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Abstract. The solution of large-scale, nonlinear PDE-based simulations
typically depends on the performance of sparse linear solvers, which may
be invoked at each nonlinear iteration. We present a framework for us-
ing multi-method solvers in such simulations to potentially improve the
execution time and reliability of linear system solution. We consider com-

posite solvers, which provide reliable linear solution by using a sequence
of preconditioned iterative methods on a given system until convergence
is achieved. We also consider adaptive solvers, where the solution method
is selected dynamically to match the attributes of linear systems as they
change during the course of the nonlinear iterations. We demonstrate how
such multi-method composite and adaptive solvers can be developed us-
ing advanced software architectures such as PETSc, and we report on
their performance in a computational 
uid dynamics application.

1 Introduction

Many areas of computational modeling, for example, turbulent 
uid 
ow, astro-
physics, and fusion, require the numerical solution of nonlinear partial di�eren-
tial equations with di�erent spatial and temporal scales [13, 18]. The governing
equations are typically discretized to produce a nonlinear system of the form
f(u) = 0, where f : Rn ! Rn. When such systems are solved using semi-
implicit or implicit methods, the computationally intensive part often involves
the solution of large, sparse linear systems.

A variety of competing algorithms are available for sparse linear solution, in-
cluding both direct and iterative methods. Direct methods rely on sparse matrix
factorization and will successfully compute the solution if one exists. However,
sparse factorization causes zeroes in the coe�cient matrix to become nonzeroes
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in the factor, thus increasing memory demands. Hence, the method could fail
for lack of memory. Additionally, even when su�cient memory is available, the
computational cost might be quite high, especially when the sparse coe�cient
matrix changes at each nonlinear iteration and must therefore be refactored.
Krylov subspace iterative methods require little additional memory, but they
are not robust; convergence can be slow or fail altogether. Various precondi-
tioners can be combined with Krylov methods to produce solvers with vastly
di�ering computational costs and convergence behaviors. It is typically neither
possible nor practical to predict a priori which sparse linear solver algorithm
works best for a given class of problems. Furthermore, the numerical properties
of the linear systems can change during the course of the nonlinear iterations.
Consequently, the most e�ective linear solution method need not be the same
at di�erent stages of the simulation. This situation has motivated us (and other
researchers) to explore the potential bene�ts of multi-method solver schemes for
improving the performance of PDE-based simulations [5, 8, 11].

Ern et al have investigated the performance of several preconditioned Krylov
iterations and stationary methods in nonlinear elliptic PDEs [11]; their work
is towards a polyalgorithmic approach. Polyalgorithms have been studied for
multiprocessor implementations by Barrett et al in a formulation where di�er-
ent types of Krylov methods are applied in parallel to the same problem [5].
Our work on multi-method solvers for PDE-based applications focuses on for-
mulating general-purpose metrics that can be used in di�erent ways to increase
reliability and reduce execution times. We also consider the instantiation of such
multi-method schemes using advanced object-oriented software systems, such as
PETSc [3, 4], with well-de�ned abstract interfaces and dynamic method selec-
tion.

The �rst type of multi-method solver we consider is a composite, which com-
prises several underlying (base) methods; each base method is applied in turn to
the same linear system until convergence is achieved. A composite solver could
fail in the event that all underlying methods fail on the problem, but in prac-
tice this is rare even with as few as three or four methods. The composite is
thus more reliable than any of its constituent methods. However, the order in
which base methods are applied can signi�cantly a�ect total execution time. We
have developed a combinatorial scheme for constructing an optimal composite
in terms of simple observable metrics such as execution time and mean failure
rates [6, 7]. The second type of multi-method scheme is an adaptive solver; such
a solver once again comprises several base methods, but only one base method
is applied to a given linear system. The numerical properties of the linear sys-
tems can change during the course of nonlinear iterations [15], and our adaptive
solver attempts to select a base method for each linear system that best matches
its numerical attributes. Once again, our focus is on automated method selec-
tion using metrics such as normalized time per iteration and both linear and
nonlinear convergence rates.

In this paper, we provide overviews of our composite and adaptive solver
techniques and demonstrate their e�ectiveness in a computational 
uid dynam-
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ics application. In Section 2, we describe a PDE-based simulation of driven cavity

ow and our solution approach using inexact Newton methods. In Section 3 we
illustrate how an optimal composite solver can be constructed using a combi-
natorial scheme to yield ideal reliability for linear solution and an overall faster
simulation. In Section 4, we describe our method for constructing an adaptive
solver and report on observed reductions in simulation times. Section 5 contains
concluding remarks.

2 Problem Description and Solution Methods

We consider a driven cavity 
ow simulation to illustrate the bene�ts of multi-
method solvers in the context of nonlinear PDEs. This simulation incorporates
numerical features that are common in many large-scale scienti�c applications,
yet is su�ciently simple to enable succinct description. We introduce the model
problem in Section 2.1 and discuss our solution schemes using inexact Newton
methods in Section 2.2.

2.1 Simulation of Driven Cavity Flow

The driven cavity 
ow model combines lid-driven 
ow and buoyancy-driven 
ow
in a two-dimensional rectangular cavity. The lid moves with a steady and spa-
tially uniform velocity, and thus sets a principal vortex and subsidiary corner
vortices. The di�erentially heated lateral walls of the cavity induce a buoyant
vortex 
ow, opposing the principal lid-driven vortex. See [9] for a detailed prob-
lem description. We use a velocity-vorticity formulation of the Navier-Stokes and
energy equations, in terms of the velocity ux, uy in the (x; y) directions and the
vorticity ! on a domain 
 de�ned as !(x; y) = @u

@y
+ @v

@x
.

This governing di�erential equations are:

��ux +
@!

@y
= 0; (1)

��uy +
@!

@x
= 0; (2)

��! + u
@!

@x
+ v

@!

@y
�Gr

@T

@x
= 0; (3)

��T + Pr(u
@T

@x
+ v

@T

@y
) = 0; (4)

where T (x; y) is the temperature, Pr is a Prandtl number, and Gr is a Grashof
number. The boundary conditions are !(x; y) = �@u

@y
+ @v

@x
. We discretize this

system using a standard �nite di�erence scheme with a �ve-point stencil for each
component on a uniform Cartesian grid. For a given problem size, the values of
the Grashof number and lid velocity determine the degree of nonlinearity of the
system and thus a�ect the convergence of the nonlinear solver.
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2.2 Inexact Newton Methods

We use inexact Newton methods (see, e.g., [16]) to simultaneously solve the
equations (1) through (4), which have the combined form

f(u) = 0: (5)

We use a Krylov iterative method to (approximately) solve the Newton correc-
tion equation

f 0(u`�1) �u` = �f(u`�1); (6)

in the sense that the linear residual norm jjf 0(u`�1) �u`+f(u`�1)jj is su�ciently
small. We then update the iterate via u` = u`�1 + � � �u`; where � is a scalar
determined by a line search technique such that 0 < � � 1. We terminate the
Newton iterates when the relative reduction in the residual norm falls below a
speci�ed tolerance, i.e., when jjf(u`)jj < �jjf(u0)jj, where 0 < � < 1. We precon-
dition the Newton-Krylov methods, whereby we increase the linear convergence
rate at each nonlinear iteration by transforming the linear system (6) into the
equivalent form B�1f 0(u`�1) �u` = �B�1f(u`�1); through the action of a pre-
conditioner, B, whose inverse action approximates that of the Jacobian, but at
smaller cost.

At higher values of the driven cavity model's nonlinearity parameters, New-
ton's method often struggles unless some form of continuation is employed.
Hence, for some of our experiments we incorporate pseudo-transient continua-
tion ([9, 14]), a globalization technique that solves a sequence of problems derived
from the model @u

@t
= �f(u), namely

g`(u) �
1

� `
(u� u`�1) + f(u) = 0; ` = 1; 2; : : : ; (7)

where � ` is a pseudo time step. At each iteration in time, we apply Newton's
method to equation (7). As discussed by Kelley and Keyes [14], during the ini-
tial phase of pseudo-transient algorithms, � ` remains relatively small, and the
Jacobians associated with equation (7) are well conditioned. During the second
phase, the pseudo time step � ` advances to moderate values, and in the �nal
phase � ` transitions toward in�nity, so that the iterate u` approaches the root
of equation (5).

Our implementation uses the Portable, Extensible Toolkit for Scienti�c Com-
putation (PETSc) [3, 4], a suite of data structures and routines for the scalable
solution of scienti�c applications modeled by PDEs. The software integrates a
hierarchy of libraries that range from low-level distributed data structures for
meshes, vectors, and matrices through high-level linear, nonlinear, and timestep-
ping solvers.

3 Composite Solvers

Sparse linear solution techniques can be broadly classi�ed as being direct, itera-
tive, or multilevel. Methods from the latter two classes can often fail to converge
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and are hence not reliable across problem domains. A composite solver uses a
sequence of such inherently unreliable base linear solution methods to provide
an overall robust solution. Assume that a sample set of systems is available and
that it adequately represents a larger problem domain of interest. Consider a
set of base linear solution methods B1; B2; � � � ; Bn; these methods can be tested
on sample problems to obtain two metrics of performance. For method Bi, ti
represents the normalized execution time, and fi represents the failure rate. The
latter is the number of failures as a fraction of the total number of linear system
solutions; the reliability or success rate is ri = 1 � fi. A composite executes
base methods in a speci�ed sequence, and the failure of a method causes the
next method in the sequence to be invoked. If failures of the base methods occur
independently, then the reliability of the composite is 1 � � i=n

i=1 fi, that is, its
failure rate is much smaller than the failure rate of any component method. In
this model, all composites are equally reliable, but, the exact sequence in which
base methods are selected can a�ect the total execution time.

A composite is thus speci�ed by a permutation of methods 1; � � � ; n. Although
all permutations yield the same reliability of the composite, there exists some
permutation that will yield the minimal worst-case average time. Computing
this speci�c permutation will result in the development of an optimal composite.
Let � be a permutation of 1; � � � ; n and let �(j) denote its j�th element 0 <

j � n; B�(j) is the j-th method in the corresponding composite C�. The worst
case time required by C� is given by T� = t�(1) + f�(1)t�(2) + f�(1)f�(2)t�(3) +
� � � ;+f�(1)f�(2) � � � f�(n�1)t�(n). The optimal composite corresponds to one with
minimal time over all possible permutations of 1; � � � ; n. As shown in our earlier
paper [6], the optimal composite is one in which the base methods are ordered in
increasing order of the utility ratio, ui =

ti
1�fi

(the proof is rather complicated).
This composite can be easily constructed by simply sorting the base methods
in increasing order of ui. It is indeed interesting that composites which order
base methods in increasing order of time and decreasing order of failure are not
optimal.

Our experiments were performed on a dedicated dual-CPU Pentium III 500
MHz workstation with 512 MB of RAM. At each iteration of the inexact Newton
method we solved a sparse linear system of rank 260; 100 (with approximately 5:2
million nonzeroes), which resulted from using a 128� 128 mesh for the driven
cavity 
ow application. We used the following base solution methods with a
maximum iteration limit of 250: (1) GMRES(30) and an ILU preconditioner
with �ll level 1 with a quotient minimum degree (qmd) ordering, (2) TFQMR
with an ILU preconditioner with drop threshold 10�2 and a reverse Cuthill Mckee
(rcm) ordering, (3) GMRES(30) and an ILU preconditioner with �ll level 0 and
an rcm ordering, and (4) TFQMR with an ILU preconditioner with �ll level 0
and an rcm ordering [2, 10, 12]. As our sample set, we used a Grashof number of
660 with a lid velocity of 10 and a Grashof number of 620 with lid velocities 13,
16, and 20. We observed the failure rates (fi) and the mean time per iteration
(ti) of the linear solver and used these metrics to compute the utility ratio of
each method; these metrics are shown in Figure 1. The optimal composite is
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denoted as CU and corresponds to base methods in the sequence: 2, 3, 1, 4. We
also formed three other composites using arbitrarily selected sequences: C1: 3,
1, 2, 4; C2: 4, 3, 2, 1; and C3: 2, 1, 3, 4.

We ran a total of 24 simulations with six Grashof numbers (580, 620, 660,
700, 740, and 780) and four lid velocities (10, 13, 16, and 20). We report on
the performance of the four base and four composite methods using several
stacked bar graphs. Each stacked bar in Figures 2 through 5 corresponds to one
of the eight methods, and each segment of the stack represents a simulation
point corresponding to a Grashof:lid velocity pair; the segments are arranged
in increasing order of Grashof number and lid velocities (per Grashof number)
with the bottom representing 580:10 and the top 780:20. Thus, starting at the
top or bottom, each patch of four contiguous segments represents results for a
speci�c Grashof value.

Figure 2 shows the number of failures and the reliability of the linear solver;
each base methods su�ers some failures, while all composites are robust. Figure 3
shows the time per iteration, which is nearly invariant across simulation points
for a given method. As expected, the composites typically require greater time
per iteration than the least expensive base method (3). Figures 4 and 5 show the
total iteration counts and time for linear and nonlinear solution; the latter is the
the total application time. In these �gures, the plots that interlace the stacked
bars show cumulative values at the completion of simulations corresponding
to each Grashof number. All composites show a reduction in total nonlinear
iterations as a consequence of improved linear solution; CU requires only 75%
(63%) of the nonlinear (linear) iterations required by the fastest base method (2).
The composite based on the utility ratio, CU, incurs the least total linear solution
time, which is approximately 56% of the time required by the best base method
(2). The linear solution time comprises on average 96% of the nonlinear solution
time (total simulation time) and consequently, CU requires approximately 58%
of the total simulation time of the best base method (2).
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Fig. 1. Observed performance and the computed utility ratios of the four base linear
solution methods at the sample simulation points. Execution times are in seconds.



7

For the range of observed Grashof numbers and lid velocities, many simula-
tions showed convergence of the nonlinear solver even upon repeated failure of
the linear solver. We conjecture that performance improvements from using com-
posites could be even more dramatic in applications where nonlinear convergence
depends more critically on accurate linear solution.

4 Adaptive Solvers

As discussed in Section 2.2, when using pseudo-transient Newton techniques, the
conditioning of the linear systems, and the corresponding di�culty of solving
them, vary throughout the overall simulation. Consequently, pseudo-transient
Newton methods are natural candidates for the use of an adaptive linear solver.
Recall that an adaptive linear solver attempts to select a linear solution method
(from a set of base methods) that best matches the characteristics of the linear
system to be solved.

We consider the development of adaptive linear solvers for the driven cavity
model using a 96�96 mesh with a Grashof number of 105 and lid velocity of 100.
We performed these experiments on a dedicated dual-CPU Intel P4 Xeon 2.2GHz
workstation with 4 GB of RAM. The left-hand graph of Figure 6 plots the growth
of the pseudo time step and the convergence of the nonlinear residual norm. The
right-hand graph depicts the time spent in solving linear systems during each
time step, using GMRES(30) and a �xed preconditioner of point-block ILU(1)
with block size four. At each time step, we solve the resulting nonlinear system
loosely, using a relative reduction in residual norm of 10�3, which for this case
requires one or two Newton iterations. We observe that as the pseudo time step
size � increases, the linear systems become more di�cult to solve, as evidenced
by increasing time spent in this facet of the simulation; see [11] for a discussion
of similar behavior.

We develop an adaptive solver that employs di�erent preconditioners based
on the changing numeric properties of the Newton systems that correspond to
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Fig. 2. The number of failures and the mean reliability of the linear solver.
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Fig. 3. Time per iteration (in seconds) for linear and nonlinear solution; the plot shows
the mean time per iteration over all simulations.
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Fig. 4. Iteration counts for linear and nonlinear solution; the plots highlight cumulative
values after simulations for each Grashof number.
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Fig. 5. Total time for linear and nonlinear solution (in seconds); the plots highlight
cumulative values after simulations for each Grashof number.
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Fig. 6. Left-hand graph: Growth of pseudo time step size and convergence of residual
norm for the pseudo-transient continuation version of the driven cavity problem. Right-
hand graph: Plot of time spent in solving linear systems during each time step, which
illustrates that di�erent amounts of work are needed throughout the simulation to solve
the linear systems.

equation (7) and the corresponding progress of the solvers during the course of
the pseudo-transient iterations. We assume that for a given class of problems,
base methods can be ranked clearly in terms of quality and cost. More specif-
ically, we assume that if a method X is ranked lower than method Y , then X

will require less time for its construction and application per Krylov iteration
than Y , and, that it will result in slower convergence than Y . For example, we
assume that using an ILU(0) preconditioner can lead to a lower-accuracy result
in a shorter amount of time than an ILU(1) preconditioner. Such a ranking could
also be developed based on the observed performance of the base methods for a
suitable sample set of problems.

The switching criterion used in the adaptive linear solution is based on a
combination of metrics:

1. The convergence rate RL of previous linear solutions over a window of non-
linear iterations,

RL =
1

w

X

k�w<i<=k

ri;ni
� ri;0

ni
;

where w is the number of time steps in the current convergence evaluation
window; k is the current time step number; ri;j is the relative residual of the
linear system solution at the i-th time step and j-th linear iteration; and ni
is the total number of linear iterations performed at the i-th time step.

2. The convergence rate RN of the nonlinear solution over the last w time steps,

RN =
kfkk � kfk�wk

kfk�wk
;
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Fig. 7. Comparison of single-method linear solvers and an adaptive scheme. We plot
the nonlinear convergence rate (in terms of residual norm) versus both time step (left-
hand graph) and time (right-hand graph).

where kfkk is the function norm at the k-th time step.
3. The rate of increase in the number of iterations for linear system solutions

in the previous time step,

RI =
nk � nk�1

nk�1
;

where ni is the number of linear iterations performed at the i-th time step.
This metric can also be generalized over a number of time steps greater than
one.

At each time step, we evaluate these three metrics to determine whether to
switch to a di�erent linear system solution method at the next time step. Al-
though these experiments consider only adaptive ILU preconditioners, in prin-
ciple any preconditioners and Krylov methods could be incorporated into an
adaptive scheme. We use the following heuristic to select the level of ILU pre-
conditioning used by the linear solver in the next time step.

{ If jRN +RLj � �, use the same solver in the next time step.
{ If RN + RL > �, select a less accurate solution method, e.g., decrease the
�ll level of ILU(k).

{ If RN + RL < �� or RI > �, select a more accurate solution method, e.g.,
increase the �ll level of ILU(k).

The values of the user-speci�ed parameters � = 0:2, w = 3, and � = 2 were
selected experimentally for another application and then used without modi�-
cation in these experiments.

The graphs in Figure 7 compare several base preconditioner methods (ILU(0),
ILU(1), ILU(2), ILU(3)), with an adaptive scheme that changes the level of �ll
of an incomplete factorization preconditioner based on the heuristic described
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above; all cases used GMRES(30). We plot convergence rate (in terms of residual
norm) versus both time step number (left-hand graph) and time (right-hand
graph). The switching points for the adaptive scheme are marked on these graphs
and indicate that the algorithm began using ILU(0), switched to ILU(2) at the
thirteenth time step, and �nally switched to ILU(3) at the twentieth time step.
We see that the overall time to solution for the adaptive solver is within 10% of
the best base method, ILU(3), and the adaptive solver signi�cantly outperforms
the other base methods, being twice as fast as the slowest, ILU(0). Perhaps more
importantly, the adaptive solver enables the simulation to begin with a method
that is relatively fast yet not so robust, and then to switch automatically to
more powerful preconditioners when needed to maintain a balance in the linear
and nonlinear convergence rates.

5 Conclusions and Future Work

Our preliminary results demonstrate the potential of multi-method composite
and adaptive linear solvers for improving the performance of PDE-based simula-
tions. We continue to develop and evaluate multi-method solvers for large-scale
applications from several problem-domains. Additionally, multi-method schemes
can also be constructed for several other computational problems in large-scale
simulations, for example, discretization and Jacobian evaluation. We are also
considering the e�ective instantiation of such schemes through advanced soft-
ware frameworks that allow dynamic composition of software components [1,
17].
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