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Abstract

Three-dimensionalreconstructionfrom a setof images is an importantand dif-
�cult problemin computervision. In this paper, we addressthe problemof de-
terminingimage feature correspondenceswhile simultaneouslyreconstructingthe
corresponding3D features,giventhecamera posesof disparatemonocularviews.
First, two new af�nity measures are presentedthat capture the degree to which
candidatefeatures from different images consistentlyrepresentthe projectionof
the same3D point or 3D line. An af�nity measure for point features in two dif-
ferentviews is de�nedwith respectto their distancefroma hypotheticalprojected
3D pseudo-intersection point. Similarly, an af�nity measure for 2D image line
segmentsacrossthree views is de�ned with respectto a 3D pseudo-intersection
line. Theseaf�nity measuresprovide a foundationfor determiningunknowncor-
respondencesusingweightedbipartitedgraphsrepresentingcandidatepoint and
line matchesacrossdifferent images. As a resultof this graph representation,a
standard graph-theoretic algorithmcanprovide an optimal,simultaneousmatch-
ing and triangulation of points across two views, and lines across three views.
Experimentalresultson syntheticand real data demonstrate the effectivenessof
theapproach.

1 Intr oduction

Three-dimensionalmodelacquisitionremainsa very active researchareain com-
putervision. Oneof the key questionsis how to reconstructaccurate3D mod-
els from a setof calibrated2D imagesvia multi-imagetriangulation. The basic
principlesinvolvedin 3D modelacquisitionarefeaturecorrespondencedetermina-
tion andtriangulation,with thetwo commonlyusedtypesof imagefeaturesbeing
pointsandlines.Usually, 2D featuresareextracted�rst, suchascorners,curvature
points,andlines from eachimage. Then,thecorrespondenceof thesefeaturesis
establishedbetweenany pairof images,usuallyreferredto as“the correspondence
problem”.Finally, the3D structureis triangulatedfrom these2D correspondences.

Many reconstructionpapersassumethe correspondenceproblem has been
solved [2, 7, 35, 39, 50, 51, 53]. Unfortunately, in many applications,this infor-
mationis not availableandmechanismsto achieve correspondenceareunreliable.
This hascausedseriouscriticism of feature-basedmethods[6, 22, 33, 52, 60,61].
Theprocessof �nding ��� imagefeaturecorrespondencescanbecomputationally
expensive anddif�cult to implementreliably, requiringsubsequentalgorithmsto
employ robustmechanismsfor detectingoutliersdueto mismatches[46, 49].

Even if the imagefeaturecorrespondencesareknown, robust triangulationof
the3D modelsusingnoisyimagedatais still anon-trivial problemandanon-going
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researchtopic. Extensive researchhasbeendevoted to developing robust algo-
rithmsin thisarea[5, 8, 23, 37, 46,49, 66, 67], includingprocessingof monocular
motion sequences,stereopairs,andsetsof distinct views. Although both point-
basedand line-basedtriangulationarecommonlyemployed, moreattentionhas
beenpaidto line-basedtriangulationsinceit generallyprovidesmoreaccuratere-
constructions.

In thispaper, we addresstheproblemof determiningimagefeaturecorrespon-
dencesgiven known cameraposes,while simultaneouslycomputingthe corre-
sponding3D features.We restrictour attentionto simultaneousdeterminationof
imagefeaturecorrespondencesandrecovery of their 3D structureusingmatching
andtriangulationof noisy2D imagepointsandlines. Our approachassumesa set
of calibratedimages,for whichbothintrinsic (lens)parametersandeitherabsolute
or relative posesareknown. Thereforetheseapproachesarewell-suitedfor pho-
togrammetricmappingapplicationswhereextrinsicparametersarealreadyknown,
suchas3D aerialreconstructionin cultural settings[4], for wide-baselinemulti-
camerastereosystems,or for modelextensionapplicationswhereapreviouspartial
modelhasbeenusedto determinecameraposefor asetof new views, from which
previously unmodeledscenefeaturesarenow to berecovered[18, 19, 21, 46].

This paperis organizedasfollows. Section2 reviews previous relatedwork
in theareaof 3D reconstructionwith unknown apriori correspondences.Section3
introducestwo new af�nity measuresfor determiningimagepoint andline corre-
spondencesacrossimages,andusesthemto constructweightedbipartitegraphs.
Section4 formulatestheimagefeaturematchingproblemasthegeneralmaximum-
weightbipartitematchingproblemanddevelopstwo algorithmsto simultaneously
matchandreconstruct3D pointsandlines from noisy2D imagepointsandlines,
respectively. Finally, Section5 andSection6 presentandanalyzeexperimental
resultsfrom syntheticandrealimagedatasets.Section7 givesourconclusions.

2 Previous Work

2.1 Motion Estimation without Corr espondences

Aggarwal et al [2] reviewed the correspondenceproblemtwo decadesago. In
recentyears,a variety of correspondenceproblems[2, 6, 13, 14, 16, 33, 39, 51,
52, 61, 63] have beenstudied.In addition,many researchershave worked on the
problemof motion estimationwithout pre-speci�edcorrespondences[3, 22, 33,
39, 50, 52, 63].

Aloimonos,et al [3], presentedan algorithmto estimate3D motion without
apriori correspondencesby combiningmotion andstereomatching. Huangand
his researchgroup[33, 50, 52] presenteda seriesof algorithmsto estimaterigid-
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bodymotion from ��� datawithout matchingpoint correspondences.Goldgofet
al [33] presentedmoment-basedalgorithmsfor matchingandmotion estimation
of 3D point or line setswithout correspondencesandappliedthesealgorithmsto
objecttrackingover theimagesequences.Thebasicideais to �nd two coordinate
systemsbasedon relative positionsof 3D points/linesbeforeandafterthemotion,
thencomputethemotionparameters(rotationandtranslation)thatmake theseco-
ordinatesystemscoincide. Thedisadvantagesof theapproachincludesensitivity
to noiseandto missingor falsepointsor lines.

Leeet al [52] proposedanalgorithmto dealwith thecorrespondenceproblem
in imagesequenceanalysis.This methodis basedon thefollowing threeassump-
tions: (1) theobjectsundergo a rigid motion; (2) a perspective projectioncamera
modelcanbeused;(3) thetranslationvectoris smallcomparedto thedistanceof
theobject.

Recently, we presenteda mathematicalsymmetryin the solutionsof rotation
parametersandpoint correspondences,derived a closed-formsolution basedon
eigenstructuredecompositionfor correspondencerecovery in ideal caseswith no
missingpoints,anddevelopeda weightedbipartitematchingalgorithmto deter-
minethecorrespondencesin generalcaseswheremissingpointsoccur[63]

2.2 Determination of Corr espondencesfr om Nonrigid Objects

Objectsin theworld canbenonrigid,andanobject's appearancecandeformasthe
viewing geometrychanges.Consequently, researchhasbeencarriedout to address
theproblemof correspondenceanddescriptionusingdeformablemodels[56, 57,
59, 60, 61].

ScottandLonguet-Higgins[60] developedanalgorithmto determinethepos-
siblecorrespondencesof 2D point featuresacrossa pair of imageswithout useof
any otherinformation(in particular, they hadnoinformationabouttheposesof the
cameras).They �rst incorporateda proximity matrix descriptionwhich describes
Gaussian-weighteddistancesbetweenfeatures(basedon inter-elementdistances)
anda competitionschemeallowing candidatefeaturesto contestfor bestmatches.
Thenthey usedtheeigenvectorsof this matrix to determinecorrespondencesbe-
tweentwo setsof featurepoints.

ShapiroandBrady [61] alsoproposedan eigenvector approachto determin-
ing point-featurecorrespondencebasedon a modalshapedescription.Recently,
Sclaroff andPentland[59] describeda modalframework for correspondenceand
description.They �rst developeda�nite elementformulationusingGaussianbasis
functionsasGalerkin interpolants,thenusedtheseinterpolantsto build stiffness
andmassmatrices.Correspondencesweredeterminedby decomposingthe stiff-
nessandmassmatricesinto asetof eigenvectors.
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2.3 Determination of Corr espondencesamongDisparate,Monocular
Images

Methodsbasedon tracking featuressuchas pointsand line segmentsthrougha
sequenceof closely-spacedimageframescannotbeappliedin ourpresentdomain,
sincethey arebasedonsmall-motionapproximations,while wearepresentedwith
a set of discrete,disparate,monocularviews. Furthermore,heuristicmeasures
basedon similarity of imagefeatureappearanceacrossmultiple imageswill also
fail, sincewidely disparateviewpoints,taken at differenttimesof day andunder
differentweatherconditionscan leadto correspondingimagefeaturesof signif-
icantly different appearance.Gruenand Baltsavias [35] describea constrained
multi-imagematchingsystemwhereintensity templatesextractedfrom one ref-
erenceimageareaf�ne-warpedandcorrelatedalongepipolarlines in eachother
image.Kumaret al [48] presenta multi-imageplane+parallaxmatchingapproach
wherethey compensatefor theappearanceof aknown 3D surfacebetweenarefer-
enceview andeachotherview, thensearchfor correspondingpointsalonglinesof
residualparallax.

Collins [16] introducesthe term ”true multi-image” matchingand presenta
new space-sweepapproachto multi-imagematchingthat make full andef�cient
useof thegeometricrelationshipsbetweenmultiple imagesandthesceneto simul-
taneouslydetermine2D featurecorrespondencesandthe 3D positionsof feature
pointsin thescene.

BedekarandHaralick[7] �rst posethetriangulationproblemasthatof �nding
theBayesianmaximuma posterioriestimateof the3D point,givenits projections
in N images,assuminga Gaussianerror model for the imagepoint coordinates
andthe cameraparameters.Then, they considerthe correspondenceproblemas
a statisticalhypothesisveri�cation problemandsolve this problemby aniterative
steepestdescentmethod.

Graphtheoreticmethodsalsohave beenapplied[13, 14, 30, 34, 43, 58, 63,
64, 65]. Gold andRangarajan[30] presenteda new algorithmfor graphmatching,
which usesgraduatedassignment.They applied“softassign”,a novel constraint
satisfactiontechnique,to anew graphmatchingenergy functionthatusesarobust,
sparsedistancemeasurebetweenthe links of the two graphs.Wu andLeon [64]
proposeda two-passgreedybipartitematchingalgorithmto determinetheapprox-
imatesolutionof thestereocorrespondenceproblem.Grif�n [34] presenteda bi-
partitegraphmatchingmethodto determinethecorrespondencesbetween2-D pro-
jectionsof a 3-D scene.Roy andCox [58] describeda algorithmfor solving the
N-camerastereocorrespondenceproblem.
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2.4 Our Approach

The work in this paperis basedon an optimal graphtheoreticapproachusinga
residualerrorfunctionde�ned on theimageplaneto constructa bipartitegraph,a
corresponding�o w network, and�nally amaximumnetwork �o w thatdetermines
thecorrespondencesbetweentwo images[13]. Unlike many othermatchingtech-
niques,ourmethodof network �o w ensuresthatamaximalmatchingcanbefound.
Fromthepoint of view of implementation,this matchingtechniquecanbeimple-
mentedef�ciently andin parallel,andhasbeensuccessfullyappliedby othersto
matchingproblemsinvolving graphsof largesize(about100,000vertices)[41].

Whatis neededfor correspondencematchingamongdisparate,monocularim-
agesis adescriptionof theaf�nity (or 2D/3D spatialrelationship) betweenimage
features.The term ”af�nity” is �rst introducedby Ullman in [62] asa measure
of the pairing likelihoodof two objectsin two sets. Here,we de�ne the af�nity
asa measureof thedegreeto which candidatesfrom differentimagesconsistently
representtheprojectionof thesame3D pointor thesame3D line.

Traditionally, two separateprocessingphasesareemployed to reconstruct3D
scenestructure:featurematchingand3D triangulation.With this division of pro-
cessing,it is very dif�cult to employ 3D informationto measurethe af�nity be-
tweenimagefeaturesduring the matchingphase. We argue that it is better to
combinematchingandtriangulationin anintegratedmanner. This is accomplished
by introducingan af�nity measurebetweenimagepoint and line featuresbased
on their distancefrom a hypotheticalprojected3D pseudo-intersectionpoint or
line, respectively [14]. The ideasdevelopedin this paperarean extensionof our
previouswork [13, 14].

Thechallengein combiningmatchingandtriangulationfor imageline features
is that it is moredif�cult to describethe af�nity betweenimagelines than it is
for imagepoints.Line segmentendpointsarenot meaningfulsincetheremayex-
ist signi�cant fragmentationandocclusionin imageline data,andthereforeonly
thepositionandorientationof the in�nite image line passingthrougha given line
segmentcanbeconsideredreliable. Moreover, this implies thatat leastthreeim-
agesarenecessaryto describeline af�nity , sincetheprojectionplanesfor any pair
of imagelines in two imagesalwaysintersectin a 3D line (Note: if parallel,the
planesaresaidto intersectat in�nity). Thus,no conclusive evidenceaboutpos-
siblecorrespondencesbetweenin�nite imagelinesmaybederivedfrom only two
images.

Oneof thecontributionsof our work is anaf�nity measurefor linesbasedon
therapidcomputationof a3D pseudo-intersectionline from asetof possiblycorre-
spondingimagelinesduringthematchingprocess.This approachleadsto general
maximum-weightbipartitematchingtechniquesto dealwith the3D reconstruction
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problemwithoutapriori speci�cationof known imagefeaturecorrespondences.

3 Measuring 2D ImagePoint amd Line Af�nity

3.1 Measuring 2D Image Point Af�nity fr om Two Images Via a 3D
Pseudo-IntersectionPoint

Givena point ��� in image �

� , we seekits match��� in anotherimage �

� . Point ���

necessarilybelongson anepipolarline of image �

� determinedcompletelyby � � ,
andvice versa.Most of theexisting matchingalgorithmse.g. [5] directly utilize
this2D epipolarline constraintto determinetheimagepointcorrespondencesfrom
two images.However, it is verydif�cult to employ 3D informationto measurethe
af�nity betweenimagefeaturesfrom this 2D epipolarline constraint. We argue
thatit is betterto combinematchingandtriangulationin anintegratedmanner.

The key observation is that for any pair of imagepoints �
� and �

� from two
images�

� and �

� , thereexistsa ��� pseudo-intersection point, de�ned asthepoint
with the smallestsumof squareddistancesfrom it to the two projectionlines of

�
� and �

� . Thephysicalmeaningof thepseudo-intersectionpoint is that ideally,
if �

� and �
� arecorrespondingimagepoints from �

� and �

� , thentheir pseudo-
intersectionpoint is a real ��� point recoveredby thetraditionaltriangulationcon-
straint.

Given any pair of imagepointschosenat random,onefrom eachimage,the
pair mayor maynot truly correspondto a single3D point in thescene.The two
imagepointsalwaysyield a 3D pseudo-intersection point in eithercase,but when
this 3D point is projectedbackinto eachimageit will only coincidereasonably
well with the original pair of 2D imagepointsif the pointsarea true correspon-
dence,andwill yield a very poor �t otherwise.Therefore,the distancebetween
theprojectedpseudo-intersectionpointandtheoriginalpairof imagepointsyields
an af�nity measurethat signi�es whetherthat pair of points forms a compatible
correspondence.

Let us now provide a formal speci�cation of the af�nity measure,with the
readerreferring to Figure 1. Given two poses ���
	��
��	�� and �������
����� from two
images��	 and ��� , any pairof ��� points�

	

� and�

�

� ( ������� ��� ... ,� 	 ; !"�#��� ��� ... ,�$� )
from �%	 and ��� , de�ne two ��� lines &

� and &

� suchthat &

� passesthroughpoints
�

	

� and ��	 , and &

� passesthroughpoints �

�

� and ��� . &

� and &

� aretheprojection
linesof points�

	

� and�

�

� , respectively.

Supposeeachprojectionline &(' ( )*�+��� � ) is writtenas
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Figure2: A wrong“negative” 3D pointcorrespondingto apairof imagepointsthat
intersectbehindoneor bothcameras.This is a detectablecondition,even though
it satis�esthede�nition of pseudo-intersection.

As mentionedbefore,if �

	

� and �

�

� aretrue correspondingimagepoints,then
�

�

is the real ��� point to be recovered. However, therearefour casesthat are
exceptions:(1) no ��� point couldbeobtainedfor �

	

� and �

�

� , becausethetwo ���

lines &

� and &

� areparallel;(2)anincorrect“negative” ��� pointcouldbeobtained
for �

	

� and �

�

� , dueto thetwo ��� lines &

� and &

� intersectingbehindoneor both
cameras,asshown in Figure2; (3) a wrong “epipolar” ��� point

���

is obtained
dueto ambiguouscorrespondences,e.g. a typical problemwith �

	

� corresponding
to either �

�

� or �

�

�

is shown in Figure3. This caseshows thata point �

	

� in image
��	 could intersectwith theprojectionline of morethanoneimagepoint in image
��� ; (4) a pseudo-intersection 3D point

� �

is computedalthough�

	

� and �

�

� don't
correspondatall.

The �rst case,with parallelprojectionlines, is exceedinglyrare,but is easily
detectedby examiningwhethera solutionexists for Eq.3. It alsocanbedetected
by examining whetherthe directionsof the projectionlines &

� and &

� are the
same.

For the secondcase,as all pairsof imagepoints from two imagesare con-
sideredinitially aspossiblecorrespondences,someof thosewill intersectin their
negative directionsandsatisfytheminimal distanceconditionto lines &

� and &

� ,
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Figure3: An error in correspondenceproducesa wrong 3D Pseudo-intersection
point

�
�

, or ambiguity in pairsof correspondences.
�

�

is the correctpseudo-
intersectionpoint,but an incorrect correspondenceusing

�

�

�

along the correct
epipolarline produces

� �

asan incorrectpsuedo-intersectionpoint. If
�

	

�

is an
existing candidatecorrespondence,thentwo pairsof ambiguouscorrespondences
canbesuccessfullyresolved.
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but areincorrect.Fortunately, it is easyto detectthis kind of “negative” ��� point
by examiningthedirectionsof raysfrom � 	 to �

	

� andfrom ��	 to
���

or raysfrom
��� to �

�

� andfrom ��� to
� �

to make surethatthey arethesame.
The third caseis the interestingone,causedby an incorrectcorrespondence,

dueto ambiguity. For example,asshown in Figure3, suppose�

	

� correspondsto
�

�

� with
�&�

asthecorrect ��� point. However, theknown posesspecifyepipolar
lines, andsince �

�

�

lies on the known epipolarline of �

	

� in image ��� , thenboth
areplausiblebut ambiguouscandidatesfor a correspondencematch.Thus �

	

� and
�

�

�

would intersectat a ��� point
� �

. However, this kind of ambiguitymight be
detectedbecause�

	

�

might correspondto anotherexisting point
�

�

�

appearingin
image ��� . For this case,the true (maximum)correspondencescould be detected
for the two setsof points, i.e., �

	

� correspondsto �

�

� and �

	

�

correspondsto �

�

�

.
Unfortunately, if the point �

	

�

doesn't appearin the �rst image,it is dif�cult to
resolve this inherentambiguity. In suchsituations,a third imagewould greatly
reducesuchambiguities.

For the fourth case,since it is an incorrect correspondence,the pseudo-
intersectionpoint

�
�

is locatedfar from the two projectionlines. This caseis
easilydetectedby its 2D af�nity functionde�ned below.

For any pairof imagepoints(�

	

� ,�

�

� ), weprojectthe“pseudo-intersection” point
�

�

into thetwo images� 	 and �
� , to getthetwo projectedimagepoints �

	

�

�

�

���

�

���

�

�

�

and�

�

�

�

�

�
�

�

���

�

�

� . Finally, wecomputetheerrorfunctions
�

	

� � and
�

�

� � :

�

	

� �

�

�

�

	

�

�

�

	

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� (4)

andde�ne a2D pointaf�nity function ���
	 � �

	

�

� �

�

�

� is de�ned as

���
	 � �

	

�

� �

�

�

�����
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���

� ���

���

� �����

�

(5)

The criterion underlying ���
	�� �

	

�

� �

�

�

� is that the best estimatefor any 3D
pseudo-intersection point is the point that minimizes the sum of the squared
distancesbetweenthepredictedimagelocationof thecomputed3D point andits
actualimagelocationsin the�rst andsecondimages.If ���
	�� �

	

�

� �

�

�

� = $ , it means
that �

	

� is not a possiblematchfor �

�

� ; if ���
	 � �

	

�

� �

�

�

� = 1, it meansthat �

	

� is a
perfectmatchfor �

�

� .

3.2 Measuring 2D Line Af�nity fr om ThreeImagesvia a 3D Pseudo-
Intersection Line

Here, we develop an analagousline pseudo-intersection measure,similar to the
2D af�nity measurebetweenimagepoint featuresin the last subsection.Given
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the posesof threeimages,a 2D af�nity measureamongimageline segmentsis
developedfor the problemof determiningimageline correspondences,while si-
multaneouslycomputingthecorresponding��� lines.Thechallengein combining
matchingandtriangulationfor imageline featuresis thatit is moredif�cult to de-
scribethe af�nity betweenimageline segments.Sinceit is well-known that line
segmentendpointsareproneto error dueto fragmentationandunreliabletermi-
nationsin imageline data,only thepositionandorientationof the in�nite image
line passingthrougha given line segmentof suf�cient lengthcanbe considered
reliable.Moreover, this impliesthatat leastthreeimagesarenecessaryto describe
af�nity , sincethe projectionplanesfor any pair of imagelines in two imagesal-
waysintersectin a 3D line (if parallel,theplanesaresaidto intersectat in�nity),
andthusno conclusive evidenceaboutpossiblecorrespondencesbetweenin�nite
imagelinesmaybederivedfrom only two images.

Giventhreeimagesandtheircorrespondingcameraposes,weassumethatthree
line segmentsarechosenat random,one from eachimage,so that the set may
or may not truly correspondto a single3D line in the scene.For any triplet of
imagelines from threeimages,thereexists a 3D pseudo-intersection line � with
the smallestsumof squaresof the mutualmomentsof � with respectto the two
projectionlines of the two endpointsfor eachimageline. As this computation
will be performedmany timeson imageswith large numbersof line segmentsas
we searchfor correctcorrespondences,we needit to becomputationallyef�cient,
even if this speedis achieved at the expenseof accuracy. Here, the linear line
reconstructionalgorithmpresentedin [12] is employed to achieve a closed-form
solutionfor thebest3D pseudo-intersectionline. It hasbeenshown in [12] thatthe
algorithmis fastandef�cient.

For any triplet of imageline segmentsfrom threeimages,we wish to compute
anaf�nity valuethatmeasuresthedegreeto which theselinesareconsistentwith
thehypothesisthatthey areall projectionsof thesamelinear3D scenestructure.To
do this,we �rst usetheline reconstructionalgorithmpresentedin [12] to compute
their pseudo-intersection line � , andthenproject & backinto eachimageto get
threein�nite imagelines �

�

� ���+���

� � �

� � � .
Suppose�

� is representedby theequation

�

�

�

���

�

�

���

�

� $

in pixel coordinates�

�

��� � , andthat theendpointsof theoriginal 2D line segment
in image �

� are �

���

���

�

� and �

���

���

�

� . A naturalmeasureof thedistancefrom the
line segmentto theprojectedpseudo-intersection line 	

� is thesumof absolutepixel
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distancesfrom theline segmentendpointsto 	

� , thatis

�

�

�

�

�

�

���

���

�

�

�

���

�

�

�

�

�

�

� �

���

�

�

�

���

�

�

�

�

�

�

� � �

�

�

(6)

If the threeimageline segmentsactually are a true correspondenceof a single
linear 3D structure,we can expect all of them to lie “close” to their respective
reprojectionsof the pseudo-intersectionline, whereclosenessis judgedbasedon
our knowledgeof the error characteristicsof the line segmentextractionprocess
andthelevel of noisein theimage.Ontheotherhand,if theimagelinesegmentsdo
notcorrespondto alinearscenestructure,theirdistancefrom theprojectedpseudo-
intersectionline will be large, which is true of mostof the line triplets (barring
accidentalalignments).Thedistanceis greaterto theextent that thechosenlines
aretruly geometricallyincompatible.

Basedon theabove distancemeasure,the ��� line af�nity value ��� 	 � �

�

� �

�

� ��� �

for a triplet of imageline segmentsfrom threeimagesis de�ned as

��� 	 � �

�

� �

�

� ���%�����

5


��	�

��

�

�

�

� ��� (7)

where
�

�

�

1

�

�

����� canbeinterpretedastheaveragedistancefrom thesetof image
line segment endpointsto their respective projectedpseudo-intersectionlines.
If ��� 	 � �

�

� �

�

� �
�

� = 0, it meansthat �

� ,�

� , and �
� are not compatibleat all; if

��� 	 � �

�

� �

�

� �
�

� = 1, it meanstha �

� ,�

� , and �
�

areperfectlycompatible.

4 3D Reconstruction Algorithms without Corr espon-
dences Based on the Weighted Bipartite Matching
Technique

Traditionalcorrespondencematchingtechniquesuseonly 2D pixel-level informa-
tion. These2D imageanalysistechniquesencountersigni�cant dif�culty in re-
coveringcorrectcorrespondencesof imagefeatures,sincethey donotconsiderthe
important3D informationcapturedvia ourpseudo-intersectionpointsor lines.

In the previous section,we developedtwo af�nity measuresbetweenimage
features,���
	 � �

	

�

� �

�

�

� in Eq.5 for imagepointsand ��� 	 � �

�

� �

�

� �
�

� in Eq. 7 for im-
agelines.Thetwo af�nity measurefunctionscontainsigni�cant informationabout
potentialcorrespondencesbetweenimagefeatures. The importantquestionthat
immediatelyfollows is how to usethis informationin a reliableprocessto deter-
mine imagefeaturecorrespondences.Weightedbipartitematching[41, 42] is a
maturemathematicalframework for solvingmatchingproblemsusingour af�nity
measure.
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In thissection,wewill show how theproblemof imagefeaturematchingcanbe
formulatedasamaximum-weightbipartitematchingproblemby usingthe2D im-
agepointaf�nity functionin Eq.5 andthe2D imageline af�nity functionin Eq.7.
An ef�cient graph-basedalgorithmfor matchingandreconstructionis developed
to determineimagefeaturecorrespondenceswhile simultaneouslyrecovering 3D
features.

4.1 Formulation asa Maximum-Weight Bipartite Matching Problem

Given the two setsof imagepoints L = � �

	

�

�

� � ��� ���

� � �

� �$	�� from image �%	

and � = � �

�

�

�

! � ��� ���

� � �

� � ��� from image ��� , an undirectedweightedgraph
�

� �����

�

� canbeconstructedasfollows: �#� ���	� �

�

= ���

� �

� . Eachedge�

� �

( ��� ��� ��� ..., � 	 ; ! � ��� ��� ..., � � ) correspondsto a weightedlink between�

	

� in ��	

and �

�

� in �
� , whoseweight 
"� �

� �

� is equalto theaf�nity between�

	

� and �

�

� , i.e.

"� �

� �

� = ���
	�� �

	

�

� �

�

�

� . Obviously, thegrapharisingin sucha caseis a weightedbi-
partitegraphby construction,sincetwo pointsin thesameimagecannotbelinked.

Given a set of line segments ��� ,��
 , and ��� in a triplet of images �

� , �

� and
�

� , two undirectedbipartite graphs
�

�

� ���

�

�

�

�

� and
�

�

� ���

�

�

�

�

� can be
constructedasfollows. First, generatetwo vertex sets �

� and �

� suchthat �

�

�

�

�

� �

� and �

�

� �

�

� �
� . Next, for all feasiblematchesamongany threeimagelines

�
�
, ��
 and �

�
, onefrom eachimage,generatetheir edges�

�

�


��

�

� and �

�




�

�

�

�

with weightsequalto the af�nity measure��� 	 � �
�

� ��
 � �
�

� , as de�ned in the last
section,i.e. 
"� �

�

�




� ��
"� �

�




�

� = ��� 	 � �
�

� ��
 � �
�

� . Note that in generalthis could
involve taking all triplets of imageline segments,one from eachimage,unless
domainspeci�c informationis usedto prunethesetof possiblematchesdown to
a smallerfeasibleset.Oftensuchinformationshouldbeavailablethroughdomain
constraints.

It shouldbenotedthatdueto thefragmentationof imagelines,multiple com-
petingedgescouldexist betweenthesametwo nodesin eithergraph.For example,
supposethereexists a possiblecorrespondenceamongthe line segments�

� , ��
 ,
and �

�
from the threeimagesrespectively, andanotherpossiblecorrespondence

between�
� , �

�




, and �
� . It would seemthen,thattwo edgesbetween�

� and ��
 are
needed,oneto storethe weight for ��� 	 � �

�
� ��
 � �

�
� andonefor ��� 	 � �

�
� ��
 � �

�

�

� . In
practice,we remove thesetrivial con�icts at graphcreationtime by checkingif an
edgealreadyexists betweentwo nodesbeforeaddinga new one. If the af�nity
valueof the new edgeis larger thanthe edgealreadythere,thenthe old edgeis
replacedby thenew one,otherwiseit is left alone.

Fromtheprevious subsections,we know that for any pair of imagepoints �

	

�

and �

�

� , thereis a weightedlink �

� � between�

	

� and �

�

� in the weightedbipartite
graph

�

. Similarly, for any triplet of imageline segments�
�
, ��
 , and �

�
, there
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is a weightedlink �

�

�




between� � and ��
 in the �rst bipartite graph
�

� and a
weightedlink �

�




�

between��
 and� � in thesecondbipartitegraph
�

� . Ideally, if the
imagefeatures(points/lines)arein truecorrespondencethentheir weights
 � �

� �

� ,
or 
 � �

�

�




� and 
"� �

�




�

� shouldbe equalto the maximumweight of 1; thus they
signi�cantly contribute to the�nal matchingto bedetermined,andthenumberof
totalimagefeature(point/line)correspondencesisequalto thesizeof thematching.
Due to the errorsin someof the cameraposesandthe locationsof the extracted
imagepointsor line segments,however, theweights
 � �

� �

� , or 
"� �

�


 � and 
 � � 


�

�

will bebelow 1, but oftencanbeexpectedto behigh (i.e. approach1).
Ontheotherhand,from graphtheory, weknow thatgivenanundirectedgraph,

a matching is a subsetof edges
� � �

suchthat for all vertices�

�

� , at most
oneedgeof

�

is incidenton � . A vertex �

�

� is matchedby
�

if someedge
in

�

is incidenton � ; otherwise,� is unmatched.Themaximum-weightmatching
is a matching

� �

of size
�

� �

�

suchthat the sumof the weightsof the edges
in

� �

is maximumover all possiblematchings. Therefore,the imagefeature
correspondencesto be determinedcorrespondto the maximum-weightmatching
in thebipartitegraphs

�

for determinationof imagepoint correspondences,or
�

�

and
�

� for determinationof imageline correspondences.

4.2 Reduction to the Maximum-Flow Problem

As discussedfromSubsection4.1,thecorrespondenceproblemof imagepointsand
linescanbeconsideredastheproblemof �nding themaximum-weightmatchingin
theweightedbipartitegraphs.Theremainingquestionis how to �nd themaximum-
weightmatchingin theweightedbipartitegraphs.

If eachedgehasa unit weight in the bipartite graph, then we get the un-
weightedbipartitematchingproblem,which is to �nd a matchingof maximum
cardinality. Theabove imagefeaturematchingproblemfor imagepointsandlines
could be reducedto the unweightedmatchingproblemby settingall the weights
in thebipartitegraphto be 1 if ���
	 � �

	

�

� �

�

�

������� for imagepoints �

	

� and �

�

� , or
if ��� 	 � �

�
� ��
 � �

�
�	�
� 	 for imageline segments�

�
� ��
 , and �

� . Here,thethresholds
��� and � 	 wouldbechosenempirically. For theweightedbipartitegraphshown in
Figure4(a), its unweightedcounterpartis shown in Figure4(a) by settingall the
weightsin thebipartitegraphto be1 if ���
	 � �

�

�

� �

�

�

���
��� � $

���

.
Theproblemof imagefeaturematchingseemson thesurfaceto have little to

do with �o w networks, but it can in fact be reducedto a maximum-�ow prob-
lem. By relatingtheunweightedmatchingproblemfor bipartitegraphsto themax-
�o w problemfor simplenetworks,thematchingproblembecomessimpler, andthe
fastestmaximum�o w algorithmcanbeusedto �nd themaximummatching,which
wasdiscussedin [13]. In orderto reducetheproblemof a maximummatchingin
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Figure4: The weightedandunweightedbipartitegraphs:(a) weightedbipartite
graph;(b) unweightedbipartitegraph.

thebipartitegraph
�

to amaximum�o w problemin the�o w network
�

� , thetrick
is to constructa �o w network in which �o wsrepresentcorrespondences.Webuild
a corresponding�o w network

�

�

� ���

�

�

�

�

� for thebipartitegraph
�

asfollows:
Let thesource� andsink � benew verticesnot in � , let �

�

� � � ��� ��� � , andlet
thedirectededgesof

�

� begivenby

�

�

� � � � ���

�

�

��� �

�

�

�

� � �	� � �

�

�

���

�

�

��� �

�

�

�

� ���

�

�

�

� �

� �

�

�

���

�

�

�

�

�

� �	� � �

�

�

���
��� �

�

� �

and�nally , assignunit �o w capacityto eachedgein
�

.
Further, it hasbeenshown thata maximummatching

� �

in a bipartitegraph
�

correspondsto a maximum�o w in its corresponding�o w network
�

� . There-
fore, theunweightedimagefeaturecorrespondenceproblemis exactly equivalent
to �nding themaximum�o w in

�

�

� ���

�

�

�

�

� , andwe cancomputea maximum
matchingin

�

by �nding a maximum�o w in
�

� . The main advantageof for-
mulating the imagefeaturecorrespondenceproblemas the unweightedbipartite
matchingproblemis that thereexist very fastalgorithms(e.g. Goldberg's algo-
rithm is � �

�

�

���

�

�

	��

�

�

�

�

� ), which canbeimplementedin anef�cient andparallel
way to �nd themaximummatchingin theunweightedbipartitegraph.
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4.3 Solving for the Maximum-Weight Bipartite Match

Themaindisadvantageof theunweightedbipartitematchingformulationis that it
is crucial to chooseanappropriatevaluefor the threshold� � for the imagepoint
correspondenceproblemand � 	 for the imageline segmentcorrespondenceprob-
lembeforetheunweightedbipartitematchingalgorithmis performed. If � � or � 	 is
toosmall,moreoutlierswill becreated;if � � or � 	 is too large,it will �lter out too
many correctcorrespondences.For example,asshown in Figure4(a),if wechoose

��� = 0.9, then the correctcorrespondence����� � � could be �ltered. In this case,
wewouldmissthematching����� ��� andcouldnot thendisambiguatethematchings

��� ����� and ��� � ��� for the left imagepoint “4”. Therefore,it is necessaryto deal
with thegeneralmaximum-weightbipartitematchingproblem,which is thegen-
eralizationof theunweightedbipartitematchingproblem.Althoughtheweighted
matchingproblemis not characterizedby maximum�o ws in termsof augmenting
paths,it indeedcanbesolvedbasedonexactly thesameidea:startwith any empty
matching,andrepeatedlydiscover augmentingpaths. In the following, we focus
on how to �nd themaximum-weightmatchingin theweightedbipartitegraph.

Considerthematching
�

shown in Figure5(a).Theedges� ����� � , � ������� , � ����	%� ,
and ��� � � � arematched,and the edges��� ��� � and ����� � � areunmatched.Given a
matching

�

in a bipartitegraph
�

� �����

�

� , a simplepathin
�

is calledanaug-
mentingpathwith respectto matching

�

if its two endpointsarebothunmatched,
and its edgesalternatebetween

�

�

�

and in
�

. The augmentingpath 
 =
� ����� � � � � � ��� � � ��� ����� � with respectto matching

�

is shown in Figure5(b). End-
points5 andd areunmatched,andthepathconsistingof alternatingedges(5,e)in

�

�

�

, (4,e)in
�

, and�nally (4,d) in
�

�

�

.
Let 	 denotean augmentingpathwith respectto matching

�

, and 
 denote
the setof edgesin 	 , then

� 



 is called the symmetricdifferenceof
�

and

 .

� 



 is the setof elementsthat are in oneof
�

or 
 , but not both, i.e.
��



 � �

�

�


 � � ��


�

�

� . It canbeshown that
��



 hasthefollowing
properties:(1) it is amatching;(2)

�

��





�

=
�

�

�

+1. Thesymmetricdifference
��



 is shown in Figure5(c), i.e.
��



 � � � ����� � � � ������� � � ����	%� � ��� � � � � ��� ��� � � ,
and

�

��





�

= 4+1=5.
For thematching

�

, its total weightof matching
�

is de�ned as


"�

�

���

0

�����


 � � �

Let
�

� bea setof edges;thenan incrementalweight �

�

� is de�ned asthetotal
weightof theunmatchededgesin

�

� minusthetotalweightof thematchededges
in

�

� :

�

�

�

� 
"�

�

�

�

�

�

�


"�

�

���

�

�
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Figure5: The symmetricdifferenceoperatorof
�

and 
 : (a) matching
�

; (b)
augmentingpath 
 wrt.

�

; (c)
� 



 .

Fromthede�nition of incrementalweight,we know that for an augmentingpath
	 with respectto

�

, then � 
 givesthenetchangein theweightof thematching
afteraugmenting	 :


 �

��



 ��� 
"�

�

�

�

� 


Intuitively, we canusean iterative algorithmto constructa maximum-weight
matching.Initially, thematching

�

is empty. At eachiteration,thematching
�

is
increasedby �nding anaugmentingpathof maximumincrementalweight.This is
repeateduntil noaugmentingpathwith respectto matching

�

canbefound.It has
beenproventhatrepeatedlyperformingaugmentationsusingaugmentingpathsof
maximumincrementalweight,yieldsa maximum-weightmatching

� �

[41].
Theremainingproblemis how to searchfor augmentingpathswith respectto

matching
�

in a systematicandef�cient way. Naturally, a searchfor augmenting
pathsmuststartby constructingalternatingpathsfrom theunmatchedpoints.Be-
causeanaugmentingpathmusthave oneunmatchedendpointin � andtheother
in � , without lossof generality, we canstartgrowing alternatingpathsonly from
unmatchedverticesof � . We may searchfor all possiblealternatingpathsfrom
unmatchedverticesof � simultaneouslyin a breadth-�rstmanner. Here,an ef�-
cientGabor's N-cubedweightedmatchingalgorithm[41] is usedto computethe
maximum-weightmatchingin theweightedbipartitegraph.Thisalgorithmhastwo
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basicsteps:(1) to �nd ashortestpathaugmentationfrom asubsetof left verticesin
� to a subsetof right verticesin � ; (2) to performtheshortestaugmentation.The
algorithmis veryef�cient; moreimplementationarediscussedin [41].

Sincethe numberof matchedverticesincreasesby two eachtime, this takes
at most

�

�

augmentations.It hasbeenshown that for a matching
�

of size ) of
maximumweightamongall matchingsof sizeatmost ) , if thereexistsamatching

�

�

of maximumweight amongall matchingsin
�

, and 
 �

�

�

� � 
 �

�

� , then
�

hasan augmentingpathof positive incrementalweight. Therefore,the image
featurecorrespondenceproblemcanbeexactly reducedto �nding themaximum-
weightmatchingin theweightedbipartitegraph.

In summary, thegeneralmatchingandreconstructionalgorithmfor imagepoint
correspondencescanbeachievedby thefollowing steps:

Step1: computea pseudo-intersectionpoint for eachpair of imagepoints �

	

�

and�

�

� .
Step2: calculatethevalueof ���
	�� �

	

�

� �

�

�

� in Eq.5 for eachpairof imagepoints
�

	

� and�

�

� .
Step 3: remove the pair from further graph-basedmatchinganalysisif its

���
	 � �

	

�

� �

�

�

� valueis lessthancertainprede�nedthreshold.
Step4: determineif the pair shouldnot be addedinto a weightedbipartite

graphin Step5 with respectto incorrectCases1 and2, which werediscussedin
Section3.1.

Step5: constructaweightedbipartitegraph
�

�#�����

�

� for imagepoints.
Step6: �nd themaximumweightedmatching

� �

for
�

.
Step7: determineimagepoint correspondencesandtheir corresponding3D

pointsfrom themaximummatching
� �

.
Similarly, the generalmatchingand reconstructionalgorithmfor imageline

correspondencescanbeachievedby thefollowing steps:
Step1: computeapseudo-intersection line for eachtriplet of imagelines �

�

� �

� ,
and ��� .

Step2: calculatethevalueof ��� 	 � �

�

� �

�

� �
�

� in Eq. 7 for eachtriplet of image
lines �

�

� �

� , and ��� .
Step3: remove the triplet from further graph-basedmatchinganalysisif its

��� 	 � �

�

� �

�

� �
�
) valueis lessthancertainprede�nedthreshold.

Step4: constructtwo weightedbipartite graphs
�

�

� ���

�

�

�

�

� and
�

�

�

���

�

�

�

�

� for imageline segments.
Step5: �nd themaximumweightedmatching

�
�

for
�

� and
�

� .
Step6: determineimagelinecorrespondencesandtheircorresponding3D lines

from themaximummatching
� �

.
It shouldbenotedthatStep3 in theabove two matchingalgorithmsis notnec-
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essary, but can�lter outagreatnumberof incorrectcorrespondencesthusimprov-
ing computationalef�ciency, sinceit canreducethesizeof thebipartitegraphs.

5 Experimental Results for Corr espondenceof Image
Points

In this section,we presentexperimentsto characterizetheperformanceof our ap-
proachto 3D point reconstructionwhile simultaneouslydeterminingcorrespon-
dences,basedon theaf�nity functionde�ned in Eq. 5. We will examinetheper-
formancein termsof the numberof the recoveredimagepoint correspondences,
andthe distancebetweeneachtriangulated3D pseudo-intersectionpoint and its
actual3D point. In all theexperiments,we assumethatboth the intrinsic camera
parametersand posesare known. The algorithmusestwo setsof imagepoints
separatelyextractedfrom two imagesasinput, andproducesa setof imagepoint
correspondencesandtheir correspondingtriangulated3D points.

5.1 Synthetic Data

Thesyntheticexperimentsareperformedon a setof synthesized3D pointsrepre-
sentinga rigid object.To evaluateperformancewith known groundtruth,a setof
40 3D pointswererandomlygeneratedfrom theobjectandprojectedinto two im-
ages.Theimagepoint locationsfor eachimagewerecorruptedby Gaussiannoise.
Noisefor eachimagepoint locationwasassumedto bezero-mean,identicallydis-
tributed, and independent.The standarddeviation rangesfrom 1.0 pixel to 5.0
pixels. In orderto examinehow therobustnessof matchingis affectedby missing
points(i.e. no correctcorrespondencein theotherimage),16 setsweregenerated
with differentpercentagesof missingpointsrangingfrom

�

�
��� to

���

�
��� . For eachof

thesereducedpoint sets,100trialsof noisysampleswereusedto spatiallyperturb
the remainingpointsfor eachof the � ve levels of noise. For eachsampleof the
sameset,thenumberof missingpointsis thesame,i.e. thesamepercentageof im-
agepointswererandomlydeleted.Thealgorithmwasrun on eachof thesamples,
andthenumberof incorrectimagepoint correspondenceswascomputedfor each
samplerun. Figure6 shows theaveragenumberof incorrectcorrespondencesfor
eachnoiselevel.

As shown in Figure6, thealgorithmworksvery well if thenumberof missing
pointsis 0, i.e. each3D point to be recoveredis visible in both images.On av-
erage,thereis only oneincorrectcorrespondenceeven for thehighestnoiselevel
of 5 pixels. For lower levels of noiserangingfrom 1 pixel to 3 pixels, thereis
little effect on theperformanceof thealgorithmfor differentnumbersof missing
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Figure6: Performanceof theimagepointmatchingalgorithmagainst� velevelsof
noisewith differentnumbersof missingpoints. Theaveragenumberof incorrect
correspondencesis shown for the true setof 3D points. Noiselevel ) meansall
pointswereperturbedwith Gaussiannoiseof standarddeviation ) .

points. For the higher levels of noise,the numberof incorrectcorrespondences
increaseslinearly asthe differencein the sizesof imagepointsfrom two images
increases.FromFigure6, we canseethatonaverage,thenumberof incorrectcor-
respondencesrisesabout3%atany of thenoiselevels.Therefore,ourexperiments
have shown that the algorithmcantoleratea signi�cant differencein thenumber
of imagepointsfrom two imagesandis robustagainsta reasonablelevel of noise.
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5.2 PUMA Sequence

The3Dpointreconstructionalgorithmwith unknown correspondencesisappliedto
thesetof realimagesreferredtoastheUMassPUMA sequenceoriginallycollected
by R. Kumar [49], sincethe imageswere acquiredby a cameramountedon a
PUMA robotarm. The imagesequenceswerecapturedwith a SONY B/W AVC
D-1 camerawith aneffective �eld of view of 41.7� (fovx: �eld of view x-axis)by
39.5� (fovy: �eld of view y-axis) andthe imageresolutionis � �

���

� � � . Thirty
framesweretakenoveratotalangulardisplacementof 116degrees.Themaximum
displacementof thecamerain thesetwenty framesis approximately2 feetalong
theworld y-axisand1 foot alongtheworld x-axis.

For eachimage,line segmentswere�rst extractedby theBoldt algorithm [9],
and then2D cornerimagepointswerecomputedby calculatingthe intersection
point betweenany pair of nearbyimageline segments.Figure7 shows two sets
of extractedandunmatchedimagepointsfrom the1� � frameandthe10�

�

frame,
respectively. Thereis a differencein the numberof imagepoints from the two
images,sincethe 1� � framehas113 imagepointswhile the 10�

�

framehas107
imagepoints. Therearetwo kindsof errorsources:the2D imagepoint locations
andtheestimatedcameraparameters.Thenoisein theimagepointsis dueto many
typical factorssuchascameradistortionand errorsin the imageline extraction
algorithm. Thenoisein thecameraparametersis mainly dueto errorsin camera
calibration. As seenin Figure 7, someimagepoints were extractedin the 1� �

frame,but not in the 10�

�

frame,andvice versa. Thus, it is a general3D point
reconstructionproblemwith unknown imagepoint correspondences.

Figure8 showsasubsetof 43correctimagepointcorrespondencesdetermined
from thetwo frames.Thecorresponding3D pointsreconstructedby thealgorithm
arereportedin Table1. This experimentusesthe groundtruth 3D datasupplied
in Kumar's thesis[49]. Notethatherewe only reportedthecomparisonsbetween
thereconstructed3D pointsandtheir groundtruth datafor those3D pointswhose
groundtruth coordinatesare available. As shown in Table 1, thereis only one
incorrectcorrespondencelabeled21,wherethecorrespondenceis of two different
imagepointsfrom the 1st frameand10�

�

frame. Point 21 in Frame1 is on the
lowerof two rectangles(theupperleft corner),while Point21in Frame10is onthe
upperrectangle(thelower left corner).Althoughthey areveryclosein theimages,
the absoluteerror betweenthe triangulated3D point recoveredby this incorrect
correspondenceandthe original 3D point associatedwith imagepoint 21 in the
�rst framehaslargeerror, 9.69feet.For theother42 correctcorrespondences,the
averagedistancebetweenthetriangulated3D pointsandgroundtruth datais 0.43
feet.
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Table1: 3D point reconstructionerror for the PUMA ROOM data(average3D
error: 0.43feetwithout incorrectpoint21.

Line
Actual 3D point Computed3D points Error

� 	 
 � 	 


(feet)
1 -6.06 -0.47 13.70 -5.94 -0.52 13.48 0.26
2 -6.06 -0.47 11.56 -5.89 -0.55 11.18 0.43
3 -6.06 -0.47 16.81 -6.87 -0.50 16.62 0.83
4 -6.06 -0.47 14.68 -6.88 -0.49 14.50 0.84
5 -8.58 -0.47 16.81 -8.53 -0.48 16.64 0.18
6 -8.58 -0.47 14.68 -8.54 -0.45 14.59 0.11
7 0.00 4.05 20.82 0.20 4.04 18.89 1.94
8 0.00 8.13 13.51 0.13 8.21 13.32 0.25
9 0.00 6.81 14.91 0.17 6.89 14.64 0.33

10 0.00 7.31 13.51 0.15 7.38 13.28 0.28
11 0.00 7.00 13.89 0.19 7.09 13.60 0.36
12 0.00 7.00 11.76 0.18 7.11 11.47 0.36
13 0.00 5.36 13.89 0.11 5.39 13.76 0.17
14 0.00 4.69 14.89 0.18 4.72 14.66 0.30
15 0.00 4.66 16.00 0.27 4.72 16.19 0.33
16 0.00 4.98 11.95 0.25 5.07 11.58 0.46
17 0.00 4.92 14.11 0.23 4.98 13.77 0.41
18 0.00 4.25 11.96 0.34 4.22 11.42 0.64
19 -3.32 9.01 7.03 -3.17 9.23 6.35 0.73
20 -1.45 9.01 3.13 -1.08 9.18 2.27 0.95
21 -3.02 3.80 11.28 0.68 4.26 2.33 9.69
22 -6.32 8.11 0.00 -6.13 8.27 -0.85 0.88
23 -4.20 8.07 0.00 -4.00 8.19 -0.64 0.68
24 -6.35 6.49 0.00 -6.20 6.56 -0.55 0.58
25 -1.77 2.86 0.00 -1.52 2.87 -0.68 0.73
26 -7.26 8.09 0.00 -7.11 8.17 -0.47 0.50
27 -7.26 6.45 0.00 -7.15 6.50 -0.25 0.27
28 -4.82 -0.47 17.82 -4.68 -0.52 17.64 0.23
29 -4.81 -0.47 14.82 -4.67 -0.54 14.56 0.30
30 -4.81 -0.47 16.95 -4.66 -0.52 16.73 0.27
31 -4.43 -0.47 11.63 -4.22 -0.55 11.30 0.40
33 -6.44 -0.47 16.95 -6.35 -0.52 16.74 0.23
34 -6.94 -0.47 19.45 -6.86 -0.52 19.24 0.23
35 -6.94 -0.47 17.82 -6.88 -0.50 17.66 0.18
36 -7.53 -0.47 17.54 -7.48 -0.49 17.38 0.16
37 -3.32 9.01 15.03 -3.42 9.04 15.08 0.12
38 0.00 5.37 11.76 0.35 5.48 11.17 0.70
39 0.00 4.10 14.09 0.24 4.15 13.76 0.41
40 -1.43 3.64 0.00 -1.21 3.67 -0.55 0.59
41 -4.23 6.45 0.00 -4.05 6.53 -0.61 0.64
43 -6.87 0.11 13.75 -6.84 0.09 13.71 0.05
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5.3 RADIUS ImageSet

The3D point reconstructionalgorithmwithoutapriori correspondencesis alsoap-
plied to the RADIUS imageset. This experimentusesdatasuppliedthroughthe
ARPA/ORD RADIUS project(ResearchandDevelopmentfor ImageUnderstand-
ing Systems)[4]. Theimagesandcameraparametersusedin thisexperimentwere
the”model board1” datasetdistributedwith version1.0 of theRCDE(RADIUS
CommonDevelopmentEnvironment)softwarepackage[54]. The imagesize is
approximate� � � $

�

�!$ � � pixels. Unlike thePUMA imagesequenceusedin last
subsection,eachpair of imagesfrom this datasetweretaken from two disparate
views. Eight imageswereprovidedin thisdataset.

Again, for eachimage,line segmentsand2D cornerpointswereextractedas
part of an automatedbuilding detectionalgorithm[17]. These2D cornerpoints
arethusextractedin a differentmannerthanthosein thePUMA sequence.Here
the pointsto be matchedarethe cornersof building polygons. Figures9 and10
show two setsof extractedandunmatchedimagepoints from imagesJ3 andJ7,
respectively. It shouldbenotedthatJ3andJ7have two differentnumbersof miss-
ing pointsalthoughthey have exactly thesamenumberof imagepoints,i.e. 186
points.Again,boththe2D imagepointsandthecameraparametersarenoisy. The
noisein the imagepoints is againdueto errorsin point localizationandcamera
calibration.

Ouralgorithmrecovered61correspondencerooftoppolygonpoints,all of them
correct(Figures11 and12). Thecorresponding3D pointsreconstructedby theal-
gorithm arereportedin Table2. This experimentusesthe groundtruth 3D data
suppliedin the “model board1” datasetHerewe only reportedthe comparisons
betweenthereconstructed3D pointsandtheirgroundtruthdatafor those3D points
whosegroundtruth coordinatesareavailable. From Table2, we canseethat for
someimagecorrespondencessuchas20,21,34,35, 36,49,50,and57, thetrian-
gulated3D pointshave largeerrorsalthoughtheircorrespondencesaredetermined
correctly by our algorithm. This is duemainly to the errorsin the locationsof
rooftoppolygonpoints,sinceit iswell known thatthese2Derrorshaveasigni�cant
effectonthetriangulated3D data,especiallywhenthereareonly two images[17].
Someof theincreasedsizeof errorscanbeattributedto 2D cornersbeing”moved”
dueto shadows in oneof theviews (e.g. point 49 which producedthe largester-
ror). In orderto improveoverallaccuracy, moreimagesarerequired.Nevertheless,
the resultsarequitegood,with theaveragedistancebetweenthe triangulated3D
pointsandgroundtruth dataacross61 correctimagepoint correspondencesbeing
0.45feet.
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Table2: 3D point reconstructionerrorfor theRADIUS imagedata.

Line
Actual3D point Computed3D points Error

� � � � � � (feet)
1 15.79 22.79 -1.15 16.12 22.79 -0.87 0.44
2 15.77 16.40 -1.15 16.01 16.51 -1.33 0.32
3 20.51 16.39 -1.15 20.74 16.48 -1.39 0.34
4 20.52 22.78 -1.15 20.83 22.76 -0.93 0.38
5 9.90 39.36 -1.21 10.45 39.46 -1.32 0.56
6 9.90 40.13 -1.21 10.45 40.16 -1.29 0.55
7 5.89 40.13 -1.21 6.26 40.17 -1.00 0.43
8 5.89 39.35 -1.21 6.26 39.44 -1.01 0.43

15 17.55 7.14 -0.16 17.79 7.17 0.46 0.67
16 17.52 0.76 -0.16 17.77 0.88 0.46 0.68
17 20.08 0.75 -0.16 20.32 0.80 -0.35 0.31
18 20.11 7.13 -0.16 20.34 7.14 -0.18 0.23
20 17.26 10.35 -0.22 17.53 10.48 1.06 1.31
21 17.27 13.36 -0.22 17.56 13.56 1.05 1.32
22 20.29 13.35 -0.22 20.52 13.52 0.06 0.40
23 22.92 11.25 -0.97 22.98 11.49 -0.86 0.27
24 1.60 23.56 -0.43 1.86 23.44 -1.06 0.69
25 1.61 26.53 -0.43 1.85 26.61 -1.21 0.82
26 -4.41 26.55 -0.43 -4.04 26.69 -0.65 0.45
27 -4.42 23.58 -0.43 -4.04 23.47 -0.49 0.40
28 1.64 27.16 -0.78 1.86 27.21 -1.29 0.56
29 1.61 23.38 -0.78 1.86 23.40 -1.04 0.36
30 4.49 26.52 -0.55 4.75 26.55 -0.60 0.27
31 4.34 16.55 -0.55 4.62 16.57 -0.53 0.28
32 14.33 16.40 -0.55 14.60 16.45 -0.65 0.29
33 14.49 26.31 -0.94 14.75 26.35 -1.06 0.30
34 14.45 24.56 -0.55 13.07 24.90 -2.01 2.03
35 12.88 26.39 -0.55 13.12 26.38 -1.98 1.45
36 20.47 26.36 1.71 20.91 26.42 -0.19 1.96
49 20.65 32.76 -1.19 20.13 35.10 -0.05 2.65
50 20.72 35.92 -1.19 20.16 35.92 -0.10 1.22
51 12.80 36.09 -1.19 13.09 36.17 -0.73 0.55
52 12.78 35.26 -1.19 13.05 35.34 -0.86 0.43
55 13.16 33.77 -1.47 13.46 33.78 -1.23 0.38
56 13.16 33.01 -1.47 13.42 33.16 -1.43 0.30
57 19.01 33.74 -1.47 19.59 33.04 -0.93 1.05
58 19.01 32.97 -1.47 19.59 33.66 -1.05 0.99
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6 Experimental Resultsfor ImageLines

In this section,we will demonstratetheperformanceof the3D line reconstruction
algorithmwith unknown correspondences.It shouldbe notedthat the accuracy
of thetriangulated3D linesdependsupontheperformanceof the line reconstruc-
tion algorithmemployed. Here,we usea fast line reconstructionalgorithmwith
computationalef�ciency androbustnessagainstnoise[12]. Therefore,in the fol-
lowing, we will simply reportacomparisonbetweenthetriangulated3D linesand
their ground-truthdata,andconcentrateinsteadoncharacterizingtheperformance
of thealgorithmfor determiningthe2D line correspondencesthatareusedfor 3D
line reconstruction.Thus,moredetailedexperimentsarereportedin termsof the
numberof the recoveredimageline correspondences.In all theexperimentspre-
sentedhere,we againassumethatboththe intrinsic cameraparametersandposes
areknown. Unlike theprevioussection,imagelinesareextracteddirectlyasimage
features,andthe algorithmusesthreesetsof imagelines acrossthreeimagesas
input,computingtheimageline correspondencesandtheir correspondingtriangu-
lated3D linesasoutput.

6.1 Synthetic Data

Simulationswere performedon a set of synthetic3D lines representinga rigid
body. A setof 40 3D lineswererandomlygeneratedfrom anobject,andprojected
into threeimages.Thetwo endpointsof eachimageline segmentin threeimages
werecorruptedbyGaussiannoise.Noisefor eachimagelinesegmentendpointwas
assumedto be zero-mean,identicallydistributed,andindependent.Thestandard
deviation of line endpointnoiserangesfrom 1.0 pixel to 5.0 pixels. In order to
examinehow thenumberof incorrectcorrespondencesis affectedby thenumber
of missingimageline segments,16setsof 100noisyline sampleswerecreatedfor
eachlevel of noise,in termsof 16 differentpercentagesof missinglines ranging
from

�

�
�

� to
���

�
�

� . For eachsampleof thesameset,thenumberof missinglines
is thesame,i.e. thesamepercentageof imagelineswererandomlydeleted.The
algorithmwasrun on eachof the samples,and the averagenumberof incorrect
imageline correspondenceswascomputedacrosssamplesused.Figure13 shows
16 different averagenumbersof incorrectcorrespondencesfor eachnoiselevel,
respectively.

As shown in Figure13,thealgorithmworksverywell if thenumberof missing
linesis 0, i.e. each3D line is visible in all threeimages.For example,on average,
thereareonly about0.5 incorrectcorrespondencesfor thenoiselevel of 5 pixels.
For the lower levelsof noiserangingfrom 1 pixel to 3 pixels, thereis little effect
on theperformanceof thealgorithmfor differentnumbersof missingpoints. For
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the higher levels of noise,the numberof incorrectcorrespondencesincreasesas
thenumberof missingimagelinesincreases.FromFigure13, we canseethaton
theaverage,thenumberof incorrectcorrespondencesrisesabout0.5 lines (about
2� ) at any of the noiselevels. Therefore,our experimentshave shown that the
algorithmcantolerateadifferencein thenumberof imagelinesfrom threeimages
andis robustagainsta reasonablelevel of noise.

6.2 PUMA Sequence

In this subsection,we teston the indoorPUMA imagesequenceagain. For each
image,2D imageline segmentswereextractedby theaccurateBoldt line extraction
algorithm[9]. Figures14 shows a triplet of the extractedline setsfrom the 1� � ,
10�

�

, and20�

�

framesin thesequencewith 196,185,and189imagelinesegments,
respectively. Here,thethreeimageshave moreaccurateimageline segments,but
also more line segmentsare extractedthan in the previous set shown in Figure
13. Figure15 shows 76 correctimageline segmentcorrespondences.Again, this
experimentusesthegroundtruth3D datasuppliedin Kumar's thesis[49]. Herewe
only reportedthecomparisonsbetweenthereconstructed3D linesandtheirground
truth datafor those3D lineswhosegroundtruth coordinatesof two endpointsare
available. Table3 andTable4 reporta comparisonbetweenthe triangulated3D
lines and their ground-truthdata. For the 35 line correspondences,the average
orientationerroris 3.36degree,andtheaveragedistanceerroris 0.11feet.

6.3 RADIUS ImageSet

Thegoalof this experimentis to testtheperformanceof correspondenceprocess
for largersizeimagesanda hugeline dataset,andwe will not attemptevaluation
of 3D accuracy here.Again,thisexperimentusestheRADIUS imagedataset(J1-
J8)suppliedthroughtheARPA-ORD RADIUS project[4]. Eachimagecontains
approximately1320� 1035 pixels, with about11 bits of grey level information
per pixel. The dimensionsof eachimagevary slightly becausethe imageshave
beenresampled,andunmodeledgeometricandphotometricdistortionshave been
introducedto moreaccuratelyre�ect actualoperatingconditions.

Here, the Boldt line algorithm[9], wasrun on all of the eight imagesJ1-J8.
To reducethenumberof linesto a computationallymanageablesizetheseimages
were �rst reducedin resolutionto half their original sizebeforeline extraction.
After line extraction,the segmentsfound wererescaledbackinto original image
coordinates,then�ltered so thateachline segmentin the �nal sethasa lengthof
at least10 pixels anda contrast(differencein averagegrey level acrossthe line)
of at least15 grey levels. This procedureproducedmorethan2000line segments
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Table3: 3D line reconstructionerrorfor thePUMA SequenceframesusingBoldt
line algorithm:Processingof Frames1,10,20producesanaverageorientationerror
of 3.36degree,andaveragedistanceerrorof 0.11feet(Part1).

Line Actual3D Lines Computed3D Lines Orient. Distance
��� ��� ��� ��� ��� ��� Error Error

��� ��� ��� ��� ��� ���

4 -0.00 -0.00 1.00 0.08 0.02 1.00
-8.19 -0.00 -0.00 -7.98 -0.91 0.66 4.74 0.05

5 -0.00 -0.01 1.00 0.00 -0.02 1.00
-7.01 -0.00 -0.00 -7.13 0.16 0.03 0.21 0.19

7 0.00 0.00 1.00 0.01 0.01 1.00
-7.25 0.00 0.00 -7.30 0.04 0.09 0.71 0.05

8 -0.00 -0.00 1.00 0.02 -0.00 1.00
-7.03 -0.00 -0.00 -7.15 -0.09 0.17 1.38 0.12

9 0.00 1.00 0.00 0.12 0.97 -0.20
13.89 0.00 0.00 14.50 -1.65 0.62 13.41 0.01

10 0.00 -0.02 1.00 -0.01 -0.01 1.00
-5.02 0.00 0.00 -4.84 0.35 -0.04 0.95 0.22

11 -0.00 -0.03 1.00 0.02 -0.04 1.00
-5.34 -0.00 -0.00 -5.49 -0.09 0.12 1.39 0.12

12 1.00 -0.00 -0.00 1.00 -0.02 0.10
-0.00 -7.03 9.01 -1.05 -6.71 9.10 5.90 0.09

15 1.00 0.01 0.00 1.00 0.00 0.06
0.14 -11.28 4.17 -0.23 -11.09 4.16 3.60 0.03

17 0.00 1.00 0.00 0.06 0.99 -0.16
11.28 0.00 2.94 12.63 -0.09 3.44 9.58 0.00

18 1.00 0.01 0.00 1.00 0.01 -0.04
0.14 -11.28 2.79 0.16 -10.87 2.74 2.09 0.02

23 -0.00 -0.00 1.00 0.01 0.00 1.00
0.47 -4.82 -0.00 0.51 -4.90 0.00 0.63 0.04

24 -0.00 -0.00 1.00 -0.03 0.02 1.00
0.47 -4.43 -0.00 0.72 -3.95 0.09 1.93 0.02

29 0.00 0.00 1.00 0.02 -0.02 1.00
0.47 -6.94 0.00 0.09 -7.35 -0.16 1.91 0.01

30 -0.00 -0.00 1.00 0.01 -0.00 1.00
0.47 -7.53 -0.00 0.38 -7.63 -0.03 0.41 0.02

33 1.00 -0.00 -0.00 1.00 0.00 -0.04
-0.00 -15.03 9.01 0.45 -14.65 9.14 2.48 0.10

34 0.00 1.00 0.01 0.02 1.00 -0.04
14.85 0.00 0.00 15.24 -0.31 0.20 3.31 0.03

35 0.00 0.00 1.00 0.00 0.01 1.00
-9.01 -3.32 0.00 -9.05 -3.34 0.07 0.49 0.04
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Table4: 3D line reconstructionerrorfor thePUMA SequenceframesusingBoldt
line algorithm: Processingof Frames1,10,20producesanaverageorientationer-
ror of 3.36degree,andaveragedistanceerrorof 0.11feet (Part 2)(continuefrom
Table3).

Line Actual3D Lines Computed3D Lines Orient. Distance
� � � � � � � � � � � � Error Error

� � � � � � � � � � � �

36 0.00 1.00 -0.00 -0.10 0.98 0.18
11.78 0.00 0.00 10.56 1.21 -0.54 11.93 0.01

37 0.00 -0.00 1.00 -0.00 -0.02 1.00
-5.40 0.00 0.00 -5.65 0.26 -0.00 0.90 0.22

39 0.00 -0.07 1.00 0.00 -0.03 1.00
-5.05 0.00 0.00 -4.55 0.19 0.02 2.17 0.21

44 1.00 0.02 -0.00 1.00 0.01 -0.02
0.28 -11.28 5.26 0.21 -10.99 5.28 1.45 0.19

50 1.00 -0.02 0.00 0.99 -0.03 0.13
0.00 0.00 6.37 -0.81 0.15 6.35 7.34 0.01

56 1.00 0.00 0.01 1.00 -0.01 0.01
0.00 -14.85 -0.47 -0.19 -14.59 -0.60 0.74 0.25

58 1.00 0.01 0.00 1.00 -0.06 0.01
0.19 -13.75 1.57 -0.83 -13.51 1.00 4.27 0.31

59 1.00 -0.05 0.00 1.00 -0.05 0.06
-0.74 -13.73 0.37 -0.77 -13.85 0.32 3.44 0.04

60 1.00 -0.00 0.00 1.00 -0.00 0.07
-0.06 -13.75 0.08 -0.08 -13.91 0.02 3.95 0.06

61 1.00 0.00 0.00 1.00 0.01 0.08
0.00 -16.81 -0.47 0.20 -17.14 -0.43 4.74 0.01

63 1.00 0.00 0.05 1.00 -0.00 0.03
0.02 -17.92 -0.47 -0.08 -17.52 -0.54 1.25 0.02

64 1.00 0.00 0.00 1.00 -0.02 0.06
0.00 -11.13 9.01 -0.71 -10.82 9.06 3.48 0.03

65 0.00 1.00 0.00 -0.10 0.99 0.13
16.00 0.00 0.00 15.73 1.67 -0.47 9.26 0.34

66 0.00 0.00 1.00 -0.00 0.01 1.00
-9.01 -1.45 0.00 -9.11 -1.04 -0.01 0.47 0.42

71 1.00 0.00 0.00 1.00 -0.01 -0.05
0.00 -19.48 -0.47 -0.31 -18.98 -0.59 3.20 0.01

72 1.00 0.00 0.00 1.00 -0.01 -0.01
0.00 -17.82 -0.47 -0.15 -17.59 -0.57 0.65 0.12

73 1.00 -0.00 -0.00 1.00 -0.00 -0.00
-0.00 -16.95 -0.47 -0.08 -16.73 -0.54 0.29 0.20
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perimage.Figures16,17,and18 show threesetsof line segmentsproducedfrom
imagesJ1,J2,J3,respectively.

As shown in Figures16,17,and18, thethreeline setsarehuge,andthenum-
bersof imageline segmentsfrom thethreeimagesaredifferent,sinceJ1,J2,andJ3
have 2662,2772,and2734imageline segments,respectively. Both the2D image
lines andthe cameraparametersarenoisy. Clearly, thereexists signi�cant frag-
mentationin the threeimageline datasets.Dueto this fragmentation,theremay
beseveral line segmentcorrespondencesthatcorrespondto thesame3D line. Ge-
ometrically, each�nite imageline segmentcorrespondsto a �nite line segmentin
its corresponding3D line. Dueto fragmentation,eachof threeline segmentsin an
imageline correspondenceoftenis from adifferentpartof theactual3D line triple.
In orderto reducesomeunnecessarycorrespondencesobtainedby theline match-
ing andreconstructionalgorithm,a ”commonpart” constraintwasimposed.This
constraintensuresthatany line segmentcorrespondencemusthave anoverlapping
commonpart in their 3D intersectionline. Anotheradvantageof this constraintis
that it caneliminatesomeincorrectcorrespondenceswhich have no commonele-
mentin theircorresponding3D pseudo-intersectionlines,althoughthey havesmall
af�nity values.Theresultof thealgorithmwas232line segmentcorrespondences
acrossthreeimages,shown in �gures 19, 20,and21.

7 Conclusions

This paperaddressestheproblemsof determiningimagefeaturecorrespondences
while simultaneouslycomputingthe corresponding3D features,for imageswith
known camerapose. Our novel contribution is the developmentandapplication
of an af�nity measurebetweenimagefeatures(pointsand lines), i.e. a measure
of thedegreeto which candidatesfrom differentimagesconsistentlyrepresentthe
projectionof thesame3D point or thesame3D line. We utilize optimalbipartite
graphmatchingto solve theproblemof simultaneousrecovery of correspondence
and3D reconstruction.The matchingmechanismis generaland robust sinceit
ensuresthatamaximalmatchingcanbefoundbaseduponprovengraphtheoretical
algorithms.Fromthepoint of view of implementation,this graph-basedmatching
techniquecanbeimplementedef�ciently andin parallel,andhasbeensuccessfully
appliedto matchingproblemsinvolving graphsof quitelargesize.

Experimentswith both syntheticandreal imagedatasetswereconductedto
evaluateperformanceof thepoint andline matchingalgorithms.Theexperiments
haveshown thatthealgorithmsarerobustin thepresenceof signi�cant amountsof
missingpointsandlines,andnoisein thecameraparametersandin theextracted
imagepointandline features.Thepresentedintegratedmatchingandtriangulation
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methodsare well-suitedfor photogrammetricmappingapplicationswherecam-
eraposeis alreadyknown, for wide-baselinemulti-camerastereosystems,andfor
modelextensionwhereasetof known featuresaretracked.Also, thesetechniques
potentiallyhave a wider applicationdomainthantraditionalmatchingandrecon-
structionalgorithms,sinceour matchingmechanismis general-purposeandonly
theaf�nity measureswould needto berede�ned. They couldalsobeextendedto
deformable3D matchingandreconstructionproblems.

Someremainingissuesassociatedwith generalizationto multi-imageanalysis
over larger numbersof imagesaresubjectfor further study. In orderto perform
3D reconstructionfrom � images,thepoint matchingandtriangulationalgorithm
couldberepeatedfor eachimagepairof

���

���

, andtheintegratedline matchingand
triangulationalgorithmcould be repeatedfor eachimagetriplet of

�
�

�

�

. This is
not truemulti-imagematching,sinceall imagesarenot usedtogether, andthetwo
af�nity measuresarenotableto describetheaf�nity amongimagefeatures(points
andlines)over multiple images.Thedevelopmentof anew multi-imagematching
algorithmbasedon moregeneralaf�nity measuresis left for futurework. Finally,
it is desirableto developauni�ed matchingandreconstructionalgorithmbasedon
bothimagepointsandimagelines,combiningtheadvantagesof both.
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(a)

(b)

Figure 7: PUMA sequencedatafor matchingexperiments:(a) extractedimage
points(113points)in the1� � frame;(b) extractedimagepoints(107points)in the
10�

�

frame.
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(a)

(b)

Figure8: (a) 43 matchedimagepoints in the 1� � frame; (b) 43 matchedimage
pointsin the10�

�

frame.
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Figure9: Extractedimagepointsin imageJ3. The186pointsarea resultof gen-
erating2D building polygonsvia theASCENDERsystem.
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Figure10: Extractedimagepoints(186points)in imageJ7.

40



Figure11: Experimentswith RADIUS detect61 matchedimagepointsin image
J3.
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Figure12: Experimentswith RADIUS detect61 matchedimagepointsin image
J7.
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Figure13: Performanceof the imageline matchingalgorithmagainst5 levelsof
noisewith differentnumbersof missingpoints.
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(a) (b)

(c)

Figure 14: Boldt lines in PUMA sequence.Threesetsof imageline segments
extractedby theBoldt algorithm:(a) 196imageline segmentsin frame1; (b) 185
imageline segmentsin frame10; (c) 189imageline segmentsin frame20.
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(a) (b)

(c)

Figure15: 76 matchedline segmentsfrom Boldt lines in PUMA sequence:(a)
frame1; (b) frame10; (c) frame20.
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 Plot of j1.tks    Sat Feb  3 13:48:43 1996 

Figure 16: RADIUS model boardimageJ1. The Boldt straightline extraction
algorithmproduced2662lines.
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 Plot of j2.tks    Sat Feb  3 13:49:28 1996 

Figure 17: RADIUS model boardimageJ2. The Boldt straightline extraction
algorithmproduced2772lines.
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 Plot of j3.tks    Sat Feb  3 13:50:00 1996 

Figure 18: RADIUS model boardimageJ3. The Boldt straightline extraction
algorithmproduced2734lines.
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Figure19: 232matchedline segmentsfor RADIUS modelboardimageJ1.
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Figure20: 232matchedline segmentsfor RADIUS modelboardimageJ2.
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Figure21: 232matchedline segmentsfor RADIUS modelboardimageJ3.
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