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Abstract

The solution of nonlinear partial differential equations
(PDEs),suchasthosearisingin computationaffluid dy-
namics,forms an importantclassof applicationsin sci-
entific computing.Simulationtimestypically dependto a
large extent on the robustnessandefficiengy of the sparse
linear solver usedat eachiteration of the nonlinearPDE
solver. We considerlgorithmsandsoftwareto developro-
bustandefficient solversascomposite®f multiple precon-
ditionediterative methodslterative solversallow scalable
parallelimplementatiorbut can often converge slowly or
fail to corverge. Our methodsaddresghis deficieng by
usinga sequencef iterative methodsto provide a highly
reliable solutionwith good parallel performanceWe de-
scribe our algorithmsand softwarefor instantiatingsuch
multimethodcompositesolversandreporton their perfor
mancein adrivencavity flow application.

1 INTRODUCTION

The numericalsolution of large-scalenonlinearPDEsus-
ing implicit and semi-implicit schemegequiresthe so-
lution of linear systemsat eachnonlineariteration. The

linear solutiontime often dominateshe total time of the
computation.A large variety of linear solvers, including
bothdirectanditerative solutionmethodsareavailable[2,
12,14]. However, it is very difficult to selecta linear so-
lution methodthat is robust and provides the bestover
all performancg13]. Direct methodsare robust but their
memoryrequirementgrow nonlinearlywith thematrix di-
mensionbecauseof fill (i.e., zerosbecomingnon-zeros)
during factorization.In addition,the costof factorization
is incurredrepeatedlyduring the simulationwhenthe co-
efficient matrix changesat eachnonlineariteration. Con-
sequentlyKrylov iterative methodsare more suitablefor
suchapplications.Their memoryrequirementscalewith
the matrix dimensionandthey allow effective paralleliza-
tion. Iterative methodshowever, arelessreliablein general
thandirect methods Dependingon the problem,iterative
methodanay corverge slowly or fail altogetherPrecondi-
tionersare often usedto improve the corvergence.Com-
bining preconditionersvith the Krylov subspaceterative
methodg2] resultsin a large numberof solversthat dif-
fer greatlyin computationatostsandcorvergencebeha-
iors. Now, the applicationdeveloperis confrontedby the
challengeof selectingthe right solver from a large setof
candidatanethodsOuralgorithmsandsoftwareareaimed
athelpingthe applicationdeveloperaddresghis issue We
developtechniquedor definingacompositesolverthatcan
meetapplicationdemanddy usinga sequencef precon-
ditionediterative methods.
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2 MULTIMETHOD SOLVERS

The motivation for using multiple solver methodsarises
from the difficulty of selectingthe bestlinear solution
scheme[5, 9, 13]. Our work includesadaptivetechniques
that adaptthe solution methodto match changingprob-
lem attributesin along-runningsimulation[8, 17]. We also
considercompositeshatusea sequencef methodon the
samdinearsystento provide a highly reliablesolution[6,
8]. In this paperwe discussthe softwareernvironmentfor
instantiatingcompositesolversin advanceduniprocessor
andmultiprocessoarchitectures.

We have earlier developedcompositesolvers[6] that
compriseasequencef differentbasealgorithms.Thefail-
ure of one methodresultsin the invocation of the next
methodin the sequencentil the given problemis solved
successfully The reliability of method A/; is definedas
r; = 1 — f;, wheref; is thefailure rate.If we assumehat
thefailuresof thebasemethodsaremutuallyindependent,
thenthereliability of the compositess a productof there-
liabilities of the basemethodsandis thereforendependent
of the orderin which the methodsare invoked.However,
the total running time of the compositedependson the
orderingof the methods We can thus definecomposites
by the sequencén which the basemethodsare invoked.
Considerthe basemethodsM, M, --- , M,,. Let 7 bea
permutatiorof 1, - - -, n, andlet 7 (j) denoteits j—th ele-
ment; M ;) representshe j-th methodin the correspond-
ing composite;. Theworstcasetime requiredby C-, is
givenby

Tr =tey + frtaey + - (Fry) -

An optimal compositesolver would have the minimum
worst caserunning time amongall possiblecomposites.
Our earlier paper[7] proves that such a compositeis
formedby arrangingthe basemethodsn increasingorder
of theutility ratio, u; ﬁ— Thisratio canbecomputedus-
ing estimatedor t; andr; = 1 — f; throughsuitablesam-
pling. For example,all basemethodscanbe executedon
a small setof representatie problems(sample);the util-
ity ratiosarethen computedusing meanobsered values
of thetimesperiterationandthe failure rates. The optimal
composite henceforthdenotedby CU, hasbasemethods
arrangedn increasingorderof u;.

Our earlier work on sequential composite solvers
demonstratethatthe reliability of the compositeis much

. fw(n—l))tw(n) .

higherthanary of the constituentmethods Additionally,
for the optimal composite,CU, the numberof nonlinear
iterationsare reduced;thus, simulationtimes can be sig-
nificantly reduced We now focuson the parallelizationof
compositesolversfor systemsf theform Az = b, where
A is the coeficient matrix, b is theright-hand-sidevector
andz is the solutionvector Considera setof fully parallel
basdinearsolutionmethodspachof thesecouldeitherbe
asimpleKrylov iterationwith or withouta suitableprecon-
ditioner. All of thesemethodsareassumedo usethe same
datadistributionacrossP processesf A, z, andb. Assume
thata compositds constructedisingsomespecificorder
ing of thebasemethodsUponfailure of abasemethodthe
next methodin the sequenceanbe easilyinvokedon the
samesystemwithout ary extra dataredistribution. Addi-
tionally, asin the sequentiatase the datastructuresused
by the failed methodare releasedandthe preconditioner
for the next Krylov methodis constructedetc. Although
sucha parallelcompositeis conceptuallyquite simple, its
implementatiorcanbe remarkablycomple, asdiscussed
in the next section.The complity stemsfrom the need
to accesimplementationf a variety of basemethods,
preconditionersgatadistributions, mappingschemesand
applicationinterfaces.

3 SOFTWARE ENVIRONMENT

A softwarearchitecturethat enablesthe implementation
anduseof robustmultimethodlinear solversis illustrated
in Figurel. A “proxy” linear solver methodmediateshe
interactionsbetweenthe nonlinearsolutionalgorithmand
the linear solver algorithms.Both the proxy and concrete
linear solver methodsimplementthe sameabstractinear
solverinterface whichis usedby the nonlinearsolver and
the applicationdriver to create,configure,and solve the
linear systemsarisingin the courseof the nonlinearsolu-
tion. This approachnot only allows the easysubstitution
of onelinearsolutionmethodfor anotheybut alsoenables
multimethodsolversto be incorporatedwithout a change
to the clientnonlinearalgorithms.

To implementour compositesolver strategy, we em-
ploy alinear solver proxy thatmediateghe selectionof a
sequencef solversto be usedaccordingo someordering
stratgy producedy theorderingagenttomponentn Fig-
ure 1. As describedn Section2, our compositeordering



strat@y selectdinearsolutionmethodasedn their util-

ity ratios,which are obtainedfrom pastperformancehis-
tory. The linear solver proxy can be usedin a black-box
fashionwith a Newton-Krylov solver. Alternatively, the
Newton-Krylov solver caninfluencethe orderingof linear
solver methodsby interactingwith the orderingagent.In

thismannerdomainor problemspecificknowledgecanbe
usedto influencethe selectionof linear solver algorithms.
For example,thenonlinearsolver may specifytherelative
accuray thatis requiredfor achiezing goodnonlinearcon-
vergenceduring differentphasesf the computation.No
implementationchangesare madeto the concretelinear
solver algorithmsin orderto usethemaspartsof a com-
posite.

Ordering
~  Agent .
setOrder, » Linear
getRequirements, Solver A
ete...
' setOrder getNext
setup,
Newton- solve
Krylov Linear / . Linear
Solver :et} A setup, " Solver B
solve Proxy
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solve setup,
solve .
Application .. Linear
Driver Solver C

Fig. 1. Multimethodsoftwarearchitecture.

The PortableExtensibleToolkit for ScientificCompu-
tation (PETSc)[3, 4] supportsflexibility in algorithm se-
lection, including our multimethod schemesThe linear
solversareaccessetlia anabstracinterfaceandit is pos-
sible to control linear solver selectionat run time, if de-
sired.Thus,we areableto provide applicationswith robust
compositesolverswithout imposingspecialrequirements
onthenonlinearsolverimplementatioror the users code.

Ourmultimethodresearchontributesto ongoingcom-
munity efforts in developinghigh-performanceomponent
softwarefor scientificcomputationg1, 15,19,20]. Com-
mon linear solver interfacesallow the definition of lin-
earsolver componentshatcanbe usedin a plug-and-play
fashion,andalsoenablegheseamlesgcorporatiorof mul-

timethodstratgies.In addition,a componenernvironment
makest possibleto definea quality of servicearchitecture
for scientificapplicationg16]. Numericalcomponentam-
plementedn suchan ervironmentcantake advantageof
more intelligent algorithm choicesthat take into account
the quality requirementdqe.g., accurag, executiontime)
of a given client algorithm, such as the Newton-Krylov
solver in the examplescenarian 1. Furthermorethis ap-
proachenableghetransparentiseof auxiliary components
to monitor systemperformanceretrieve and analyzepast
performanceinformation, and make algorithm selection
decisions.

4 PROBLEM DESCRIPTION AND
EXPERIMENTAL RESULTS

In this section, we provide some sample empirical re-
sultsto demonstrateéhe effectivenesof our multimethod
schemeskor our testapplication,we useda driven cavity
flow simulationdescribedn detailin [11]. Thedrivencav-
ity flow modelis an example of incompressibldlow in a
two-dimensionatectangulaicavity. The governingdiffer-
ential equationsare obtainedby using the Navier-Stokes
and enegy equationsWe solve the systemof nonlinear
equationsusing an inexact Newton method,with a line
searchtechniqueto extendits radiusof corvergence[18].

Earlier, asreportedin [8], our optimal compositeper
formed significantly better than the base methods(and
compositevith arbitraryorderings)on uniprocessor¢see
Figure?2). Over 24 simulations all compositeadnofail-
uresand achieved reductionsin total nonlineariterations
as a consequencef reliable linear solution. In addition,
the optimal composite CU, incurredthe leasttotal linear
solutiontime, approximately56% of the time requiredby
the bestbasemethod.The linear solutiontime comprises
on average96% of the total simulationtime and conse-
guently CU requirediessthan58% of thetotal simulation
time of the bestbasemethod.

We now considerresultsof experimentausingour par
allel compositesolvers,wherewe employeda clusterwith
a Myrinet 2000networkand2.4 GHz PentiumXeon pro-
cessorsvith 1-2 GB of RAM. We useda 128 x 128 mesh
for discretizingthedrivencavity flow model.At eachnon-
linear iteration, the discretizedsparselinear systemhad
rank 65,536with approximatelyl,302,528nonzerosWe
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Fig. 2. Sequentiaperformancef the driven cavity application.

setthe maximumnumberof linear iterationsto 200. As

thepreconditionekve usedtherestrictedadditive Schwarz
method(RASM) [10] with varyingsubdomairsolversand
varyingdegreesof overlap(e.g.,overlapof 1 is denotedby

RASM(1)).

We combinedvariousKrylov methodg2, 14], subdo-
main solvers,and degreesof overlapto getthe following
setof basesolutionmethods(1) GMRES(30),RASM(1),
Jacobi subdomainsolver; (2) GMRES(30), RASM(1),
SOR subdomainsolver; (3) TFQMR, RASM(3), no-fill
ILU subdomainsolver; and (4) TFQMR, RASM(4), no-
fill ILU subdomainsolver. We composeda sampleset
of the following probleminstancesof Grashofnumbers
andlid velocities,which are parameter# the driven cav-
ity model:(700:85),(800:83),(900:80),(950:73).We dis-
tributed the matrix acrossmultiple processorsand used
eachof thefour basemethodgo solvethesparsdinearsys-
temsthat were generatedy theseprobleminstancesWe
obtainedthe resulting utility ratios by computingthe ra-
tio of thelineartime periterationto thereliability of each
method,and thentaking the averageover the four prob-
lemsin the sampleset. Basedon metrics obtainedfrom
the sampleset, we formed the optimal composite,CU,
which containedhe following sequencef basemethods:
3,4,2,1.We alsocreated3 arbitrarycompositesisingran-
domsequencegjenotedoy C1 (3,2,4,1),C2 (2,1,4,3)and
C3(4,1,2,3).We performedtheseexperimentson a fixed

sizeproblem while varyingthenumberof processorfrom
2,4, 8 to 16. We ran 24 simulations,using six different
Grashofnumbers[700, 750,800,850,900,950], andfour
lid velocities,[73, 80, 83, 85].

Ourresultsshawv thatthecompositeschieve improved
reliability andgood parallelperformanceBasemethod1
never corverges,while other basemethodshave varying
degreesof failure. The compositeshav nearideal relia-
bility. Furthermorethe simulationtime with the optimal
compositeCU, is approximatelyl0% — 48% of the worst
basemethod.We alsoconsiderthe speedumndefficiency
of the solvers on different processorsWe use 77 asthe
bestestimateof thetime for thefull simulationononepro-
cessorusing the fastestbasemethod.Thus, we setT; to
two timesthe time for method3 on two processorgit is
not meaningfulto usethe additive Schwarzmethodfor a
single processomwith a single subdomain)We calculate
the speedupS = % whereT, is the obsered time on
p processorsthe correspondingfficiency is calculatedas
FE = 2. Theresultsshovn in Figure 3 indicatethat the
speedupsf the compositeCU, C1,andC3 arealmostas
goodasthatof the bestbasemethod,with nearideal effi-
ciencies.
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Fig. 3. Parallel performancef thedriven cavity applicationon 2 — 16 processors.

5 CONCLUSIONS

Our work demonstrateghat serial and parallel multi-

method compositesolvers can be developedto improve

the performanceof PDE-basesimulations We shaw that
effective instantiationof suchschemeghroughadwanced
softwareframeavorkscanleadto significantcodereuseand
easeof implementation.

We continue to develop and evaluate multimethod
solvers for large-scaleapplicationsfrom several prob-
lem domains.We plan to study the role of multimethod
schemedor otherphaseof PDE-basedimulations such
as discretizationand Jacobianevaluation. We are also
working on incorporating our multimethod schemesin
component-basedoftware environmentsand integrating

our implementationin a quality-of-serviceinfrastructure
for scientificcomponengpplicationd1, 16,19].
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