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Abstract. Iterative methods such as Lanczos and Jacobi-Davidson are
typically used to compute a small number of eigenvalues and eigenvectors
of a sparse matrix. However, these methods are not e�ective in certain
large-scale applications, for example, \global tight binding molecular dy-
namics." Such applications require all the eigenvectors of a large sparse
matrix; the eigenvectors can be computed a few at a time and discarded
after a simple update step in the modeling process. We show that by
using sparse matrix methods, a direct-iterative hybrid scheme can signif-
icantly reduce memory requirements while requiring less computational
time than a banded direct scheme. Our method also allows a more scal-
able parallel formulation for eigenvector computation through spectrum
slicing. We discuss our method and provide empirical results for a wide
variety of sparse matrix test problems.

1 Introduction

Consider the solution of the standard eigenvalue problem Ax = �v where A is
sparse and symmetric positive de�nite. Iterative methods such as Lanczos and
Jacobi-Davidson are typically used to compute a small number of eigenvalues
and eigenvectors e�ciently [2, 6, 10, 11, 24, 25]. However, certain molecular dy-
namics applications using a Global Tight Binding model [17, 18], require all the
eigenvalues and eigenvectors. of a sparse matrix A whose dimension (N) is pro-
portional to the number of atoms in the simulation. For models of interest with
several thousand atoms, the eigenvector computations are main limitation. Using
pure iterative Lanczos type methods is not feasible (due to poor convergence) in
such applications. The computations are typically performed using dense direct
methods [2] which have O(N3) time and O(N2) space complexity. The latter
can be a limiting factor since all eigenvectors are not needed all at once.

In general, direct methods start by converting the original matrix into tridi-
agonal form. The eigenvalues and eigenvectors of the tridiagonal form are then
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computed using very e�cient techniques. The eigenvalues of the tridiagonal ma-
trix are the eigenvalues of the original matrix. The eigenvectors of the original
matrix are computed by multiplying the eigenvectors of the tridiagonal matrix
by the orthogonal matrix of transforms used in the �rst step. For a detailed dis-
cussion and overview of eigensolution techniques, two excellent references are the
books by Demmel and Parlett [6, 22]. Good serial and parallel implementation
exist in the form of packages LAPACK [1] and ScaLAPACK [4]. In such a direct
method, the eigenvector computation is the computationally expensive part; the
eigenvalue computations typically require only a small fraction of the time and
memory.

In this paper, we consider a hybrid of direct and iterative methods for reduc-
ing the total time and memory requirements for computing all the eigenvalues
and eigenvectors of sparse matrices. Our method uses a direct band method
to compute all the eigenvalues; now the dense orthogonal factor is not com-
puted and stored. Instead, the eigenvalues are used in a shift-and-invert Lanczos
method with the original sparse matrix A to compute the eigenvectors. This step
is based on spectrum slicing and has the potential to provide a scalable parallel
implementation.

This paper is organized as follows. We provide a brief overview of direct
methods and we introduce a primitive form of our scheme in Section 2. We
describe our hybrid approach with shift-invert Lanczos [2, 25] in Section 3 and
report on its performance on a large suite of sparse matrices in Section 4. We
end with some concluding remarks in Section 5.

2 Overview Of Computational Schemes

In this section we provide a brief overview of direct dense and band methods and
discuss how eigenvectors can be computed using inverse iteration on the original
sparse matrix.

Dense Methods. Direct dense methods are typically used when a relatively
large number of eigenpairs are to be computed. In general, the solution comprises
the following three main steps.

1. Compute a tridiagonal matrix T from A using orthogonal transformations.
The orthogonal factor, Q, is also computed where A = QTQT .

2. Compute all eigenvalues of T ; these are the eigenvalues of A.
3. Compute eigenvectors of T ; use Q to compute eigenvectors of A.

Sophisticated schemes exist for eigenvalue computations of the tridiagonal ma-
trix T ; for example, O(N2) schemes to compute all eigenvalues and eigenvec-
tors [7, 12]. The tridiagonalization of A is done through Givens or Householder
transformations [2, 6, 10] at a cost of O(N3). There are four di�erent methods
available in LAPACK [1] and currently, the \Relatively Robust Representation"
is regarded as the best method among these [1, 2, 6, 7, 22].

Our schemes concern the last part of Step 3 which requires O(N2) space and
O(N3) time to compute the eigenvectors of A using Q.
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Band-Tridiagonalization Methods.When the matrix is sparse, the tridi-
agonalization step, using for example, Householder transformations, destroys the
sparsity of the original matrix. To overcome this problem, various researchers
have proposed band-tridiagonalization after reordering the original sparse matrix
to band form using a pro�le-minimization scheme such as Reverse Cuthill-McKee
(RCM) scheme [8]. To preserve the band form, the o�-tridiagonal elements are
reduced element-wise using Givens transformation [14], or block-wise by House-
holder transformation [3] (with some extra memory overheads). These methods
incrementally reduce the bandwidth until the matrix becomes tridiagonal. The
bene�ts of the band methods are their lower memory requirements and compu-
tational costs. However, methods like element-wise tridiagonalization are usually
slower than the dense method because of poor utilization of the cache hierarchy.
The block-wise method addresses this issue but nonetheless, a band method must
necessarily be less e�cient than a dense method with respect to cache-handling.

Computing Eigenvectors Using Sparse Inverse Iteration. If only
eigenvalues are required using either the band or the dense method, than the
amount of computation is substantially reduced because there is no longer the
need to compute and apply the orthogonal matrix Q. Another observation is
that if the eigenvalues are available, then eigenvectors can be computed with
the original matrix. Although this process is fraught with problems of reorthog-
onalization of eigenvectors, it bene�ts from reduced storage because Q is not
computed. Sparse inverse iteration proceeds by using the computed eigenvalues
with the sparse LDLT factors of the original matrix A; the latter can be com-
puted using standard sparse matrix methods [8, 9]. Figure 1 describes a basic
algorithm using this approach; to reduce memory requirement for eigenvalue
calculations, we use band-tridiagonalization algorithm.

1. Use a band ordering to construct B = PAP T

2. Tridigonalize B to obtain T (do not construct Q)
3. Compute eigenvalues of A (T )
4. Find eigenvectors by sparse inverse iteration using the sparse factorization (A �
�i)I = LDLT . This factorization utilizes better �ll-reducing orderings than a band
scheme; for example, a multiple minimum degree or nested dissection orderings [13,
15, 20].

Fig. 1. Computing eigenvalues and eigenvectors using band tridiagonalization and and
sparse inverse iteration.

Ideally, inverse iteration requires only repeated linear system solutions of the
form (A� �iI)x = y. However, for large matrices, re-orthogonalization for each
eigenvector is usually required. This can dramatically a�ect the performance
of sparse inverse iteration. To reduce reorthogonalization, we use the scheme
proposed by J. L. Barlow [5]. The inverse iteration is restarted using a suitable
canonical vector ej . A vector s is computed using (A��iI)s = r with a random



4

r. The component j corresponds to the location of the largest element of s and
inverse iterations continue with (A � �iI)x = ej . We found that this technique
improves the performance substantially except in the instances when matrix is
very highly ill-conditioned. This is the scheme we implement and report on.

3 A Direct-Iterative Hybrid Using Shift-and-Invert

Lanczos

The simple inverse iteration scheme su�ers from the fact that a new LDLT

factorization has to be computed for each eigenvalue. Even for sparse matri-
ces with factorization costs that grow as O(N1:5), the cost of computing all N
eigenvectors would be O(N2:5). This is less expensive than the dense method
requiring O(N4) operations but more expensive than for a tridiagonal matrix
(cost O(N2)). The naive inverse iteration approach can be improved by using
the shift-and-invert Lanczos method [25] to compute eigenvectors corresponding
to many eigenvalues near the shift. This would dramatically reduce the number
of sparse LDLT decompositions. Our hybrid scheme utilizes this approach and
is shown in Figure 2. The main problem is one of selecting the shift points; since
the all the eigenvalues are known, we typically pick small clusters of 10{100
eigenvalues and use the mean as the shift.

1. Use a band ordering to construct B = PAP T

2. Tridiagonalize B to obtain T (do not construct Q)
3. Compute eigenvalues of A (T )
4. Group eigenvalues into small clusters, and determine a shift value for each cluster
5. Compute eigenvectors for each cluster by shift-and-invert Lanczos, with an appro-

priate sparse LDLT factorization

Fig. 2. Computing eigenvalues using a direct band method and eigenvectors using
sparse shift-and-invert Lanczos.

4 Empirical Results

We study the performance of our methods using four classes of sparse matrices.
The test suite has six matrices from each class (a total of 24) ranging in dimension
from 814 to 6000. The bcsstk collection represents six �nite element matrices
from Matrix Market [19], the struc collection is from structural mechanics,
image contains six image analysis matrices, and xerox represents matrices from
colloidal analysis. Results over the entire collection are labeled all in subsequent
�gures.

We use band-tridiagonalization routines in LAPACK [1], and the Lanczos
method in ARPACK [16], and sparse LDLT factorization in DSCPACK [23].
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To establish the base performance of the direct method, we measure the perfor-
mance of DSYEVR and its band version, which implement the RRR method [7, 22].
The performance of our methods are compared with the performance of these
methods (which are considered to be the best). All the methods were tested with
500 MHz Intel Pentium III workstations.

Figure 3 contains two subplots, each containing �ve bars, one for each type
of matrix and one over the entire collection. The plot at left shows the aver-
age percentage of time spent for tridiagonalization, computing eigenvalues, and
eigenvectors using the dense scheme. The plot at right shows the same three
quantities for the band scheme. However, the values are now normalized with
respect to the dense scheme (set at 1). Observe that the band methods require
approximately 2.2 times the time required for the dense method.
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Fig. 3. Component-wise execution times of the best dense and band methods; the latter
are normalized relative to the dense method (set at 1).

Figure 4 shows the performance of the sparse scheme of Figure 1 in detail.
The subplot at left shows the execution time relative to both dense and band
methods. The sparse scheme requires on average 2.55 times the time required
by the dense method, and it is on average 13% slower than the band scheme.
The plot at right shows the memory requirements relative to both the dense
and band schemes; on average, the sparse method requires only 10% (9%) of the
memory required by the dense scheme (band scheme).

The performance of our hybrid scheme is shown in Figure 5, once again in
the form of two subplots. The subplot at left shows the execution time relative
to both dense and band methods. Our hybrid scheme requires on average 1.37
times the time required by the dense method. That is, average, it is only 37%
slower than the dense scheme. Additionally, it is (on average) 39% faster than
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Fig. 4. The performance of the sparse inverse iteration using LDLT factors of A relative
to the best dense and band methods.
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Fig. 5. The performance of our hybrid method relative to the best dense and band
methods.
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the band scheme. Its memory requirements are substantially lower too, at 17%
of the dense scheme and 15% of the band scheme. The slight increase in memory
requirements compared to the simple sparse scheme comes from the workspace
requirements of the shift-invert Lanczos scheme (for reorthogonalization). These
results indicate that our method is feasible for our applications of interest; it
allows the solution of larger problems at execution times competitive with the
best dense schemes.

5 Conclusions

Our direct-iterative hybrid approach combines the strengths of both classes of
methods for the type of eigenvector computations required in large-scale molec-
ular dynamics models. On average, for problems in our test-suite, the execution
time of our method is slower only by 37% when compared to the dense method.
It is quite surprising that the penalty is indeed so small. Although our method
utilizes the cache-hierarchy e�ectively through sparse factorization, the under-
lying dense submatrices are relatively small preventing it from achieving the
execution rates of the fully dense method. Interestingly enough, our method on
average, requires only 41% of the time required by the band method. The main
improvements relate to memory requirements; on average, our method requires
less than 17% of the memory requirements of either band or dense methods.

Another bene�t of our scheme lies in the natural parallelization of the eigen-
vector computation; the latter could proceed independently and in parallel for
disjoint ranges (clusters) of eigenvalues. This could potentially reduce execution
time signi�cantly, because the dense parallel scheme incurs substantial inter-
processor communication overheads for reorthogonalization during eigenvector
computation. We plan to provide parallel execution times for large systems from
our molecular dynamics applications [17, 18].
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