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Abstract

The solution of nonlinear partial differential equations
(PDEs),suchas thosearising in computationalfluid dy-
namics,forms an importantclassof applicationsin sci-
entific computing.Simulationtimestypically dependto a
largeextent on the robustnessandefficiency of thesparse
linear solver usedat eachiterationof the nonlinearPDE
solver. Weconsideralgorithmsandsoftwareto developro-
bustandefficientsolversascompositesof multipleprecon-
ditionediterative methods.Iterative solversallow scalable
parallel implementationbut canoften converge slowly or
fail to converge. Our methodsaddressthis deficiency by
usinga sequenceof iterative methodsto provide a highly
reliablesolutionwith goodparallelperformance.We de-
scribeour algorithmsandsoftwarefor instantiatingsuch
multimethodcompositesolversandreporton their perfor-
mancein a drivencavity flow application.

1 INTRODUCTION

Thenumericalsolutionof large-scalenonlinearPDEsus-
ing implicit and semi-implicit schemesrequiresthe so-
lution of linear systemsat eachnonlineariteration. The

linear solution time often dominatesthe total time of the
computation.A large variety of linear solvers, including
bothdirectanditerativesolutionmethods,areavailable[2,
12,14]. However, it is very difficult to selecta linear so-
lution methodthat is robust and provides the bestover-
all performance[13]. Direct methodsarerobust but their
memoryrequirementsgrow nonlinearlywith thematrixdi-
mensionbecauseof fill (i.e., zerosbecomingnon-zeros)
during factorization.In addition,the costof factorization
is incurredrepeatedlyduring the simulationwhenthe co-
efficient matrix changesat eachnonlineariteration.Con-
sequently, Krylov iterative methodsaremoresuitablefor
suchapplications.Their memoryrequirementsscalewith
thematrix dimensionandthey allow effective paralleliza-
tion. Iterativemethods,however, arelessreliablein general
thandirect methods.Dependingon the problem,iterative
methodsmayconvergeslowly or fail altogether. Precondi-
tionersareoften usedto improve the convergence.Com-
bining preconditionerswith the Krylov subspaceiterative
methods[2] resultsin a large numberof solversthat dif-
fer greatlyin computationalcostsandconvergencebehav-
iors. Now, the applicationdeveloperis confrontedby the
challengeof selectingthe right solver from a large setof
candidatemethods.Ouralgorithmsandsoftwareareaimed
athelpingtheapplicationdeveloperaddressthis issue.We
developtechniquesfor definingacompositesolverthatcan
meetapplicationdemandsby usinga sequenceof precon-
ditionediterativemethods.
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2 MULTIMETHOD SOLVERS

The motivation for using multiple solver methodsarises
from the difficulty of selectingthe best linear solution
scheme[5,9,13]. Our work includesadaptivetechniques
that adaptthe solution methodto matchchangingprob-
lemattributesin a long-runningsimulation[8,17].Wealso
considercompositesthatuseasequenceof methodson the
samelinearsystemto providea highly reliablesolution[6,
8]. In this paperwe discussthe softwareenvironmentfor
instantiatingcompositesolvers in advanceduniprocessor
andmultiprocessorarchitectures.

We have earlierdevelopedcompositesolvers [6] that
compriseasequenceof differentbasealgorithms.Thefail-
ure of one methodresultsin the invocation of the next
methodin the sequenceuntil thegiven problemis solved
successfully. The reliability of method �
	 is definedas� 	
��������	 , where ��	 is thefailure rate.If we assumethat
thefailuresof thebasemethodsaremutuallyindependent,
thenthereliability of thecompositesis aproductof there-
liabilities of thebasemethodsandis thereforeindependent
of the order in which the methodsareinvoked.However,
the total running time of the compositedependson the
orderingof the methods.We can thus definecomposites
by the sequencein which the basemethodsare invoked.
Considerthe basemethods� ��� � ����������� �
� . Let � be a
permutationof � ����������� , andlet �! #"%$ denoteits " � th ele-
ment; �'&)( *�+ representsthe " -th methodin thecorrespond-
ing composite,, & . Theworstcasetime requiredby , & is
givenby
- &.�0/ &)( � +�1 � &)( � + / &)( � +�1 �����  � &)( � + ����� � &)( �32 � + $ / &)( � +�4

An optimal compositesolver would have the minimum
worst caserunning time amongall possiblecomposites.
Our earlier paper [7] proves that such a compositeis
formedby arrangingthebasemethodsin increasingorder
of theutility ratio, 5 	6�87:9; 9 . Thisratiocanbecomputedus-
ing estimatesfor /<	 and � 	
�=������	 throughsuitablesam-
pling. For example,all basemethodscanbe executedon
a small setof representative problems(sample);the util-
ity ratiosare thencomputedusingmeanobserved values
of thetimesperiterationandthefailurerates.Theoptimal
composite,henceforthdenotedby CU, hasbasemethods
arrangedin increasingorderof 53	 .

Our earlier work on sequentialcomposite solvers
demonstratedthat thereliability of thecompositeis much

higher thanany of the constituentmethods.Additionally,
for the optimal composite,CU, the numberof nonlinear
iterationsarereduced;thus,simulationtimes canbe sig-
nificantly reduced.We now focuson theparallelizationof
compositesolversfor systemsof theform >@? ��A , where
> is thecoefficient matrix, A is the right-hand-sidevector,
and ? is thesolutionvector. Considerasetof fully parallel
baselinearsolutionmethods;eachof thesecouldeitherbe
asimpleKrylov iterationwith or withoutasuitableprecon-
ditioner. All of thesemethodsareassumedto usethesame
datadistributionacrossB processesof > � ? � and A . Assume
thata compositeis constructedusingsomespecificorder-
ingof thebasemethods.Uponfailureof abasemethod,the
next methodin thesequencecanbeeasily invokedon the
samesystemwithout any extra dataredistribution. Addi-
tionally, asin thesequentialcase,thedatastructuresused
by the failed methodare releasedandthe preconditioner
for the next Krylov methodis constructed,etc. Although
sucha parallelcompositeis conceptuallyquitesimple,its
implementationcanbe remarkablycomplex, asdiscussed
in the next section.The complexity stemsfrom the need
to accessimplementationsof a variety of basemethods,
preconditioners,datadistributions,mappingschemes,and
applicationinterfaces.

3 SOFTWARE ENVIRONMENT

A softwarearchitecturethat enablesthe implementation
anduseof robustmultimethodlinearsolversis illustrated
in Figure1. A “proxy” linear solver methodmediatesthe
interactionsbetweenthenonlinearsolutionalgorithmand
the linear solver algorithms.Both the proxy andconcrete
linear solver methodsimplementthe sameabstractlinear
solver interface,which is usedby thenonlinearsolver and
the applicationdriver to create,configure,and solve the
linearsystemsarisingin thecourseof the nonlinearsolu-
tion. This approachnot only allows the easysubstitution
of onelinearsolutionmethodfor another, but alsoenables
multimethodsolversto be incorporatedwithout a change
to theclientnonlinearalgorithms.

To implementour compositesolver strategy, we em-
ploy a linearsolver proxy thatmediatesthe selectionof a
sequenceof solversto beusedaccordingto someordering
strategy producedby theorderingagentcomponentin Fig-
ure 1. As describedin Section2, our compositeordering



strategy selectslinearsolutionmethodsbasedontheirutil-
ity ratios,which areobtainedfrom pastperformancehis-
tory. The linear solver proxy can be usedin a black-box
fashion with a Newton-Krylov solver. Alternatively, the
Newton-Krylov solver caninfluencetheorderingof linear
solver methodsby interactingwith the orderingagent.In
thismanner, domainor problemspecificknowledgecanbe
usedto influencetheselectionof linearsolver algorithms.
For example,thenonlinearsolver mayspecifytherelative
accuracy thatis requiredfor achieving goodnonlinearcon-
vergenceduring differentphasesof the computation.No
implementationchangesare madeto the concretelinear
solver algorithmsin orderto usethemaspartsof a com-
posite.

Fig. 1. Multimethodsoftwarearchitecture.

ThePortableExtensibleToolkit for ScientificCompu-
tation (PETSc)[3,4] supportsflexibility in algorithmse-
lection, including our multimethodschemes.The linear
solversareaccessedvia anabstractinterface,andit is pos-
sible to control linear solver selectionat run time, if de-
sired.Thus,weareableto provideapplicationswith robust
compositesolverswithout imposingspecialrequirements
on thenonlinearsolver implementationor theuser’s code.

Ourmultimethodresearchcontributesto ongoingcom-
munityefforts in developinghigh-performancecomponent
softwarefor scientific computations[1, 15,19,20]. Com-
mon linear solver interfacesallow the definition of lin-
earsolvercomponentsthatcanbeusedin a plug-and-play
fashion,andalsoenabletheseamlessincorporationof mul-

timethodstrategies.In addition,a componentenvironment
makesit possibleto definea qualityof servicearchitecture
for scientificapplications[16]. Numericalcomponentsim-
plementedin suchan environmentcantakeadvantageof
more intelligent algorithm choicesthat takeinto account
the quality requirements(e.g.,accuracy, execution time)
of a given client algorithm, such as the Newton-Krylov
solver in theexamplescenarioin 1. Furthermore,this ap-
proachenablesthetransparentuseof auxiliarycomponents
to monitor systemperformance,retrieve andanalyzepast
performanceinformation, and make algorithm selection
decisions.

4 PROBLEM DESCRIPTION AND
EXPERIMENTAL RESULTS

In this section, we provide some sampleempirical re-
sultsto demonstratethe effectivenessof our multimethod
schemes.For our testapplication,we useda drivencavity
flow simulationdescribedin detailin [11]. Thedrivencav-
ity flow model is an exampleof incompressibleflow in a
two-dimensionalrectangularcavity. Thegoverningdiffer-
ential equationsareobtainedby using the Navier-Stokes
and energy equations.We solve the systemof nonlinear
equationsusing an inexact Newton method,with a line
searchtechniqueto extendits radiusof convergence[18].

Earlier, asreportedin [8], our optimalcompositeper-
formed significantly better than the basemethods(and
compositeswith arbitraryorderings)onuniprocessors(see
Figure2). Over 24 simulations,all compositeshadnofail-
uresandachieved reductionsin total nonlineariterations
as a consequenceof reliable linear solution. In addition,
the optimal composite,CU, incurredthe leasttotal linear
solutiontime, approximately56%of the time requiredby
the bestbasemethod.The linear solutiontime comprises
on average96% of the total simulation time and conse-
quently, CU requiredlessthan58%of thetotal simulation
timeof thebestbasemethod.

We now considerresultsof experimentsusingour par-
allel compositesolvers,whereweemployeda clusterwith
a Myrinet 2000networkand2.4 GHz PentiumXeonpro-
cessorswith 1-2 GB of RAM. We useda 128 C 128mesh
for discretizingthedrivencavity flow model.At eachnon-
linear iteration, the discretizedsparselinear systemhad
rank 65,536with approximately1,302,528nonzeros.We
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Fig. 2. Sequentialperformanceof thedrivencavity application.

set the maximumnumberof linear iterationsto 200. As
thepreconditionerwe usedtherestrictedadditiveSchwarz
method(RASM) [10] with varyingsubdomainsolversand
varyingdegreesof overlap(e.g.,overlapof 1 is denotedby
RASM(1)).

We combinedvariousKrylov methods[2, 14], subdo-
main solvers,anddegreesof overlapto get the following
setof basesolutionmethods:(1) GMRES(30),RASM(1),
Jacobi subdomainsolver; (2) GMRES(30), RASM(1),
SOR subdomainsolver; (3) TFQMR, RASM(3), no-fill
ILU subdomainsolver; and (4) TFQMR, RASM(4), no-
fill ILU subdomainsolver. We composeda sampleset
of the following problem instancesof Grashofnumbers
andlid velocities,which areparametersin thedrivencav-
ity model:(700:85),(800:83),(900:80),(950:73).We dis-
tributed the matrix acrossmultiple processorsand used
eachof thefourbasemethodstosolvethesparselinearsys-
temsthat weregeneratedby theseprobleminstances.We
obtainedthe resultingutility ratiosby computingthe ra-
tio of thelinear time per iterationto thereliability of each
method,and then taking the averageover the four prob-
lems in the sampleset. Basedon metricsobtainedfrom
the sampleset, we formed the optimal composite,CU,
which containedthe following sequenceof basemethods:
3,4,2,1.We alsocreated3 arbitrarycompositesusingran-
domsequences,denotedby C1 (3,2,4,1),C2 (2,1,4,3)and
C3 (4,1,2,3).We performedtheseexperimentson a fixed

sizeproblem,whilevaryingthenumberof processorsfrom
2, 4, 8 to 16. We ran 24 simulations,usingsix different
Grashofnumbers,[700,750,800,850,900,950],andfour
lid velocities,[73, 80,83,85].

Ourresultsshow thatthecompositesachieve improved
reliability andgoodparallelperformance.Basemethod1
never converges,while otherbasemethodshave varying
degreesof failure. The compositesshow nearideal relia-
bility. Furthermore,the simulationtime with the optimal
composite,CU, is approximately40D – 48D of theworst
basemethod.We alsoconsiderthespeedupandefficiency
of the solvers on different processors.We use

- � as the
bestestimateof thetime for thefull simulationononepro-
cessorusing the fastestbasemethod.Thus,we set

- � to
two timesthe time for method3 on two processors(it is
not meaningfulto usethe additive Schwarzmethodfor a
single processorwith a single subdomain).We calculate
the speedupE �GF3HF%I , where

-KJ
is the observed time onL processors;thecorrespondingefficiency is calculatedasM �GNJ . The resultsshown in Figure 3 indicatethat the

speedupsof thecompositesCU, C1,andC3 arealmostas
goodasthatof thebestbasemethod,with nearidealeffi-
ciencies.
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Fig. 3. Parallelperformanceof thedrivencavity applicationon 2 – 16 processors.

5 CONCLUSIONS

Our work demonstratesthat serial and parallel multi-
methodcompositesolvers can be developedto improve
theperformanceof PDE-basedsimulations.We show that
effective instantiationof suchschemesthroughadvanced
softwareframeworkscanleadto significantcodereuseand
easeof implementation.

We continue to develop and evaluate multimethod
solvers for large-scaleapplicationsfrom several prob-
lem domains.We plan to study the role of multimethod
schemesfor otherphasesof PDE-basedsimulations,such
as discretizationand Jacobianevaluation. We are also
working on incorporatingour multimethod schemesin
component-basedsoftwareenvironmentsand integrating

our implementationin a quality-of-serviceinfrastructure
for scientificcomponentapplications[1, 16,19].
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