0.00 | 1.00 | 0.01 0.00 | 1.00
047 | 482 | -0.00| 051 | -4.90 | 0.00 0.63 0.04
24 | -0.00| -0.00 | 1.00 | -0.03 | 0.02 | 1.00
047 | -443 | -0.00| 0.72 | -3.95 | 0.09 1.93 0.02
29 0.00 | 000 | 1.00 | 0.02 | -0.02 | 1.00
047 | 694 | 000 | 0.09 | -7.35 | -0.16 | 191 0.01
30 | -0.00| -0.00 | 1.00 | 0.01 | -0.00 | 1.00
047 | -753 | -0.00| 0.38 | -7.63 | -0.03| 0.41 0.02
33 1.00 | -0.00 | -0.00 | 1.00 0.00 | -0.04
-0.00 | -15.03| 9.01 | 0.45 | -14.65| 9.14 2.48 0.10
34 0.00 1.00 | 0.01 | 0.02 1.00 | -0.04
1485| 0.00 | 0.00 | 15.24| -0.31 | 0.20 3.31 0.03
35 0.00 | 0.00 | 1.00 | 0.00 0.01 | 1.00
-901| -332 | 0.00 | -9.05| -3.34 | 0.07 0.49 0.04
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Table4: 3D line reconstructiorerrorfor the PUMA SequencéamesusingBoldt
line algorithm: Processingf Framesl,10,20producesan averageorientationer-
ror of 3.36degree,andaveragedistanceerror of 0.11feet(Part 2)(continuefrom
Table3).

Line Actual 3D Lines ComputedD Lines Orient. | Distance
Error Error

36 0.00 1.00 | -0.00| -0.10 | 0.98 | 0.18
11.78| 0.00 | 0.00 | 10.56| 1.21 | -0.54 | 11.93 0.01
37 0.00 | -0.00 | 1.00 | -0.00 | -0.02 | 1.00
-540 | 0.00 | 0.00 | -5.65| 0.26 | -0.00 | 0.90 0.22
39 0.00 | -0.07 | 1.00 | 0.00 | -0.03 | 1.00
-5.05| 0.00 | 0.00 | -455| 0.19 | 0.02 2.17 0.21
44 1.00 | 0.02 | -0.00| 1.00 0.01 | -0.02
0.28 | -11.28 | 5.26 | 0.21 | -10.99 | 5.28 1.45 0.19
50 1.00 | -0.02 | 0.00 | 0.99 | -0.03 | 0.13
000 | 000 | 637 | -0.81| 0.15 | 6.35 7.34 0.01
56 1.00 | 0.00 | 001 | 100 | -0.01 | 0.01
0.00 | -1485| -0.47| -0.19 | -1459 | -0.60 | 0.74 0.25
58 1.00 | 0.01 | 0.00 | 1.00 | -0.06 | 0.01
0.19 | -13.75| 157 | -0.83 | -13.51| 1.00 4.27 0.31
59 1.00 | -0.05 | 0.00 | 1.00 | -0.05 | 0.06
-0.74 | -13.73| 0.37 | -0.77 | -13.85| 0.32 3.44 0.04
60 1.00 | -0.00 | 0.00 | 1.00 | -0.00 | 0.07
-0.06 | -13.75| 0.08 | -0.08 | -13.91| 0.02 3.95 0.06
61 1.00 | 0.00 | 0.00 | 1.00 0.01 | 0.08
0.00 | -16.81| -0.47 | 0.20 | -17.14 | -0.43 | 4.74 0.01
63 1.00 | 0.00 | 0.05| 1.00 | -0.00 | 0.03
0.02 | -17.92| -0.47| -0.08 | -17.52| -0.54 | 1.25 0.02
64 1.00 | 0.00 | 0.00 | 1.00 | -0.02 | 0.06
0.00 | -11.13| 9.01 | -0.71 | -10.82 | 9.06 3.48 0.03
65 0.00 1.00 | 0.00 | -0.10 | 0.99 | 0.13
16.00| 0.00 | 0.00 | 15.73| 1.67 | -0.47| 9.26 0.34
66 000 | 000 | 1.00 | -0.00 | 0.01 | 1.00
-9.01| -145 | 0.00 | -9.11 | -1.04 | -0.01| 0.47 0.42
71 1.00 | 0.00 | 0.00 | 1.00 | -0.01 | -0.05
0.00 | -19.48| -0.47 | -0.31 | -18.98| -0.59 | 3.20 0.01
72 1.00 | 0.00 | 0.00 | 1.00 | -0.01 | -0.01
0.00 | -17.82| -0.47 | -0.15 | -17.59| -0.57 | 0.65 0.12
73 1.00 | -0.00 | -0.00| 1.00 | -0.00 | -0.00
-0.00 | -16.95| -0.47 | -0.08 | -16.73 | -0.54 | 0.29 0.20
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perimage.Figuresl6,17,and18 shav threesetsof line segmentsproducedrom
imagesl1,J2,J3,respectiely.

As shavn in Figuresl6, 17,and18, thethreeline setsarehuge,andthe num-
bersof imageline sggmentsrom thethreeimagesaredifferent,sinceJ1,J2,andJ3
have 2662,2772,and2734imageline segmentsrespectiely. Both the 2D image
lines andthe cameraparameterare noisy Clearly thereexists signi cant frag-
mentationin the threeimageline datasets. Dueto this fragmentationtheremay
be sereralline sggmentcorrespondencdblatcorrespondo the same3D line. Ge-
ometrically each nite imageline segmentcorrespond$o a nite line segmentin
its correspondin@D line. Dueto fragmentationgachof threeline segmentsn an
imageline correspondenceftenis from adifferentpartof theactual3D line triple.
In orderto reducesomeunnecessargorrespondencesbtainedby theline match-
ing andreconstructioralgorithm,a "commonpart” constraintvasimposed.This
constrainiensureghatary line sggmentcorrespondencamusthave anoverlapping
commonpartin their 3D intersectiodine. Anotheradwantageof this constraintis
thatit caneliminatesomeincorrectcorrespondenceshich have no commonele-
mentin theircorrespondin@D pseudo-intersectidines,althoughthey have small
afnity values.Theresultof thealgorithmwas232line segmentcorrespondences
acrosghreeimagesshavnin gures 19, 20,and21.

7 Conclusions

This paperaddressethe problemsof determiningimagefeaturecorrespondences
while simultaneouslhcomputingthe correspondingD featuresfor imageswith
knowvn camerapose. Our novel contritution is the developmentand application
of anafnity measurebetweenimagefeatures(points andlines), i.e. a measure
of the dggreeto which candidate$rom differentimagesconsistentlyrepresenthe
projectionof the same3D point or the same3D line. We utilize optimal bipartite
graphmatchingto solve the problemof simultaneousecovery of correspondence
and 3D reconstruction. The matchingmechanismis generaland robust sinceit
ensureshatamaximalmatchingcanbefoundbaseduponprovengraphtheoretical
algorithms.Fromthe point of view of implementationthis graph-basedhatching
techniquecanbeimplementeckf ciently andin parallel,andhasbeensuccessfully
appliedto matchingproblemsnvolving graphsof quitelarge size.
Experimentswith both syntheticandreal imagedatasetswere conductedo
evaluateperformancef the point andline matchingalgorithms.The experiments
have shawvn thatthealgorithmsarerobustin the presenc®f signi cant amountof
missingpointsandlines,andnoisein the cameraparameterandin the extracted
imagepointandline features Thepresentedtegratedmatchingandtriangulation
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methodsare well-suitedfor photogrammetrienappingapplicationswhere cam-
eraposeis alreadyknown, for wide-baselinenulti-camerastereosystemsandfor
modelextensionwherea setof known featuresaretracked. Also, thesetechniques
potentially have a wider applicationdomainthantraditionalmatchingandrecon-
structionalgorithms,sinceour matchingmechanisnis general-purposandonly
theafnity measuresvould needto berede ned. They couldalsobe extendedto
deformable3D matchingandreconstructiorproblems.
Someremainingissuesassociateavith generalizatioio multi-imageanalysis
over larger numbersof imagesare subjectfor further study In orderto perform
3D reconstructiorfrom  imagesthe point matchingandtriangulationalgorithm
couldberepeatedor eachimagepair of , andtheintegratedliine matchingand
triangulationalgorithm could be repeatedor eachimagetriplet of . Thisis
not true multi-imagematching sinceall imagesarenot usedtogetherandthe two
afnity measurearenotableto describeheaf nity amongimagefeatureqpoints
andlines)over multiple images.Thedevelopmentof a new multi-imagematching
algorithmbasedon moregeneralaf nity measuress left for futurework. Finally,
it is desirablgo developauni ed matchingandreconstructioralgorithmbasedn
bothimagepointsandimagelines,combiningthe advantage®f both.
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(b)

Figure 7: PUMA sequencealatafor matchingexperiments:(a) extractedimage
points(113points)in thel frame;(b) extractedimagepoints(107 points)in the
10 frame.
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Figure 8: (a) 43 matchedimagepointsin the1l frame; (b) 43 matchedimage
pointsin the10 frame.
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Figure9: Extractedmagepointsin imageJ3. The 186 pointsarea resultof gen-
erating2D building polygonsvia the ASCENDERsystem.
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Figure10: Extractedmagepoints(186 points)in imageJ7.
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Figure11: Experimentsvith RADIUS detect61 matchedmagepointsin image
J3.

41



Figure12: Experimentswith RADIUS detect61 matchedmagepointsin image
J7.
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Figure 14: Boldt linesin PUMA sequence.Three setsof imageline segments
extractedby the Boldt algorithm: (a) 196imageline segmentsin frame1; (b) 185
imageline segmentsn frame10; (c) 189imageline segmentsin frame20.
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Figure 15: 76 matchedline segmentsfrom Boldt linesin PUMA sequencei(a)
framel; (b) framel0; (c) frame20.
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Figure 16: RADIUS modelboardimageJ1. The Boldt straightline extraction
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Figure 17: RADIUS modelboardimageJ2. The Boldt straightline extraction
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Figure 18: RADIUS modelboardimageJ3. The Boldt straightline extraction
algorithmproduced?734lines.
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Figure19: 232matchedine seggmentsfor RADIUS modelboardimageJ1.
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Figure20: 232matchedine seggmentsfor RADIUS modelboardimageJ2.
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Figure21: 232matchedine seggmentsfor RADIUS modelboardimageJ3.




