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1 In tro duction

Elastic plastic fracture mec hanics relies on the �nite elemen t metho d b oth as an engineering to ol to ev alu-

ate residual strength of a damaged structure and to implemen t researc h theories that cannot b e ev aluated

analytically . One common form ulation assumes that the crac k plane is 
at and that the structure is sym-

metric ab out the crac k plane. This situation arises for t ypical lab oratory coup ons suc h as the compact

tension and middle crac k tension sp ecimens. Crac k gro wth is mo deled b y monitoring analysis results for a

critical fracture criterion, extending the crac k, and resuming the analysis. When a symmetry plane corre-

sp onds to the crac k-plane, an e�cien t crac k gro wth pro cedure called no dal r ele ase can b e used. A t ypical

implemen tation reduces to the sim ultaneous solution of a set of linear equations, eac h of whic h corresp onds

to a displacemen t in the b o dy b eing mo deled. The system of equations is symmetric p ositiv e de�nite and

sparse. This pap er presen ts scalable sparse matrix factorization and up date tec hniques required for e�cien t

crac k extension using no dal release.

A t initialization of the no dal release pro cess, all crac k no des on the crac k-plane are constrained with

symmetry conditions, except those no des represen ting the crac k. Of the three degrees of freedom at eac h

no de, only the crac k-plane normal degree of freedom is constrained to zero lea ving the other t w o uncon-

strained. If a solution v ariable of a system of equations Ax = b is forced to zero, then that ro w and column

of the system can b e eliminated. Another strategy is to simply add a large n um b er to the diagonal elemen t

of the sti�ness matrix A , th us n umerically deemphasizing the other terms of the equation and forcing the

solution to zero. This approac h is attractiv e b ecause in certain circumstances the mo di�cation to the diag-

onal elemen t can subsequen tly b e remo v ed from the system, th us releasing the constrain t on the equation

to gro w the crac k n umerically . This pro cess has b een used quite e�ectiv ely for crac k gro wth for a n um b er

of y ears [12, 19].

In terms of the underlying sparse matrix computations, the no dal release metho d for crac k extension

requires (i) factoring the sparse symmetric p ositiv e de�nite matrix A = LL

T

(Cholesky) and solving

Ax = b at the initial condition, (ii) rep eatedly up dating the factor to mo del releasing constrain ts on certain

equations to gro w the crac k n umerically , and, (iii) b et w een t w o successiv e up dates to the factor, solving for

a sequence of righ t hand side v ectors to iterate to equilibrium as the load is incremen tally increased. W e

presen t a framew ork in whic h these three ma jor sparse matrix op erations can b e implemen ted e�cien tly .

F urthermore, w e sho w that our metho ds will allo w latency toleran t scalable parallel implemen tations for

mo deling crac k gro wth using m ultipro cessors or net w orks of w orkstations.

Section 2 describ es the no dal release metho d for crac k propagation and con tains bac kground material

on sparse matrix factorization. Section 3 con tains our new metho d for computing the sparse factorization

once and e�cien tly up dating the factor to mo del crac k gro wth. This section also con tains an analysis of

the computational costs of the up date algorithm, its memory requiremen ts, and the comm unication costs

and scalabilit y of a m ultipro cessor implemen tation. Section 4 pro vides preliminary results from a serial

implemen tation and Section 5 con tains some concluding remarks.
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2 Bac kground

In this section w e pro vide brief o v erview of the state-of-the art algorithms and implemen tations for sparse

Cholesky factorization and the no dal release metho d for crac k propagation.

2.1 Sparse Direct Solv ers

Sparse direct solv ers are based on a Cholesky factorization of the co e�cien t matrix when it is symmetric

and p ositiv e de�nite. The �rst step in sparse Cholesky factorization concerns managing �l l-in , i.e., zero es

in the original matrix that b ecome nonzero es in the factors. A t ypical solution pro cess has four steps

(1) ordering to compute a �ll-reducing n um b ering, (2) sym b olic factorization to determine the nonzero

structure of the factor, (3) n umeric factorization, and, (4) triangular solution [5, 6]. As sho wn in the next

section, the last t w o n umeric steps are of k ey signi�cance for our crac k gro wth application. Recen t researc h

(see surv ey in [4]) has resulted in algorithms for a scalable, parallel implemen tation of sparse Cholesky

factorization. W e next describ e the basic data structures and algorithms used for the n umeric steps.

Henceforth, let L b e the structure of the Cholesky factor of A after the application of a �ll-reducing

p erm utation. Mo dern n umeric factorization sc hemes are based on exploiting e�e ctively dense groups of

columns within L . The columns of L can b e group ed in to sup erno des where a sup erno de is a set of con-

secutiv e columns that ha v e nested sparsit y structure. The lo w er triangular matrix induced b y the columns

in a sup erno de is essen tially dense in the subscripts of ro ws con taining nonzero es in the lo w est n um b ered

column. The computation can then b e organized as a set of dense matrix-matrix and matrix-v ector op er-

ations implemen ted using cac he-e�cien t k ernels a v ailable through the Basic Linear Algebra Subroutines

(BLAS)[3]. As a consequence of sparsit y , columns in a sup erno de need not b e up dated b y columns in all

preceding sup erno des. The data-dep endence b et w een sup erno des is giv en b y a sup erno dal tr e e ; a sup erno de

j can b e up dated only b y columns in sup erno des within the subtree ro oted at j . The t w o leading sc hemes

for sparse n umeric factorization are a column-blo c k approac h and a m ultifron tal metho d [5, 14, 18]. The

t w o sc hemes di�er in the data-mo v emen t and in the amoun t of temp orary storage during factorization.

P arallel sparse Cholesky with P pro cessors utilizes b oth task and data parallelism. F or ease of ex-

planation, consider the follo wing c ompute tr e e deriv ed from the sup erno dal tree. Assume without loss of

generalit y that the latter is complete binary for at least log

2

P lev els from the ro ot. A t these lev els, eac h

compute tree no de maps directly to a sup erno dal tree no de. Ho w ev er, the last log

2

P leaf no des in the

former no w represen t subtrees ro oted at corresp onding sup erno dal tree v ertices. These subtrees corre-

sp ond to task parallel lo c al phase computations. All asso ciated columns are assigned to a pro cessor and

computations asso ciated with factorization and triangular solution pro ceed indep enden tly . A t an in terior

no de j of the compute tree, all pro cessors assigned to lea v es of the subtree at j participate in distribute d

phase computations whic h are essen tially data-parallel dense distributed matrix op erations. Observ e that

all pro cessors participate in computations asso ciated with the dense matrix at the ro ot.

2.2 Finite Elemen t Analysis of Crac k Gro wth

W e no w pro vide a brief description of a �nite elemen t analysis program incorp orating crac k gro wth with

particular emphasis on equilibrium and crac k gro wth steps. The deriv ation of the go v erning equations follo w

from [1, 11] using di�eren tial equations that describ e the problem at equilibrium and use the principle of

virtual displacemen ts. These equations are then applied to mo del crac k gro wth using the no dal release

tec hnique. The equations are v alid for general equilibrium as long as (i) a statically admissible stress

distribution is de�ned, and (ii) a kinematically admissible displacemen t solution is de�ned. The curren t

w ork is limited to small strain, small rotation, but materially non-linear static equilibrium.

The �nite elemen t metho d discretizes the b o dy of in terest in to regions eac h individually in terp olated

b y linear or quadratic functions. First, isoparametric in terp olation functions for the displacemen ts are

de�ned as: u

( m )

= N

( m )

U where N

( m )

is the displacemen t in terp olation matrix and U is the elemen t

no dal displacemen ts for elemen t m . The strains are in terp olated using "

( m )

= B

( m )

U where B

( m )

is the

strain-displacemen t matrix obtained b y di�eren tiating the displacemen t in terp olation matrix N

( m )

. The

last equation can b e written in a discretized form for a group of elemen ts, where the con tribution of eac h

elemen t is added to the global system of equations as follo ws:
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Up on substituting for the virtual strains and displacemen ts,
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No w � U is the v ariation of the displacemen t v ector for the total domain. Since � U is arbitrary , b y dropping

the sup erscript for the elemen t, and considering only one elemen t,

R

V

B

T

� dV =

R

S

N f

S

dS . The righ t hand

side of the last equation is zero except at equations where external loads are applied. F or elastic-plastic

applications the traditional linear Ho ok e's La w stress-strain relationship only holds in the linear region

of the material resp onse. In the nonlinear region the relationship is nonlinear and can b e expressed as

� =

R

"

0

� ( " ) d" . The v on Mises yield mo del and an incremen tal stress-strain relationship is emplo y ed with a

m ulti-linear yield surface hardening function [1]. The problems of in terest here are commonly called quasi-

static; that is, there are no inertial e�ects, but when nonlinear e�ects suc h as plasticit y are considered, the

solution to the problem ma y b e loading path dep enden t, and so, dep enden t on a pseudo-time. Equations 1

and 2 are solv ed using the mo di�ed Newton-Raphson sc heme, where only the initial sti�ness matrix is

used for iterations to equilibrium. This mo di�ed Newton-Raphson sc heme pro vides the motiv ation for the

algorithms describ ed in this pap er b ecause it allo ws a more e�cien t implemen tation of an existing crac k

gro wth algorithm.

The application of primary in terest is crac k gro wth. Because crac k gro wth in v olv es creating new surface

area o v er time, the b oundary conditions are con tin ually c hanging as the analysis progresses. Figure 1

sho ws a t ypical lab oratory sp ecimen, a middle crac k tension, or M ( T ), sp ecimen. In this case three planes

of symmetry ( x = 0 ; y = 0 ; z = 0) are used and the y = 0 plane is coinciden t with the crac k plane.

Initially , all crac k no des on the crac k-plane are constrained with symmetry conditions, except those no des

represen ting the crac k. A t eac h no de there are three degrees of freedom, and only the crac k-plane normal

degree of freedom (the UY displacemen t) is constrained to zero. Figure 2 sho ws this pro cess sc hematically

in t w o dimensions. Sti� springs ahead of the crac k tip pro vide the symmetry b oundary condition required

b efore extension. The sti� springs at the crac k tip are released and replaced b y an equiv alen t force, whic h

can b e released o v er sev eral steps to sim ulate gro wth. When symmetry conditions suc h as these c hange,

the traditional approac h is to reform and re- factor the sti�ness matrix with the new b oundary conditions

imp osed. Ho w ev er, a signi�can tly more e�cien t approac h is to up date the factored form of the sti�ness

matrix ( A = LL

T

) to re
ect the c hanges in the b oundary conditions.

Forces/fixity ahead
of crack are relaxed as

crack propagates

X

Y

Fig. 1. Sc hematic sho wing lines of symmetry for a middle crac k tension sp ecimen. During elastic-plastic fracture,

symmetry conditions are imp osed along the v ertical edge, and sp ecial sti� springs main tain symmetric along the

fracture surface.

2.3 The Role of Cholesky F actors in Crac k Sim ulation.

Figure 3 sho ws the main steps of the crac k gro wth sim ulation co de. In terms of the underlying sparse

matrix computations, the application has the follo wing form.

1. F actorization: Compute A = LL

T

for the original sti�ness matrix and b oundary conditions. This

o ccurs in the initialization step after reading data from a �le, generating in ternal represen tations for

the b oundary conditions, and building the sti�ness matrix A .
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Fig. 2. The top �gure sho ws the crac k op ening pro�le b efore crac k extension; sti� springs ahead of the crac k tip

pro vide the symmetric b oundary condition required. The second �gure sho ws the crac k op ening pro�le after crac k

extension when sti� springs at the crac k tip are released and replaced b y an equiv alen t force, whic h can b e released

o v er sev eral steps to sim ulate gro wth.

2. T riangular Solution: Use L to solv e for a sequence of righ t-hand-side v ectors as the load is incremen tally

increased while iterating to equilibrium.

3. F actor Up date. Up date L to re
ect a c hange in the b oundary conditions as the crac k is gro wn.

4. Rep eat steps 2 and 3 un til the crac k is resolv ed.

Start

Initialize

Increment load

Iterate to equilibrium

Y ³ Y c

Grow crack

Da ³ Da
max

End

Yes

No

Yes

No

Start

Initialize

Increment load

Iterate to equilibrium

Y ³ Y c

Grow crack

Da ³ Da
max

End

Yes

No

Yes

No

Fig. 3. Crac k Gro wth Sim ulation Pro cess; 	 is a fracture parameter and 	

c

is its critical v alue and �a is the crac k

extension.

The crac k gro wth step requires c hanging the sti�ness matrix appropriately . In the application, a large

n um b er is added to the diagonal elemen t of the sti�ness matrix, th us n umerically deemphasizing the other

terms of the equation and forcing the solution to zero. T o gro w the crac k n umerically , the large diagonal

elemen t is subsequen tly remo v ed from the system, th us releasing the constrain t on the equation. Giv en a

sparse symmetric p ositiv e matrix A , the factorization A = LL

T

can b e �rst computed and then up dated

to mo del no dal release when the c hange to the matrix is a symmetric rank-1 mo di�cation. When the LL

T

factors are dense , metho d of Gill et. al [7] can b e used but adapting this dense up date sc heme for sparse

factors is complicated b y the fact that it in v olv es b oth sym b olic and n umeric op erations. One p oten tial



approac h is to use the sparse up date sc heme outlined in the pap er b y Da vis and Hager [2]. The up date

pro cess then in v olv es tra v ersing the elimination tree (used in the sym b olic factorization step) and selectiv ely

applying a sym b olic up date step as dictated b y column dep endencies arising from the sparsit y structure.

This determines the c hanged zero-nonzero structure of L after whic h a n umeric up date can b e applied.

The arithmetic cost p er up date of the sparse rank-1 metho d will b e lo w but the implemen tation will

su�er from cac he-ine�ciency b ecause only lev el-1 BLAS can b e used. F urthermore, the scop e and p oten tial

for utilizing parallel pro cessing is not signi�can t. Another dra wbac k is that the n umerical up date algorithm,

can b ecome unstable when de�ned in terms of LL

T

[7]. More n umerically stable v ersions presen ted in [7]

are not directly applicable to the sparse case b ecause they rely on certain orthogonal transformations. In

the original implemen tation of the crac k-mo deling sim ulation using a skyline solv er and the metho d of

Gill et. al for up dates, some sensitivit y has b een observ ed. The solution is sensitiv e to the v alue of the

constrain t term, requiring a term large enough to constrain the equation, but not so large as to truncated

all of the signi�can t digits of the constrained term. An implemen tation that do es not attempt to restore

the original sti�ness matrix b y subtracting out the constrain t equation term is therefore more desirable.

3 Scalable Sparse Matrix Algorithms for Crac k Propagation.

Our sparse computation framew ork tak es in to accoun t three k ey application features. First, the unkno wns

(columns) of the linear system that are a�ected b y crac k gro wth U is kno wn in the initialization step.

Second, mo deling crac k gro wth as a series of rank-1 up dates to the original factor can b ecome unstable.

Third, sev eral thousand triangular solutions are required during the sim ulation; the righ t-hand-side v ectors

are generated in successiv e iterations to equilibrium (as the load is incremen tally increased).

Ordering. W e �rst utilize the fact that the set of columns ( U ) that can b e up dated during the sim ulation

is kno wn in adv ance. If N is the dimension of A , then the columns in the up date column set are n um b ered

N � jU j + 1 ; � � � ; N � 1 , i.e., assigned the highest jU j n um b ers. Suc h an ordering places the columns in the

ro ot sup erno de of the sup erno dal tree. Suc h an ordering step will allo w us to dev elop an e�cien t up date

pro cess to the Cholesky factor L . Additionally , it can p oten tially sp eed-up the computation within the

application. F or example, the application lev el costs for crac k-gro wth will b e decreased b ecause asso ciated

degrees of freedom get group ed together allo wing data reuse and eliminating o v erheads from rep eatedly

tra v ersing complex data-structures.

Computing and Up dating Cholesky F actors. The crac k gro wth sim ulation naturally pro duces

sev eral column mo di�cations to A at the same time. These can b e com bined and applied in a single up date

step. With a careful c hoice of data-structures and factorization related information from lo w er n um b ered

columns, the up date pro cess can b e incorp orated v ery e�cien tly within a multifr ontal [5] sc heme. V ery few

sym b olic op erations are needed and the m ulti-rank up date can b e applied using higher lev els of BLAS [3]

for impro v ed e�ciency . Our metho d is also inheren tly data-parallel.

Our up date algorithm can b e view ed as en extension to an y e�cien t n umeric factorization sc heme

suc h as the column metho ds of Ng and P eyton [14] or the m ultifron tal sc heme of Du� and Reid [5]. W e

explain our metho d in terms of the latter b ecause it is more closely related to the analysis in the next

section. Multifron tal sparse Cholesky , treats sparse matrix factorization as a sequence of dense matrix

op erations whic h dep end on the sup erno dal tree or compute tree describ ed earlier. A t a v ertex j in the

tree, n umeric factorization in v olv es factoring a leading blo c k of columns of the asso ciated dense matrix.

The factored p ortion is used to accum ulate con tributions to columns in ancestor sup erno de. A t v ertex j

during factorization a dense triangular matrix M

j

=

�

L

j

0

~

L

j

Q

j

�

is assem bled and partially factored. The

matrix M

j

is assem bled using elemen ts in A corresp onding to columns in L

j

and con tributions to L

j

,

~

L

j

and Q

j

from the c hildren v ertices of j . Only the �rst L

j

columns of M

j

are fully factored. The con tributions

from these columns to higher n um b ered columns is accum ulated in to Q

j

. The latter is the p ortion of the

matrix whic h will b e assem bled in to the matrix M

i

where i is the paren t of j .

F actorization is applied using the standard m ultifron tal sc heme suc h as the one in DSCP A CK [15].

T o allo w future mo di�cations to the computed L , w e augmen t the metho d as follo ws. Let r b e the ro ot

of the compute tree and let M

r

b e the asso ciated matrix. Let M

r

=

�

L

r

0

~

L

r

L

u

�

b e partitioned suc h that

columns in L

r

are columns at the ro ot sup erno de n um b ered lo w er than columns in U (if an y) while L

u

corresp onds to columns in U . After the factorization step at r , let L

u

= Q

c

+ Q

r

+ A

u

where Q

c

is the dense



triangular matrix of dimension jU j con taining assem bled con tributions from the c hildren of r , Q

r

con tains

con tributions from the factor columns in L

r

and A

u

con tains nonzero es in A corresp onding to columns in

U . A matrix R

u

= Q

c

+ Q

r

is stored and used to up date L when the columns in U are mo di�ed. Using

suitable v alues from R

u

and the mo di�ed nonzero es in A

u

(

~

A

u

), a mo di�ed L

u

(

~

L

u

) can b e easily computed.

This partial re-factorization will require no more arithmetic op erations than to p erform a dense Cholesky

factorization of a matrix of dimension jU j . Inciden tally , the latter is no more exp ensiv e that applying the

metho d of Gill et. al to the same dense matrix.

T riangular Solution. Recall that rep eated triangular solutions are required to iterate to equilibrium;

these can cause sev ere degradation in p erformance on parallel m ultipro cessors [8]. This problem of scal-

abilit y stems from the fact that traditional distributed substitution sc hemes are comm unication latency

b ound. Ho w ev er, this problem of scalabilit y has b een recen tly addressed using the sele ctive inversion (SI)

metho d [16]. A t eac h sup erno de dense matrix in the distributed phase, SI in v erts the dense diagonal blo c k

whic h is then used to replace substitution b y distributed matrix-v ector m ultiplication. As sho wn in [16],

the sc heme leads to ideal scalabilit y and e�ciency at a sligh t o v erhead of computing the in v ersion. W e

prop ose to apply SI to all dense distributed triangular solv es at sup erno des except at the the ro ot r . A t

r w e will apply SI to the submatrix corresp onding to L

r

. F or the p ortion corresp onding to L

u

(or

~

L

u

)

w e con tin ue to use distributed substitution. The latter represen ts a small fraction of the computation and

the comm unication o v erheads are p oten tially not substan tial enough to w arran t the costs of in v ersion after

eac h mo di�cation step.

3.1 Analysis of Computational Costs and Scalabilit y .

W e no w pro vide analytical results to sho w that our algorithms are scalable for a class of represen tativ e

mo del sparse problems. Consider crac k propagation when the sti�ness matrix has the structure of the

mo del sparse matrix of dimension N = K

3

asso ciated with the three-dimensional K � K � K �v e-p oin t

�nite-di�erence grid. The crac k gro wth is expanded along a neigh b orho o d of at most c degrees of freedom

(columns or equations) along one dimension. Th us u = jU j = cK where c is t ypically no more than 12 and

is often smaller. T o simplify the analysis, w e assume that a regular nested dissection ordering [6] is used

so that the compute-tree is a regular binary tree. Eac h compute tree sup erno de corresp onds to a sep ar ator

in the grid and w e henceforth indicate a no de b y the size of the asso ciated separator [6].

Understanding the scalabilit y of the triangular solution step is relativ ely easy . Recall that w e prop ose

to use the selectiv e in v ersion sc heme; as sho wn in [16], the sc heme leads to ideal scalabilit y and e�ciency

at a sligh t o v erhead of computing the in v ersion. The in v ersion o v erhead is limited to under 6% of the cost

of factorization for the K � K � K grid. Additionally , the n um b er of messages p er triangular solution

is greatly reduced [16, 17]. T raditional substitution requires O (

N

P

2

3

) messages while selectiv e in v ersion

requires O ( f log

2

P g

2

) p er triangular solution [17]. Observ e that the latter is indep enden t of the matrix

dimension and is a slo w gro wing function of the n um b er of pro cessors. In our mo di�ed metho d, SI is used

in all cases except the distributed triangular solution using the last jU j columns. This increases the n um b er

of messages b y at most

cK

P

lea ving it still considerably smaller than for the traditional substitution metho d

whic h requires O (

K

2

P

) ; N = K

3

messages. The rest of the section concerns the scalabilit y of metho d to

compute and up date the factors.

The follo wing t w o results are used in our analysis. First, consider the Cholesky factorization of an m � m

dense matrix. The total n um b er of 
oating p oin t op erations required, D ( m ), is giv en b y the sum

P

m

i =1

i

2

and is th us

m

3

3

+ O ( m

2

). Next, consider the arithmetic cost of factoring an m � m dense matrix using p

pro cessors. Using a blo c k-cyclic mapping of the matrix to pro cessors, the arithmetic cost at a pro cessor

is O (

m

3

p

) and the asso ciated in terpro cessor comm unication o v erhead is no more than O (

m

2

p

p

). The total

comm unication o v erhead o v er all pro cessors is O ( m

2

p

p ). These results are deriv ed in the b o ok b y Gupta

et. al [10].

Lemma 1. Consider the mo del K � K � K pr oblem or der e d using r e gular neste d disse ction. The total

arithmetic c ost of factorization is no mor e than

1088357

205065

K

6

+ O ( K

4

) and thus O ( N

2

) wher e N = K

3

. The

total numb er of nonzer o es in the factor L is no mor e than

360

30

K

4

+ O ( K

3

) .

The results can b e deriv ed along the lines of analysis for the mo del K � K , 2-dimensional problem [6]. Let

A ( K ; 0) b e the n um b er of op erations for the K � K � K grid that is not b ordered b y separators on an y



side. This is equiv alen t to the arithmetic op erations o v er all sup erno des in the tree. Lik ewise, let A ( K ; i )

represen t the n um b er of op erations for the grid b ordered b y separators on i sides, where i is in the range

1 ; � � � ; 6. The top (ro ot lev el separator/sup erno de) of size K � K ( S

1

) giv es t w o K � K �

K

2

grids. These

grids are b ordered on one side and with t w o separators of size K �

K

2

( S

2

) and can b e partitioned in to four

grids b ordered on t w o sides. These four grids can b e separated in to eigh t subgrids of size

K

2

b ordered on 3

sides b y 4 separators of size

K

2

�

K

2

( S

3

). Let 4 A ( S

3

) represen t the arithmetic w ork at the 4 S

3

separators,

2 A ( S

2

) represen t the w ork at the 2 S

2

separators and A ( S

1

) at the S

1

separator. No w w e get the recurrence

relation:

A ( K ; 0) = 8 A (

K

2

; 3) + A ( S

1

) + 2 A ( S

2

) + 4 A ( S

3

) (3)

A ( K ; 0) = 8 A (

K

2

; 3) +

K

6

3

+ 2 A ( S

2

) + 4 A ( S

3

) (4)

Recall that A ( S

1

) is the dense factorization of a matrix of dimension K

2

and is th us

K

6

3

. The result

is obtained b y deriving expressions for A ( K ; i ) and simplifying. The n um b er of nonzero es in the factor

N Z ( K ; 0) can b e obtained using a recurrence relation of the form N Z ( K ; 0) = 8 N Z (

K

2

; 3) + N Z ( S

1

) +

2 N Z ( S

2

) + 4 N Z ( S

3

). Note that N Z ( S

1

) is the storage for a dense triangular matrix of dimension K

2

and

th us

K

4

4

+ O ( K

2

). ut

Lemma 2. Consider the mo del K � K � K pr oblem or der e d using r e gular neste d disse ction for the up date

algorithm with jU j = cK . The total arithmetic c ost of factorization incr e ases by no mor e than c

2

K

4

+ O ( K

3

) ;

thus the higher or der c ost of the factorization is una�e cte d and is no mor e than

1088357

205065

K

6

. The incr emental

c ost of up date pr o c ess at any cr ack gr owth step is no mor e than

c

3

K

3

3

and henc e O ( N ) . A dditional ly, the

extr a memory r e quir e d to pr o c ess incr emental up dates is pr op ortional to

c

2

K

2

2

+ O ( K ) .

Using the argumen t in Lemma 1, the up date pro cess simply expands the top separator S

1

to include

columns in U ; let this expanded separator b e

~

S

1

. The total arithmetic cost of factorization is:

A ( K ; 0) � 8 A (

K

2

; 3) + A (

~

S

1

) + 2 A ( S

2

) + 4 A ( S

3

) :

The increase in the factorization cost is th us

A (

~

S

1

) � A ( S

1

) = D ( K

2

+ cK ) � D ( K

2

) :

Using the expression for D , the equation simpli�es to

1

3

f K

6

+ 3 c

2

K

4

+ ( c

3

+ 3 c ) K

3

� K

6

g and th us to

c

2

K

4

+ O ( K

3

). This increase is not signi�can t in the asymptotic sense and should b e negligible for large

K .

Consider up dating the factor. extra storage is used to store up dates from all previous columns to the

last U columns in S

1

, then the up date can require no more than the cost to factor a dense matrix of size

u = jU . This incremen tal cost of an up date step is no more than

cK

3

3

and hence O ( N ). Inciden tally , this

cost is no more that the cost of applying the rank-1 up date metho d of Gill et. al within the giv en ordering.

W e next consider at the extra memory required to store up dates from all previous columns to the U

columns in S

1

. This memory is prop ortional to the n um b er of nonzero es in

~

S

1

corresp onding to the last

cK columns. The latter form a dense triangular matrix and hence the memory required is prop ortional to

c

2

K

2

2

+ O ( K ) nonzero elemen ts.

P arallel P erformance. Consider a parallel m ultifron tal implemen tation. F rom the preceding discus-

sion it is clear that parallel m ultifron tal factorization can b e applied in the traditional sense with the only

di�erence that the top separator (dense matrix) increases in size from K

2

to K

2

+ cK . Since the increase

is of lo w er order w e can easily see that the parallel arithmetic cost and comm unication o v erhead will not

increase in the order of magnitude sense. Th us the scalabilit y of the extended factorization is no di�eren t

than the scalabilit y of traditional factorization. W e next sho w that an incremen tal up date to the factor is

also scalable.

Lemma 3. A single up date step using P pr o c essors r e quir es no mor e than O (

c

3

K

3

P

) arithmetic op er ations.

The c ommunic ation overhe ad at a pr o c essor is O (

K

2

p

p

) .



W e assume that up dates from previous columns are stored lo cally on eac h pro cessor corresp onding to

its share of the blo c k-cyclic distribution of the U p ortion of S

1

. The assem bling w ould therefore require

no extra comm unication. No w the up date pro cess is no more exp ensiv e than computing the Cholesky

factorization of a matrix of dimension cK using P pro cessors. The result follo ws from the costs of dense

parallel factorization [10].

W e ha v e th us pro vided a extended factorization and incremen tal up date sc heme with costs that are of

lo w er order compared to the cost of factorization. F urthermore, the sp eedup and scalabilit y of the up date

pro cess is the same as that of a dense matrix of dimension N

1 = 3

and th us insigni�can t when compared

to the cost of factorization ( O ( N

2 = 3

)). The up date cost is in fact less than the cost of a single triangular

solution using the factors. The rep eated triangular solution is also no longer latency b ound b ecause w e can

use selectiv e in v ersion.

4 Empirical Results

In this section w e presen t results of our preliminary implemen tation using the ZIP3D [19] crac k sim ulation

pac k age and the sparse solv er DSCP A CK [15]. W e rep ort on observ ed impro v emen ts in p erformance of a

serial implemen tation; w e plan to w ork on a complete parallel sim ulation in the near future.

The timing results compare equiv alen t functionalit y to obtain consisten t comparisons for p erformance

b efore and after the mo di�cations. Henceforth, w e use `Old' to denote the original implemen tation of the

sparse matrix op erations using a skyline solv er and the metho d of Gill et. al for applying rank-1 up dates.

Lik ewise, w e use `New' to denote the new implemen tation using the algorithms presen ted in this pap er;

i.e., m ultifron tal factorization using the m ultiple minim um degree ordering, and the up date step to mo dify

the factors. The hardw are used is an SGI Origin 3200 with 2, 400Mhz, R12000 pro cessors and 2 gigab ytes

of RAM. V ersion 7.3.1.3m of the SGI MIPSpro F OR TRAN90 and C compilers w ere used. The virtual size

of the largest test problem did not exceed the ph ysical RAM limit and the residen t size of ev en the largest

test problem only used only half of a v ailable memory . Av erage pro cessor utilization observ ed is greater

than 99%.

T est Suite. The test suite comprises three crac k mo dels with appro ximately an order of magnitude

di�erence in sizes b et w een the smallest and largest examples, This di�erence serv es to highligh t the e�ects

of problem size on the p erformance of t w o sc hemes. W e describ e the middle tension MT24 mo del (see

Figures 1 and 2) whic h uses a mesh with re�nemen t along regions of crac k gro wth, Applied uniform

displacemen t b oundary conditions along the top edge of the mo del pro vide loading with monotonically

increasing displacemen ts. The material thic kness B = 6 : 35mm, and the sp ecimen width is W = 610mm.

The FEA mesh uses symmetry at x = 0 ; z = 0, and crac k plane symmetry at y = 0 with an initial crac k

length of 2 a=W = 1 = 3. The analysis w as set to pro duce a maxim um of 45 mm of crac k gro wth. T able 1

summarizes the prop erties of the 3 mo dels.

P erformance. T able 1 pro vides the sizes of L as a measure of the memory storage requiremen ts for

the old and new metho ds. It is not surprising that our new implemen tation using a m ultiple minim um

degree ordering incurred substan tially lo w er �ll. Timing results for the three mo dels are sho wn in T able 2.

The time required to factor the system is signi�can tly a�ected b y the algorithm and implemen tation, and

as exp ected, the new sc heme is signi�can tly faster for the larger problems. The new sc heme is faster than

the old sc heme b y factors of more than 10 for the larger problems and on a v erage b y a factor of 3 : 73.

The p erformance gain results primarily from using general sparse factorization tec hniques and an e�cien t

m ultifron tal implemen tation. Ov er all the up date steps, the new sc heme p erforms signi�can tly b etter than

the old sc heme. The p erformance impromev en t is clearly from the sup eriorit y of our up date algorithm and

results in sp eedups of o v er 50 for MT24 and on a v erage of 43 : 4. Finally , o v er all triangular solution steps

our approac h is faster than the old sc heme on a v erage b y a factor of 3 : 6. It is clear that o v er all three steps,

the new sc heme results in a substan tial p erformance impro v emen t. The sp eedups for the factorization,

up date and solution steps are sho wn in Figure 4.

W e w ould lik e to observ e that for b oth CT2 and CT6, the n um b er of triangular solutions is the exactly

the same in b oth the old and new metho ds. Ho w ev er, for MT24, the new implemen tation required t w o

extra solv es for the same amoun t of crac k gro wth (T able 1 sho ws the coun t for the old metho d). Eac h

solv e represen ts an iteration in the Newton sc heme, and giv en the nonlinear nature of the problem, some

round o� di�erence is p ossible. F or eac h mo del, the results of the old and new metho ds are iden tical to six

signi�can t digits.



T able 1. Description of crac k mo deling sti�ness matrices ( A ); eac h no de has 3 degrees of freedom (equations).

Mo del Num b er of

Equations Nonzero es in A Nonzero es in L Up dates Up date Columns T riangular

New Old Solutions

(10

6

) (10

6

) (10

6

)

CT2 14,256 .91 3.15 5.85 104 316 (2.2%) 7,568

MT24 22,986 1.38 4.05 18.4 258 753 (3.2%) 17,149

CT6 101,310 7.41 81.6 197.2 1,210 2,838 (2.8%) 49,270

T able 2. Execution times (in seconds) and sp eedups.

Mo del Execution Time in Seconds

F actor Up date Solv e

Time Time Time

Mo del Coun t New Old Sp eedup Coun t New Old Sp eedup Coun t New Old Sp eedup

CT2 1 4.21 9.37 2.2 104 2.56 100.37 39.2 7,568 895.06 2,043.83 2.3

MT24 1 6.91 95.43 13.8 258 19.91 1,082.43 54.4 17,149 2,936.23 14,853.50 5.1

CT6 1 383.3 4,282.0 11.2 1,210 773.32 28,371.20 36.7 49,270 141,172.21 473,422.87 3.4

Mean 3.73 43.4 3.6

1 2 3
0

10

20

30

40

50

60
Observed Speedups For Each Component

Factor
Update
Solve

1 2 3
0

20

40

60

80

100
Component Times As Percentage of Total

Factor
Update
Solve

MT24 CT2 CT6 

CT2 MT24 CT6 

Fig. 4. Sp eedups of comp onen t steps, and comp onen t step times as a p ercen tage of total sim ulation time for the

new metho d.



5 Conclusions

W e pro vide an e�ectiv e computational sc heme for mo deling crac k gro wth. Our initial results sho w that

on a v erage, our sc heme sp eeds the Cholesky factor up date step b y a factor of 43 : 4. Our analytic results

indicate that our metho d is b e b oth e�cien t and scalable.
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