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Introduction� There are several competing (preconditioned, iterative)methods for sparse linear system solution� It is practically impossible to determine a priori the `best'method| it is often domain or problem dependent and it canvary even across time-steps of the same simulation!� We consider the development of multi-method sparse linearsolvers to improve both the reliability and speed of linearsolution� We demonstrate how such multi-method schemes can improvethe performance of large-scale PDE-based simulations
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Background� Earlier work on multi-method sparse linear solvers include:{ Ern, Giovangigli, Keyes, and Smooke consider theperformance of several linear solution methods for systemsfrom nonlinear elliptic PDEs to motivate development of a`polyalgorithmic' scheme{ Barrett, Berry, Dongarra, Eijkhout, and Romine, consider amultiprocessor implementation where di�erent types ofKrylov methods are applied in parallel to the same system
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Our Approach� Focus on multi-method solvers for PDE-based applications� Emphasis on formulating general purpose metrics that can beused to increase reliability and reduce execution times� Instantiation using advanced object-oriented software systems,such as PETSc (from ANL), with well-de�ned abstractinterfaces and dynamic method selection� Development with a view to future software componentarchitectures and runtime systems where{ metrics can be gathered automatically, and{ used to construct plug-and-play solvers that satisfyapplication QoS requirements
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Types of Multi-Method Solvers� We consider two types of multi-method schemes to cater todi�erent aspects of PDE based simulations1. Adaptive Solvers : primary goal is to match the solverstrength to the di�culty/ease of solving a linear system topotentially reduce application time2. Composite Solvers : primary goal is to provide a highlyreliable solver by using a sequence of preconditioned KSPmethods until convergence is achieved
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Driven Cavity Flow Application� Models driven cavity 
ow with lid-driven and buoyancy-driven
ows in a two-dimensional rectangular cavity� Uses a velocity-vorticity form of the Navier-Stokes and energyequations and �nite di�erences with a �ve-point stencil� Values of Grashof number and lid velocity determine the degreeof nonlinearity and a�ect convergence� We use inexact Newton methods to solve f(u) = 0; for modelswith high nonlinearity, we use pseudo-transient continuation tosolve: g`(u) � 1�` (u� u`�1) + f(u) = 0; ` = 1; 2; : : :� Each nonlinear iteration (time-step) requires 1/2 sparse linearsystem solutions
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Adaptive Solvers� Goal: reducing total time of applications where the numericalproperties of linear systems evolve through time-steps� A typical candidate application is driven cavity 
ow withpseudo-transient continuation� The condition number of the Jacobian grows with � , thepseudo-time step� As the pseudo time step size � increases, the linear systemsbecome more di�cult to solve
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Linear System Solution Costs
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Adaptive Method Selection-I� Consider n methods M1;M2; : : : ;Mn with Mi associated withti, the normalized execution time per linear iteration� Assume the methods are ordered in increasing order of ti andthis ordering implies ordering in increasing order of solverstrength� Assume a simulation has T time-steps and each time-steprequires a sparse linear system solution; the systems changefrom one time-step to the next� Consider windows comprised of a �xed number of consecutivetime-steps
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Adaptive Method Selection-II� If method Mj is currently in use in window i� 1 and i, thenautomatically determine whether to switch up (down)tomethod Mj+1(Mj�1) for next window� Let T (i� 1; j) and T (i; j) be the observed times for all thelinear system solutions in windows i� 1 and i� Method j + 1 is selected for window i+ 1 if{ T (i; j) > T (i� 1; j), and,{ T (i;j)T (i�1;j) � � tj+1tj , where � is a small constant� A similar scheme can be used for switching down; we have alsoworked with more complex heuristics taking into accountobserved convergence rates
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Experiments: Adaptive Solvers� We used a 128� 128 grid that gives a system of rank 260; 100with 5:2 million nonzeroes� We used pseudo-transient continuation, and GMRES(30) withthe following preconditioners1. ILU (0) RCM2. ILU (1) RCM3. ILU (1) Natural4. ILU (4) QMD� We report performance for window size 2 (overlapped), with� = :8
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Adaptive Solvers: Performance
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Composite Solvers� Goal: Improving the reliability of linear solution in applicationswhere failures are correlated with poor performance� Each method represents a trade-o� between a performancemetric and robustness metric; method failures are independent� A composite consists of several methods in a sequence; failureof one method results in the execution of the next method� A composite is signi�cantly more robust than its componentmethods and its robustness is independent of the order inwhich methods are selected� The performance of the composite depends on the order inwhich methods are selected; Goal: develop composites withoptimal performance
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A Combinatorial Framework-I� There are n methods M1;M2; : : : ;Mn; Mi is associated with:{ normalized execution time: ti (worst case)ti as the time per iteration � the maximum number ofiterations{ success rate: ri (robustness metric); failure rate fi = 1� ri� The set P contains all permutations (of length n) off1; 2; : : : ; ng� ^Pi denotes the i�th method in ^P 2 P and it speci�es thecomposite ^C (i.e., ^C executes methods in the order ^P )
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A Combinatorial Framework-II� Reliability of ^C: 1��i=ni=1fi; it does not depend on ^P� Execution time (worst case) of ^C:^T = t ^P1 + f ^P1t ^P2 + � � �+ f ^P1f ^P2 � � � f ^Pn�1t ^Pn� The performance of a composite depends directly on thepermutation and there can be dramatic variations� Problem: Determine ~P 2 P such that the associated composite~C is optimal, i.e., its worst case time ~T = minf ^T : ^P 2 Pg
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Composites of 3 Methods: An Examplet1; r1; f1 t2; r2; f2 t3; r3; f31, 0.1, 0.9 1.5, 0.7, 0.3 3.0, 0.8, 0.2

Permutation Composite Time1,2,3 `least time' 3.16 = 1 + :9� 1:5 + :9� :3� 3:03,2,1 `least failure' 3.36 = 3 + :2� 1:5 + :2� :3� 1:02,1,3 2.61 = 1:5 + :3� 1 + :3� :9� 3:02,3,1 2.46 = 1:5 + :3� 3 + :3� :2� 1:0

Failure rate of any composite is 0:054
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And The Optimal Composite is .....

� De�ne ui = tiri as the utility ratio of method Mi� Let ~P 2 P and let ~C be the associated composite� Theorem: ~C is the optimal composite with~T = minf ^T : ^P 2 Pg if and only if ~P = ~P1; ~P2; � � � ; ~Pn is suchthat u ~P1 � u ~P1 � � � �u ~Pn�1 � u ~Pn� The optimal composite is one in which the componentmethods are arranged in increasing order of their utility ratios� The proof of the if part is tedious, only-if part is more intuitiveand is based on shortest paths in a certain layered graph
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Composites as Paths in a Layered Graph� A graph with vertices at n+ 1 levels, a vertex at level irepresents a subset of i methods (V0 at level 0 for the emptyset)� An edge connects vertex �S to ^S if they are on adjacent levels,j ^S n �Sj = 1, and ^S \ �S = �S� For the subset of methods S, FS = �Mi2Sfi and F� = 1; edge�S ! ^S has weight F �Sti if ^S n �S = fig� A path from V� to Vf1;2;���ng denotes a composite in the orderin which methods were added to vertex sets� The length of the path is the time for the composite; theoptimal composite is the one with the shortest path
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Composites as Paths in a Layered Graph
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An Example For 3 Methods

1

.9 X 1.5
.3 x 1 .2 x 1

.3 x 3

1.5
3 

0

1 2 3

1, 32, 31, 2

1, 2, 3

.2 x 1.5

.2 x .9 x 1.5

.3 x .2 x1

.9 x .3 x 3



Adaptive and Composite Solvers, Dagstuhl Seminar, March 2003 21

Composites of 3 Methods: An Examplet1; r1; f1; u1 t2; r2; f2; u2 t3; r3; f3; u31, 0.1, 0.9, 10 1.5, 0.7, 0.3, 2.14 3.0, 0.8, 0.2, 3.75

Permutation Composite Time1,2,3 `least time' 3.16 = 1 + :9� 1:5 + :9� :3� 3:03,2,1 `least failure' 3.36 = 3 + :2� 1:5 + :2� :3� 1:02,1,3 2.61 = 1:5 + :3� 1 + :3� :9� 3:02,3,1 2.46 = 1:5 + :3� 3 + :3� :2� 1:0

Failure rate of any composite is 0:054
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Experiments: Composite Solvers� We used a 128� 128 grid that gives a system of rank 260; 100with 5:2 million nonzeroes� We used the following base solution methods with a maximumiteration limit of 2501. GMRES(30), ILU (0) QMD2. TFQMR, ILU drop threshold 10�2 RCM3. GMRES(30), ILU(0) RCM4. TFQMR, ILU(0) RCM� 24 simulations, Grashof numbers: 580, 620, 660, 700, 740, and780, each with lid velocities: 10, 13, 16, and 20� CU is the optimal composite: 2, 3, 1, 4; C1: 3, 1, 2, 4; C2: 4, 3,2, 1; C3: 2, 1 , 3, 4
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Observed Metrics At Sample Points
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Failures And Reliability
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Iteration Counts
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Execution Times
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Conclusions� Adaptive methods show potential in speeding up PDEsimulations through automatic method selection� Composites deliver high reliability and reduce total executiontime for the application� Ongoing work: components that dynamically use observedexecution times and failure rates to implement adaptive andcomposite solvers� Multi-method solvers are particularly relevant with emergingcomponent architectures and plug-and-play simulationenvironments
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Related Problems� Method and Algorithms{ determining statistically valid performance and reliabilitymetrics by sampling{ generalization to a parallel computing model� Software and Runtime Systems{ specifying QoS metrics for sparse solver components{ common component interfaces{ determining models for SPMD computing
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