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1 Introduction

The parallel solution of sparse linear systems is an important computational step in many large-scale
simulations. Consider the case when the coe�cient matrix is symmetric and positive de�nite. A sparse
direct method [8, 10] uses Cholesky factorization A = LLT followed by triangular solution with L. In
time-dependent applications, it is common to factor A once and use L in a sequence of sparse triangular
solutions with di�erent right-hand-side vectors. Additionally, the repeated triangular solution with sparse
matrix factors is required for the class of preconditioned iterative methods. The latter can be viewed as
hybrids of a direct solver and an iterative solver such as Conjugate Gradients (CG) [1, 11, 29]. Such hybrids
can potentially realize the bene�ts of both classes of methods, i.e., the robustness of direct methods and
the scalability of iterative methods. On multiprocessors and networks of workstations, repeated sparse
triangular solution with substitution degrades due to the large latency of interprocessor communication.
This paper concerns latency-tolerant schemes for repeated distributed sparse triangular solution.

In our earlier work, we developed the \Selective Inversion" scheme as a latency-tolerant triangular
solution for parallel sparse direct solvers [27]. This scheme utilizes inverses of small submatrices within the
factor to replace distributed substitution by latency-tolerant distributed matrix vector multiplication. In
this paper, we show how the latency costs of SI can be further reduced by a factor of 2 by using a special
two-way data mapping scheme. This method can be used for repeated triangular solution using sparse
matrix factors in a direct method and for applying incomplete factor precondtioners.

The rest of paper is organized as follows. Section 2 discusses our data mapping scheme in detail.
We also provide analytic results on the communication costs for sparse matrices of model two and three
dimensional grids. In section 3, we provide empirical results on performance using parallel preconditioned
CG with incomplete Cholesky factors as our application requiring repeated triangular solution. In this
section, we also compare the our method with Parasails [3]; the latter represents a relatively new family
of preconditioning methods called sparse approximate inverses [2, 4, 13, 18]. Section 4 contains some
concluding remarks.

2 A New Two-Way Data Mapping For Sparse Triangular Solu-

tion

Background information on parallel sparse direct methods are available in the following papers [12, 9, 15,
22, 27]. Parallel incomplete factorization requires many of the same techniques for e�ective implementation.
We discuss sparse triangular solution using a general tree formulation that applies to both complete and
incomplete factors.

The factorization and triangular solution process is based on compute tree where each node of the tree,
called a supernode, represents a subset of columns of L (or L̂, the incomplete factor) [20, 21]. Without loss

�This work was funded in part by the National Science Foundation through grants NSF ACI-0102537 and NSF CCR-981834.
yDepartment of Computer Science and Engineering The Pennsylvania State University 220 Pond Lab University Park, PA

16802-6106 (teranish@cse.psu.edu).
zDepartment of Computer Science and Engineering The Pennsylvania State University 220 Pond Lab University Park, PA

16802-6106 (raghavan@cse.psu.edu).
xLawrence Berkeley National Laboratory. MS 50F-1602, 1 Cyclotron Road, Berkeley, CA 94720 (egng@lbl.gov).

1



of generality, assume that the tree is a balanced binary tree. The computation at a supernode depends on
children supernodes; no sibling supernodes are involved. In a parallel implementation, the root supernode
is assigned to all processors. Next, each child supernode is assigned to half of the processors at its parent
and so on until each processor is assigned an independent subtree. In L, each supernode corresponds to
a small dense submatrix that consists of columns with the same nonzero row structure. This is used to
reduce the space for row index arrays and utilize e�cient dense matrix algorithms [6, 7]. In incomplete
Cholesky, only some elements of L are retained to obtain an approximation, L̂ and thus, each submatrix
is no longer dense.

We now consider triangular solution using L (L̂) with its submatrices assigned using the supernodal
tree. Figure 1 sketches the process of forward triangular solution based on the earlier SI scheme for a
supernode (A) assigned to 4 processors. Henceforth, we call it SI-1 and refer to it as SI with the one-way
making. The computation at the supernode (A) in Figure 1 involves the matrix operation, L̂AxA = bA
(using the notation for incomplete factorization). The system can be be viewed as:

�
L̂11 0

L̂21 L̂22

� �
x1
x2

�
=

�
b1
b2

�

The submatrix at the supernode (A) consists of L̂11 and L̂21; L̂22 is located in the ancestor supernodes.
The matrix is mapped by column block wrap-map to the processors 0, 1, 2, and 3. The SI scheme treats
the triangular part L̂11 and rectangular part L̂21 in di�erent ways. More speci�cally, L̂11 is replaced by its
inverse, L̂�1

11 , in order to avoid parallel substitution for computing x1. In the lower part of the Figure 1, there
are two supernodes computed by two processors. In the beginning of computation at (A), the right hand side
vector b is stored in a scattered form on processors 0, 1 and 2, 3 assigned to children supernodes (B) and (C)
respectively. Now a gather is required to collect b1 to each processor. This gather is performed by a group
reduction operation such as MPI All Reduce for MPI [24]; we refer this operation to Reduce Sum.
Once b1 is gathered, x1 is computed by parallel matrix vector multiplication, Parallel Tri MatVec. As
shown in the Figure 1, this operation produces x1 scattered across the processors. Again, we need to
gather x1 to all working processors by using another Reduce Sum. Next, the parallel matrix vector
multiplication (Parallel MatVec) updates the part of right hand side vector (~b2  b2 � L̂22 � x1). The
vector ~b2 is then available in a scattered form for computations at the parent supernode. At the parent
supernode of (A), the same process is repeated but now it involves the 8 processors over both its children
nodes ((A) and its sibling are each distributed on 4 processors). Thus, at each supernode, there are two
Reduce Sum operations. The algorithm is shown below:

Algorithm 1 (SI-1)
for each distributed supernode i (traversed in post-order on the tree)

Let node i involves pi processors
Reduce Sum(b1,pi);

x1 = Parallel Triangular MatVec(L̂11,b1,pi);
Reduce Sum(x1,pi);
~b2 = b2- Parallel MatVec(L̂21,x1,pi);

end for

Backward solution is implemented in a similar way except the procedure is started from the root
supernode down to the root nodes of local subtrees. The backward solution also requires twoReduce Sum
operations in each distributed supernode.

SI-1 needs two Reduce Sum operations per supernode because the data mapping of distributed sub-
matrices does not match with the distribution of vectors. We overcome this mismatch by using a new
data mapping for the distributed submatrices at each supernode. Figure 2 shows our new two-way data
mapping and the associated algorithm (we call it SI-2). The triangular part of the submatrix L̂11 in a
supernode is mapped in block row cyclic mapping while the rectangular part is mapped in column block
cyclic fashion; block sizes are the same �r both parts. Like SI-1, b1 is gathered by Reduce Sum to prepare
for the solution of x1. In the new data structure, Parallel Triangular MatVec can be regarded as block
vector dot products (see Figure 2). Now in the product, x1  L̂�1

11 b1, every element of x1 is computed
independently by a single processor; x1 is distributed across processors. As shown in Figure 2, the new
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Figure 1: Forward solution at a supernode with selective inversion and the one-way data mapping (using
4 processors).
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Figure 2: Forward solution at a supernode with selective inversion and the two-way data mapping (using
4 processors).
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distribution of x1 is suitable for parallel matrix vector multiplication to compute ~b2 without any data
exchange. Thus at each supernode, two Reduce Sum operations are replaced by a single Reduce Sum
operation. SI-2 scheme is shown below.

Algorithm 2 (ICSI-2)
for each distributed supernode i (traversed in post-order on the tree)

Let i involves pi processors
Reduce Sum(b1,pi);

x1 = Parallel Triangular MatVec(L̂�1
11 ,b1,pi);

~b2 = b2-Parallel MatVec( L̂21,x1, pi);
end for

The main di�erence is that theReduce Sum between two matrix vector multiplications at each iteration is
eliminated. Consequently, this modi�cation halves the number of communication steps overall supernodes.
This technique is also applicable for the backward solution.

We next summarize our analysis of the communication costs for SI-1 and SI-2 for model sparse matrices.
We assume that Reduce Sum with P processors can be implemented with log2 P messages using a binary
tree topology. The latency of the communication is proportional to the number of messages sent, and the
data transfer cost is estimated by the data volume exchanged.

Lemma 2.1. Consider the N � N sparse linear system associated with the model �ve-point, �nite-
di�erence K � K (N = K2) and K � K � K (N = K3) grids using P processors. The number of the

messages for SI-2 is (log
2
P )2+log

2
P

2 ((log2 P )
2 + log2 P for SI-1 [28]) and is independent of the matrix

dimension. The amount of data sent for SI-2 is bounded by 3K(log2 P ) ( 6K(log2 P ) for SI-1 ) on K �K
grids and 3K2(log2 P ) (6K

2(log2 P ) for SI-1 ) on K �K �K grids.
The analysis is similar to an analysis of SI-1 and the traditional scheme (TS) in our earlier paper [28]

where it is shown that the latency cost of TS grows as O(N
1=2

P
) for K�K grid and O(N

2=3

P
) for K�K�K

grids. Observe that for both SI-1 and SI-2 the communication latency costs are independent of the problem
size and SI-2 has the half the costs of SI-1.

3 Empirical Results

This section contains preliminary performance results using our implementations of SI-1, SI-2 and the tra-
ditional method (TS). We use parallel preconditioned CG with drop-threshold incomplete Cholesky factors
as an application with repeated triangular solution. Our implementation was based on DSCPACK [26],
and we used parallel CG from the PETSc package [30]. For comparing the performance over all iterations
of CG we used Parasails developed by Chow [3]. Parasaisl is a representative method from the class of
parallel sparse approximate inverse preconditioners; we used level-of-�ll parameters 0, 1, 2, and 4 to control
the sparsity. The test matrices are di�usion problems associated with the K � K and the K � K � K

model grids. To keep the workload of triangular solution per processor �xed 9at the uniprocessor level),
we increase K with the number of processors as shown in Table 1.

Figure 3 shows the time spent to apply a preconditioner in a single CG iteration. We use ICSI-1 for IC
with SI-1, ICSI-2 for the IC with SI-2, ICTS for the IC with TS and Parasails for the sparse approximate
inverse method. For all methods, we report results with the number of nonzeroes in the preconditioner
relative to jLj set as close as possible to :1 and :5 for 2-dimensional problems (at :1 and :4 for 3-dimensional
problems). There is some variation in the sparsity because of the nature of the underlying algorithms.
Ideally, the scaled performance should not result in any increase in time with the number of processors
and the problem size. As expected ,the performance of ICTS is the worst; ICSI-2 performs better than
ICSI-1 with larger numbers of processors and is close to the ideal performance. The performace of both
SI methods is comparable to that of Parasails even though the latter uses only a single distributed matrix
vector product; recall that SI methods use a sequence of smaller distributed matrix-vector products on the
tree.
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Table 1: Description of sparse test matrices; N is the matrix dimension, jAj contains the number of
nonzeroes in the matrix, and jLj contains number of nonzeroes in L;A = LLT .
Processors (P ) 2-dimensional grids 3-dimensional grids

K N jAj jLj K N jAj jLj
(106) (106) (106) (106)

1 100 10000 0.030 0.221 30 27000 0.105 4.394
2 134 17956 0.054 0.440 35 42875 0.167 8.345
4 181 32761 0.098 0.863 42 74088 0.291 17.959
8 244 59536 0.178 1.731 50 125000 0.493 37.197
16 330 108900 0.326 3.399 58 195112 0.770 69.194
32 450 202500 0.606 6.712 68 314432 1.244 133.223

Figure 4 shows the number of iterations to converge for IC and Parsails. In terms of the number of
iterations, IC is better than the Parasails. For the sake of completeness, we also provide total time over
all preconditioned iterations. This quantity is the product of the time per iteration and the number of
iterations to convergence. Our ICSI precondtioners are comparable to Parasails and they perform better
especially for 2-dimensional problems. Our results clearly indicate that SI-2 makes parallel preconditioning
with incomplete factors a very viable and e�ective method.

4 Conclusions

Our selective inversion method with the two-way data mapping scales better than selective inversion with
the one-way data mapping. The performance di�erence is related to reducing message latency costs by
halving the total number of messages that are sent for a single triangular solution using sparse matrix
factors. We have shown that applying our method to the problem of scalable parallel preconditioning with
incomplete factors, provides a solution with performance comparable to Parasails (a representative method
from the class of sparse approximate inverse preconditioners), when the preconditioner is very sparse.
Additionally, this method allows us to bene�t from potentially better quality preconditioners that can be
developed using incomplete factorization with larger �ll-in. We plan to provide comprehensive empirical
results on scalability in our �nal paper.
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