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Abstract. We present a formal specification of unCurrying for a higher-order, functional language with ML-style
let-polymorphism. This specification supports the general unCurrying of functions, even for functions that are
passed as arguments or returned as values. The specification also supports partial unCurrying of any consecutive
parameters of a function,rather than only unCurrying all of a function’s parameters. We present the specification
as a deductive system that axiomatizes a judgment relating a source term with an unCurried form of the term. We
prove that this system relates only typable terms and that it is correct with respect to an operational semantics.
We define a practical algorithm, based on algorithmW, that implements unCurrying and prove this algorithm
sound and complete with respect to the deductive system. This algorithm generates maximally unCurried forms
of source terms. These results provide a declarative framework for reasoning about unCurrying and support a
richer form of unCurrying than is currently found in compilers for functional languages.
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1. Introduction

Most higher-order, functional programming languages support a Curried notation for func-
tion definitions, allowing functions to be applied to one argument at a time, rather than
to all its arguments at once. This feature allows programmers flexibility in the way they
define and use functions, but with the potential of more function calls. Instead of defining
a function taking two arguments together, e.g.f (x, y) = e, a programmer can define it
as a Curried functionf x y = e (using notation as found in the language Standard ML).
Then, instead of the function being applied to a pair of arguments via one function call,
e.g., f (e1, e2), the function is applied to the first argument, and then this result is applied to
the second,( f e1) e2, resulting in two function calls. Because these languages are higher-
order, this notation is not simply a syntactic variant. Arguments to Curried functions are
not necessarily adjacent to one another: The expression( f e1) could be an argument passed
to a function and the corresponding formal parameter could be applied to somee2.

As each function call imposes an overhead cost, minimizing the number of function
calls (either at compile time or run time) is a useful operation. Various techniques can be
applied to programs to accomplish this. A run-time system can recognize when a Curried
function is applied to all of its arguments consecutively and generate just one function call.
A code generator can also recognize when a Curried function is supplied all its arguments
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and optimize the code. Another alternative is to perform a program transformation that
replaces Curried functions of the formf x y = e by their unCurried formf (x, y) = e.
This operation, called unCurrying, must be accompanied by corresponding ones for the
application of f . Again, because the language is higher-order, this step is not simply
the case of replacing all expressions(f e1 e2) with f (e1, e2), but more generally replacing
all expressions(e0 e1 e2), wheree0 can evaluate tof , with e0(e1, e2). Furthermore, this
operation can only be performed if all possible applications off have both arguments
available together and if all possible values ofe0 are functions that have been unCurried.
Generalizing this to functions ofn > 2 arguments and allowing any sequence of consecutive
parameters (and corresponding arguments) to be unCurried adds yet another dimension to
the problem. Thus, the operation of unCurrying requires information about all possible uses
of a function. We refer to the general unCurrying of functions in a higher-order language
ashigher-order UnCurrying.

The goal of the current work is to provide a study of higher-order unCurrying, includ-
ing a formal specification, a proof of correctness, and a practical algorithm. We consider
the problem of unCurrying more from a theoretical, rather than pragmatic, perspective,
studying a simple language based on theλ-calculus extended with a notion of tuples for
λ-abstractions and applications, and with let-style polymorphism. We define a deductive
system that provides a declarative, high-level specification of unCurrying without resorting
to algorithmic detail. We prove the correctness of this specification with respect to an
operational semantics for the source (Curried) and target (unCurried) languages. We also
give an algorithm, based on Milner’s algorithmW [20], that performs type inference and
the unCurry translation. We prove this algorithm correct with respect to the declarative
specification of unCurrying.

This work continues our effort to use formal systems and types to specify and verify
compilation techniques for functional languages. Types provide a natural way of specifying
program properties and type systems provide a mechanism for specifying the constraints
between parts of a program and their types. We have studied closure conversion [8], escape
analysis [9], arity raising [10], and live variable analysis [12] using types and type systems.
These works all have in common the use of deductive systems to specify program anal-
yses and properties, the use of the LF type theory to represent these systems and proofs
about these systems, and the use of the Elf programming language to provide experimental
implementations and to provide partial machine verification of proofs.

2. Mathematical preliminaries

Our presentation and discussion of type systems and operational semantics as deductive
systems utilizes some elements of natural deduction proof theory [6, 25] that is not tradi-
tionally found in such work. We review this material here and provide some motivation for
our choice of logical foundations for our work.

2.1. Natural deduction and assumptions

Natural deduction consists of deriving a formula from a finite number of assumptions
(the context) using a predefined set of inference rules. During the course of constructing
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a deduction certain assumptions can be closed or discharged. A proof is a deduction in
which all assumptions have been discharged. At least two distinct methods of managing
the context have been used.

The first one, used by both Gentzen [6] and Prawitz [25], consists of viewing a deduction as
a tree whose nodes are labeled with formulae. One is allowed to tag any set of occurrences
of some formula with a number, which also tags the inference rule that simultaneously
discharges all the occurrences tagged by that number. We refer to this method as using
implicit contextsbecause the set of open assumptions is not explicitly represented, but
rather it can be inferred from the structure of the deduction.

The second method consists of maintaining an explicit record of all undischarged as-
sumptions at every node in a deduction. Each node is labeled with an expression0 ` A in
which A is a formula and0 is a record of all undischarged assumptions at this point in the
deduction. We refer to this method as usingexplicit contextsbecause each node contains
an explicit structure representing the context.

Each of these methods have their advantages. The first one is more natural from a human’s
perspective and more economical as there is no need to introduce an explicit record at every
node. The second method is typically easier to implement efficiently.

2.2. Implicit type contexts and environments

The usual presentation of type systems utilizes an explicit type context0, which maps
variables to types. Contexts represent a set of assumptions about the free variables of a
term. Judgments have the form0 ` e: τ in which0 contains the type information for the
free variables ofe. Inference rules are usually limited to the form

J1 · · Jn

J0

for n ≥ 0, in which eachJi is an atomic formula. (I.e., the antecedent of an inference
rule is either empty or the conjunction of atomic formulae.) When reasoning about such
judgments and their deductions, we must take into account some properties of0 and its
relation to other data structures (such as function closures).

The usual presentation of operational semantics utilizes an environmentρ, which maps
variables to values. Values typically consist of at least constants and function closures, and
judgments have the formρ ` e ↪→ v. Inference rules are again restricted to the form given
above. The use of environments can be viewed as an abstraction of explicitly substituting
values for bound variables. Relating type deductions and evaluation deductions requires
relationships between contexts, environments, and closures.

An alternative presentation, based on natural deduction, replaces explicit contexts with
hypothetical assumptions, and uses substitutions instead of environments. Instead of the
judgments0 ` e: τ andρ ` e↪→ v, we can use the judgmentse: τ ande↪→ v. Instead of
having an explicit environment0, we have implicit assumptions (also called open hypothe-
ses). Instead of having an environment and expressions with free variables in a judgment
ρ ` e↪→s v, we ensure that expressions contain no free variables in a judgmente ↪→s v.
To support hypothetical reasoning, we construct inference rules whose antecedents can be
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constructed using not only conjunction, but also implication and universal quantification.
In particular, a common use of the latter two is in the following form:

∀x · (P(x) ⊃ P(e))

in which P is a predicate on terms. The formulaP(x) represents hypothetical assumption
about the variablex and the quantification overx ensures the unique identification of the
variablex. To construct deductions of such formulae we use the standard rules, implication
introduction (⊃ −I ) and universal introduction (∀−I ), from natural deduction:

(A)
...

B

A ⊃ B

A[c/x]

∀x.A c not free in A

The first rule can be read as follows: if from the assumptionA we can proveB, then we
can proveA⊃ B without the assumptionA. The second rule can be read as follows: if
we can prove a generic instance ofA (obtained by replacing free occurrences ofx with a
new constantc) then we can prove∀x.A.

The equivalence between specifications using explicit contexts or environments and those
without is usually a straightforward exercise. For the type systems, we establish a relation-
ship between contexts and open hypotheses. For the operational semantics, we establish
a relationship between an environment/expression pair and the corresponding expression
obtained by “applying” the environment to the expression. The ability to represent specifica-
tions with or without explicit contexts/environments affords us the option of choosing which
form of specification to use, depending on our needs. For providing high-level specifications
and for reasoning about correctness, specifications without explicit contexts/environments
support simpler, more direct explanations and correctness proofs. However, for supporting
efficient implementations, contexts and environments are essential. We therefore use both
kinds of presentations.

2.3. Substitution property of deductions

Typical presentations of type systems using contexts often need to introduce a substitution
lemma to assist in proving properties about the type systems. This lemma typically has the
following form:

If 0, x:τ ′ ` e : τ and0 ` e′ : τ ′ then0 ` e[e′/x] : τ.

This property is essential for proving the typing of intermediate expressions obtained during
evaluation (when substitution is used to implement function calls). Proving this lemma is
not particularly difficult, but it does usually require careful consideration of contexts.

Giving specifications (of type systems and operational semantics) in a natural deduction
framework with implicit contexts allows us to exploit properties of natural deduction proofs,
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obviating the need for an explicit substitution lemma. In particular, we can make use of
additional rules from natural deduction: implication elimination (⊃ −E) and universal
elimination (∀ − E):

A ⊃ B A

B

∀x.A
A[t/x]

which we assume, like the introduction rules, are part of the logic with which we can
construct and manipulate deductions. Based on just these rules we automatically obtain the
following useful property:

Substitution Property: If ∀x.∀y.(J1 ⊃ J2) andJ1[t1/x, t2/y] (for any termst1 andt2) are
derivable thenJ2[t1/x, t2/y] is also derivable.

To see why this property holds, assume we have a deduction1 of the formula∀x.∀y.
(J1 ⊃ J2) and a deduction11 of formulaJ1[t1/x, t2/y], then we can construct the following
deduction:

1

∀x.∀y.(J1 ⊃ J2)

∀y.(J1[t1/x] ⊃ J2[t1/x])
∀ − E

∀ − E
J1[t1/x, t2/y] ⊃ J2[t1/x, t2/y]

11

J1[t1/x][ t2/y]

J2[t1/x, t2/y]
⊃ −E

We make significant use of this property in the proofs of correctness found in the appendix.

2.4. Deductions as objects

A significant factor motivating our choice of logic and structure of judgments is our inter-
est in representing deductions as objects, allowing us to use mechanical proof assistants
to reason about the properties of our type systems and operational semantics. We base
this encoding of deductions as objects on the LF type system [14] and have encoded the
representation of terms, the specification of deductive systems (including type systems,
operational semantics, and the unCurry specification), and proofs of theorems in this logic.
We have experimented with and verified (in the case of the proofs) these by implementing
these encodings in the Elf language [24]. Specifically we have verified (most of) Theorem
4 using this technique. The LF type system and the Elf language provide a flexible and
powerful setting in which to specify and reason about deductive systems. These systems
have been used to describe and reason about natural semantics [19] and also compiler ver-
ification [13]. Unfortunately, this framework is not particularly well suited to reasoning
about algorithms such as the one we give in Section 8, and so the proof of Theorem 5 was
performed entirely by hand.
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3. Two typed languages

Our specification of typed unCurrying relates terms in a source and a target language, both
versions of the typedλ-calculus. The source language is the implicitly typedλ-calculus
with let-polymorphism, and the target language generalizes upon this to permit unCurried
functions and applications. We do not include products as a primitive construct. Tuples of
expressions can only occur in the operand position of an application. We lete andm range
over source and target language expressions, respectively. The following grammars define
the syntax for these languages.

e ::= x | λx.e| e1 @ e2 | let x = e1 in e2

m ::= x | λ[x1, . . . , xk].m |m1@ [m2, . . . ,mk] | let x = m1 in m2

We use ‘@’ to denote application, which, as usual, is left associative. In a termλ[x1,

. . . , xk].m we require all thexi to be distinct. In the target language, abstractions and
applications have anarity k ≥ 1.

The types of the source language are the traditional simple types and type schemas of
Standard ML:

τ s ::= α | τ s→ τ s

σ s ::= τ s | ∀α.σ s

We use the superscripts to denote source language types. We write∀αn.τ
s as an abbreviation

for ∀α1, . . . ,∀αn.τ
s.

The types of the target language generalize these by introducing a notation for unCurried
function types.

τ t ::= α | [τ t , . . . , τ t ] → τ t

σ t ::= τ t | ∀α.σ t

We will drop the superscripts andt from types where they can be inferred from the context.
For both source and target types we require the instantiation of type schemaσ to typeτ ,

writtenσ º τ , which we define in the usual manner.
Let 0Bs e : τ be the judgment for typing expressions in the source language. Its def-

inition is given in figure 1. Let0Bt m : τ be the judgment for typing expressions in the
target language. Its definition is given in figure 2. The functionGen(τ, 0) returns the type
∀α1, . . . ,∀αn.τ in which {α1, . . . , αn} = FV(τ ) − FV(0). We use two rules for handling
λ-abstraction to provide a correspondence with the two rules forλ-abstraction found in the
specification of unCurrying given in the next section. Observe that

0{x1 : τ1} · · · {xn : τn}Bt m : τ

0Bt λ[x1, . . . , xn].m : [τ1, . . . , τn] → τ

is a derived inference rule in this system.
We define an operational semantics for each of these languages by axiomatizing judg-

ments of the forme ↪→s v andm ↪→t w. To provide a high-level description for these
semantics, we use variable substitution rather than environments to manage the binding
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0(x) º τ
0Bs x : τ (vars)

0Bs e1 : τ1→ τ 0Bs e2 : τ1
0Bs e1 @ e2 : τ (apps)

0{x : τ1}Bs e : τ
0Bs λx.e : τ1→ τ

(abss)

0Bs e1 : τ1 σ1 = Gen(τ1, 0) 0{x : σ1}Bs e2 : τ
0Bs let x = e1 in e2 : τ (lets)

Figure 1. The source type inference system.

0(x) º τ
0Bt x : τ (vart )

0Bt m : [τ1, . . . , τn] → τ 0Bt mi : τi for i ∈ [1..n]
0Bt m @ [m1, . . . ,mn] : τ (appt )

0{x1 : τ1}Bt m : τ
0Bt λ[x1].m : [τ1] → τ

(abs1t )

0{x1 : τ1}Bt λ[x2, . . . , xn].m : [τ2, . . . , τn] → τ n ≥ 2
0Bt λ[x1, x2, . . . , xn].m : [τ1, τ2, . . . , τn] → τ

(absnt )

0Bt m1 : τ1 σ1 = Gen(τ1, 0) 0{x : σ1}Bt m2 : τ
0Bt let x = m1 in m2 : τ (lett )

Figure 2. The target type inference system.

λx.e ↪→s λx.e

e1 ↪→s λx.e′ e2 ↪→s v2 e′[v2/x] ↪→s v
e1 @ e2 ↪→s v

e1 ↪→s v1 e2[v1/x] ↪→s v
let x = e1 in e2 ↪→s v

Figure 3. Source operational semantics.

of variables to values. Thus, in both languages, values are limited toλ-abstractions. This
simplifies correctness proofs as we do not need to reason about function closures. The
operational semantics for the two languages are given in figures 3 and 4.

4. Examples

To examine some of the issues of higher-order unCurrying we consider several illustrative
examples before giving a specification for unCurrying. Consider theK combinator applied
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λ[x1, . . . , xk].m ↪→t λ[x1, . . . , xk].m

m ↪→t λ[x1, . . . , xk].m′ mi ↪→t wi for i ∈ [1..k] m′[wi /xi ] ↪→t w
m @ [m1, . . . ,mk] ↪→t w

m1 ↪→t w1 m2[w1/x] ↪→t w
let x = m1 in m2 ↪→t w

Figure 4. Target operational semantics.

to two terms:

(λx.λy.x) @ e1 @ e2

In this trivial example, we can clearly see that the action of unCurryingK requires the
tupling of its arguments:

(λ[x, y].x) @ [e1, e2]

When the function being unCurried is immediately applied to its arguments, the process
of translating the application is trivial. This first-order form of unCurrying (in which the
function to be unCurried is neither passed as an argument nor returned as a result, and
is applied to all its Curried arguments) is found in current implementations of functional
languages. We refer to this restricted case asfirst-order unCurrying, as the functions being
unCurried are essentially used in a first-order setting (though they could have parameters
of functional type).

Consider now the slightly more complicated example in which theK combinator is passed
as an argument before being applied to its arguments:

(λk.k @ e1@ e2) @ (λx.λy.x)

This can be unCurried to

(λk.k @ [e1, e2]) @ [λ[x, y].x].

Here, the operation of unCurryingK must be coordinated with the use of formal parameter
k: this operation cannot take place ifk is applied to only one argument. Simply checking
thatk is always applied to two arguments (in a Curried fashion) amounts to another form of
first-order unCurrying, in which a function namedk is defined and then can only be applied
to all of its arguments for it to be unCurried.

As a third example, consider the following term:

(λg.(g @ (λx.λy.x))) @ (λ f. f @ e1 @ e2)

In this example, the ability to unCurryK relies on ensuring that the argument supplied to
g is a function whose parameter is an unCurried function. So unCurryingK yields the
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following term:

(λg.(g @ [λ[x, y].x])) @ [λ f. f @ [e1, e2]]

While these examples are easy and intuitive to understand, the situation of unCurrying
quickly becomes unwieldy as demonstrated by the term

(λs.λk.s @ (λu.λv.v) @ (λw.w) @ (k @ e1 @ e2)) @ S @ K

(whereS is λx.λy.λz.(x @z)(y @z)) which can be unCurried to

(λ[s, k].s @ [λ[u, v].v, λw.w, k @ [e1, e2]])

@ [λ[x, y, z].x @ [z, y @ [z]] , λ[x, y].x]

As a final example, consider the term

((λg.g @ e1 @ e2)@((λx.λy.λz.λw.e3)@e4)) @ e5.

We can unCurry this term to

((λg.g @ [e1, e2]) @ [(λx.λ[y, z].λw.e3) @ [e4]]) @ [e5],

demonstrating how unCurrying of just some parameters (and not necessarily the first) of a
function can be handled.

As these examples illustrate, performing higher-order unCurrying involves generating
and solving constraints over the unCurrying properties of expressions (specifically functions
and applications). For eachλ-abstracted variable and each operand we need to determine
whether it can be unCurried and what other abstracted variables and operands must then
also be unCurried.

5. Typed unCurrying

To provide an abstract, declarative specification of unCurrying, we define a type system that
axiomatizes a relation between a source term, a type, and an unCurried (target language)
form of the term. The system is non-deterministic in that it can relate a single source term
to many possible unCurried forms of the term. The inference rules follow the structure
of a traditional type system for the typedλ-calculus with polymorphic let, but we include
unCurry information as part of the types. Just as simple types provide constraints between
terms, this unCurrying information provides information about the introduction or use
of unCurried functions, and the inference rules use this information to constrain the way
unCurried terms can be constructed. We annotate function types with information indicating
which parameters and arguments should be unCurried.
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5.1. Uncurry types

We introduce sets of annotations, types, and type schemas that we use to specify constraints
on terms (via a type system). We useϕ, τ , andσ , respectively, to range over annotations,
types, and type schemas, respectively.

ϕ ::= ε | ⇑
τ ::= α | τ →ϕ τ

σ ::= τ | ∀α.σ
The annotation on an arrow is either⇑, which indicates that a function’s parameter should

be unCurried, orε, which indicates that the parameter should not be unCurried. Given a
termλx1.λx2.x2 of typeτ1→ τ2→ τ2, which we unCurry toλ[x1, x2].x2, which argument
has been unCurried,x1 or x2? We conceivably could consider either argument as the one
unCurried, but we believe the resulting specification of unCurrying is simpler if we choose
to view the first argument as being unCurried. Hence we annotate the first function arrow
with ⇑. Thus, given the expressionλx1.λx2.x2, we will refer to the unCurrying of the
parameterx1 to yieldλ[x1, x2].x2.

Observe that our choice of annotating arrows implies that for a term to have typeτ →⇑ τ ′,
the typeτ ′ must be a function type. Thus, not all annotated types will make sense in terms
of unCurrying information.

For example, one possible type for theK combinatorλx.λy.x is

(τ1→⇑ τ2→ε τ1)→⇑ τ3→ε (τ1→⇑ τ2→ε τ1)

indicating the following characteristics: the parameterx should be unCurried (withy to
form a tuple) andx should accept as an argument a function unCurried in its first parameter.
If K can be given this type in the term

(λx.λy.x) @ e0 @ e1 @ e2 @ e3

then we can determine thate0 must have type(τ1 →⇑ τ2 →ε τ1), indicating that its first
parameter should be unCurried, the argumentse0 ande1 should be tupled (becausex andy
are being tupled), and the argumentse2 ande3 should be tupled (because, operationally,x
will be bound to an unCurried function and applied to the values of these two arguments).
Let e′0 be the result of unCurryinge0 as required. Then we can construct the unCurried term

(λ[x, y].x) @ [e′0, e1] @ [e2, e3].

The termse1, e2, e3 might also undergo some unCurrying, but these transformations are not
relevant to this example.

5.2. Two specifications of unCurrying

We present two equivalent definitions of unCurrying, one with and one without explicit
contexts. Providing both allows flexibility in reasoning about correctness. (We use one
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for reasoning about type correctness and one for reasoning about operational correctness.)
Each of these defines a relation between a source terme, an unCurry typeτ , and a target
termm.

Recall the exampleλx1.λx2.x2, given typeτ1→⇑ τ2→ε τ2 to indicate that it should be
unCurried toλ[x1, x2].x2. Now consider the term in the larger context(λx1.λx2.x2)@e1 @e2

unCurried to(λ[x1, x2].x2)@ [e1, e2]. For convenience and consistency with abstraction,
we say that the operande1 is unCurried in this case. The annotation on the type of the
function should provide enough information to direct the unCurrying of both the abstrac-
tion and the application. As suggested above, the type annotation supports compositional
reasoning about abstractions. However, consider the application(λx1.λx2.x2)@e1. The
operator has annotated typeτ1→⇑ τ2 →ε τ2, the operand has typeτ1, and the application
itself has typeτ2→ε τ2. The annotation ‘⇑’ is “consumed” by this application, but we can-
not immediately unCurry the application at this point because we are not in a context with
enough information. We therefore need to maintain the annotation information somewhere
until we are in a context in which we can perform the unCurrying. In other words, we need
to keep track of which applications should be unCurried and which should not.

To accomplish this we introduce a new form of application to the syntax of target terms:

m ::= · · · |m @⇑ m

This form of application is used to help construct terms during the unCurrying of appli-
cations. A term of the form(m0 @⇑ m1) indicates that operandm1 should be unCurried.
From another perspective, the term(m0 @⇑ m1) represents an application in which the
operatorm0 expects a tuple of arguments in whichm1 is just the first. We extend both the
type system and operational semantics for the target language by introducing rules for this
new form of application.

0Bt m : [τ1, τ2, . . . , τn] → τ 0Bt m1 : τ1

0Bt m@⇑m1 : [τ2, . . . , τn] → τ
(app⇑t )

m0 ↪→t λ[x1, x2, . . . , xn].m′ m1 ↪→t w1

m0 @⇑m1 ↪→t λ[x2, . . . , xn].(m′[w1/x1])
(t-app-⇑)

To define the unCurry translation with explicit contexts we introduce the judgment
0Be : τ ⇒ m, in whichτ is an unCurry type. This judgment can be read as “with respect to
context0, expressionehas unCurry typeτ and translates (can be unCurried) to expression
m.” We axiomatize this judgment by the rules in figure 5. The first rule treats variables
straightforwardly, having extended the instantiation operation (‘º’) to handle annotated
type schemes. Rules (u-app-ε) and (u-app-⇑) handle the general cases for application. The
annotation ‘⇑’ on the function type (in the premise of rule (u-app-⇑)) corresponds to the
annotation on the application in the conclusion of that rule. Observe that these two rules
ensure that if⇑ annotates a function arrow then there is another function arrow “to the right.”
The next rule, (u-app-@⇑), unCurries an argument in an application, using (or consuming)
the⇑-annotation on the application. The unCurried argument is added to the head of the
tuple of any previously unCurried arguments (to the right). Thus, arguments are unCurried
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0(x) º τ
0B x : τ ⇒ x (u-var)

0Be1 : τ1→ε τ2⇒ m1 0Be2 : τ1⇒ m2
0Be1 @ e2 : τ2⇒ m1 @ [m2] (u-app-ε)

0Be1 : τ1→⇑ τ2→ϕ τ3⇒ m1 0Be2 : τ1⇒ m2
0Be1 @ e2 : τ2→ϕ τ3⇒ m1 @⇑ m2

(u-app-⇑)

0Be1 @ e2 : τ ⇒ (m0 @⇑ m1) @ [m2, . . . ,mk]
0Be1 @ e2 : τ ⇒ m0 @ [m1,m2, . . . ,mk] (u-app-@⇑)

0{x : τ }B e : τ1⇒ m
0B λx.e : τ →ε τ1⇒ λ[x].m(u-abs)

0{x1 : τ }B λx2.e : τ1→ϕ τ2⇒ λ[x2, . . . , xk].m
0B λx1.λx2.e : τ →⇑ τ1→ϕ τ2⇒ λ[x1, x2, . . . , xk].m(u-abs-⇑)

0B e1:τ1⇒ m1 σ1 = Gen(τ1, 0) 0{x:σ1}Be2:τ ⇒ m2
0B let x = e1 in e2:τ ⇒ let x = m1 in m2

(u-let)

Figure 5. The unCurry inference system with contexts.

from right to left. The next rule, (u-abs), handles the general case forλ-abstractions. To
type and translateλx.e we simply translate its body. Because no unCurrying of func-
tion parameters occurs in this case, the function type receives anε-annotation. The next
rule, (u-abs-⇑), performs the unCurrying of function parameters, inserting the appropriate
⇑-annotation in the type. Observe that ifk = 2 thenϕ = ε; if k > 2 thenϕ =⇑. The final
rule, (u-let), treats let expressions straightforwardly, without any use of annotations.

To define the unCurry translation without explicit contexts we introduce the judgment
e: τ ⇒ m, in whichτ is an unCurry type, and axiomatize it by the rules in figure 6. Most
of the rules are nearly identical to their counterparts in figure 5, except that no context is
present. This specification has no rules for translating variables because we use hypothetical
assumptions instead. The two rules for translatingλ-abstractions introduce assumptions
about bound variables. The universal quantifiers ensure the uniqueness of bound variables.
Thus the assumption introduced by an implication is the only means for reasoning about a
given variable.

The rule forlet expressions uses logical implication to encode the property that occur-
rences ofx in e2 can be typed at distinct instances ofτ ′. Introducing the assumption

∀τ ′.(e1 : τ ′ ⇒ m1 ⊃ x : τ ′ ⇒ x′)

can be viewed as introducing a new inference rule

e1 : τ ′ ⇒ m1

x : τ ′ ⇒ x′
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e1 : τ1→ε τ2⇒ m1 e2 : τ1⇒ m2
e1 @ e2 : τ2⇒ m1 @ [m2]

(u-app-ε)

e1 : τ1→⇑ τ2→ϕ τ3⇒ m1 e2 : τ1⇒ m2

e1 @ e2 : τ2→ϕ τ3⇒ m1 @⇑ m2
(u-app-⇑)

e1 @ e2 : τ ⇒ (m0 @⇑ m1) @ [m2, . . . ,mk]
e1 @ e2 : τ ⇒ m0 @ [m1,m2, . . . ,mk]

(u-app-@⇑)

∀x.∀x′.(x : τ ⇒ x′ ⊃ e : τ1⇒ m)
λx.e : τ →ε τ1⇒ λ[x′].m (u-abs)

∀x1.∀x′1.(x1 : τ ⇒ x′1 ⊃ λx2.e : τ1→ϕ τ2⇒ λ[x′2, . . . , x
′
k].m)

λx1.λx2.e : τ →⇑ τ1→ϕ τ2⇒ λ[x′1, x′2, . . . , x
′
k].m

(u-abs-⇑)

e1:τ1⇒ m1 ∀x.∀x′((∀τ ′.(e1:τ ′ ⇒ m1 ⊃ x:τ ′ ⇒ x′)) ⊃ e2:τ ⇒ m2)
let x = e1 in e2 : τ ⇒ let x′ = m1 in m2

(u-let)

Figure 6. The unCurry inference system without contexts.

for unCurryingx. Sinceτ ′ is universally quantified, we can instantiate this rule to distinct
instances. This technique simulates the traditional presentation of let-polymorphism in
which we generalizeτ ′ to a type schema∀αn.τ

′ and assume this as the type forx when
typinge2.

Theorem 1. For all closed terms e, e: τ ⇒ m is derivable iff·Be: τ ⇒ m is derivable.

The proof of the theorem requires a generalization to open terms and a correspondence
between open hypotheses and contexts.

Both of these specifications allow the translation of terms into ones that contain occur-
rences of ‘@⇑,’ even though such terms are not in our original target language. Some of
these terms, such asλ[x].λ[y].((x @⇑ y)@ [y]), represent unCurrying which has not yet
been done. However, other terms, such asλ[x].λ[y].(x @⇑ y), do not even represent any
meaningful unCurrying. The two-phase specification introduced in Section 7 prohibits these
latter terms. The algorithm we derive in Section 8 enforces the condition that the translated
term have no occurrences of ‘@⇑.’

These inference systems provide a general specification of unCurrying. For a given source
terme, there can exist severalτi andmi such that0Be : τi ⇒ mi . Included among these
terms is one in which all function arrows in a deduction are annotated withε, in which
case no unCurrying occurs. Our goal in unCurrying is to take a terme and produce a term
m that can be used in place ofe. If we do not know the context ofe (say, for example,
during separate compilation) then we must require a translatione : τ ⇒ m in whichm and
τ contain no ‘⇑’ annotations. This ensures that the translated termm can be used in the
same context in whiche can be used.

Because unCurrying is essentially an operation affecting function definitions and ap-
plications and this operation preserves the order of evaluation of arguments (assuming a
right-to-left evaluation of tupled arguments), extending the unCurry specification to a much
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larger language, including one with side effects, does not pose any challenges, except for
how to handle separate compilation.

6. Correctness

The specification of unCurrying defines a relation between terms in the source and target
languages. We show the correctness of this specification by demonstrating that the relation
respects both the type systems and the operational semantics of the two languages: typeable
source and target.

In the following, whenever we refer to a judgmentJ in a proposition, lemma, or theorem,
we useJ to mean “judgmentJ is derivable.”

6.1. Type correctness

For our specification of unCurrying to respect the type systems of the source and target
languages we must establish two properties, which we call completeness and soundness.
By completeness we mean that any (well-typed) source-language term can be unCurried
by our system. By soundness we mean that the term resulting from unCurrying is always
well-typed.

To establish a relationship between type derivations in the source and target languages and
derivations of unCurrying we must provide a relation between annotated and unannotated
types. First we define a translation from source-language types to unCurry types.

Definition 1. For every simple typeτ , its corresponding unCurry type, [τ ]ε is obtained by
annotating every arrow inτ with ε.

We extend this definition to type schemas and type contexts in the natural way: [∀αn.τ ]ε =
∀αn.[τ ]ε and if0(x) = σ then [0]ε(x) = [σ ]ε.

Next we define a translation from unCurry types to source-language and target-language
types.

Definition 2. For every unCurry typeτ , its erasure|τ | and its unCurrying‖τ‖ are given
by:

|α| = α
|τ →ϕ τ

′| = |τ | → |τ ′|
‖α‖ = α

‖τ →ε τ
′‖ = ‖τ‖ → ‖τ ′‖

‖τ →⇑ τ ′‖ = case‖τ ′‖ of

[τ1, . . . , τn] → τ0⇒ [‖τ‖, τ1, . . . , τn] → τ0

τ ′′ ⇒ [‖τ‖] → τ ′′
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We extend this definition to type schemas by letting|∀ᾱ.τ | = ∀ᾱ.|τ | and‖∀ᾱ.τ‖ = ∀ᾱ.‖τ‖.
We further extend this to type contexts in the natural way: if0(x) = σ then|0|(x) = |σ |
and‖0‖(x) = ‖σ‖.

For the⇑-annotation on a function arrow to be significant in unCurrying, it must occur
in a contextτ →⇑ τ ′ →ϕ τ

′′. The‖·‖-translation allows more general occurrences so we
do not need special constraints on the structure of annotated types and contexts containing
these types.

We can now state our theorems of completeness and soundness.

Theorem 2 (Completeness). If 0Bs e : τ then there exists a target term m such that
[0]ε Be : [τ ]ε ⇒ m.

The proof, not given here, follows by constructing a deduction that includes no unCurrying
(i.e., no occurrences of (u-app-⇑), (u-app-@⇑), or (u-abs-⇑)). Thus, every typable source
term can be related to some target term.

Theorem 3(Soundness). If 0Be : τ ⇒ m then|0|Bs e : |τ | and‖0‖Bt m : ‖τ‖.

The proof can be found in the appendix.

6.2. Operational correctness

To demonstrate the correctness of the unCurrying inference system with respect to the
operational semantics, we prove a general statement that accounts for intermediate values
that are functions and also for deductions involving⇑-annotated types and intermediate
unCurried terms of the form(m1 @⇑m2).

To account for higher-order functions we include as part of the statement of correctness
a form of subject reduction for annotated types: if we can derivee : τ ⇒ m andm ↪→t w

then typeτ must be a consistent type forw. In other words, there must be somev such that
v : τ ⇒ w. In fact, the requiredv must also be the value ofe: the judgmente ↪→s v must
be derivable. Relating the two valuesv andw via the unCurrying system also accounts
for the case in whichv andw contain functions, some of which, inw, are the unCurried
versions of functions inv. The absence of environments, contexts, and function closures
greatly simplifies the presentation here. Specifically, we do not require a semantic definition
of value consistency, as found in some proofs of type consistency [30]. Our definition is
purely a syntactic one.

Theorem 4(Correctness of unCurry inference).
1. If e : τ ⇒ m and e↪→s v then there exists a termw such that m↪→t w andv : τ ⇒ w;
2. If e : τ ⇒ m and m↪→t w then there exists a termv such that e↪→s v andv : τ ⇒ w.

The proof can be found in the appendix. Note that the proof of part (2) does not simply
proceed by induction on the structure ofm ↪→t w, as this approach fails for the case of ap-
plications. Ifm= (m0 @ [m1,m2,m3]) thenemust be of the form(((e0 @e1)@e2)@e3)

and we cannot simply perform induction involvingm0 ande0 since we do not immediately
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have the unCurry translation betweene0 andm0. Instead, we introduce a metric on deduc-
tions based on the arity of applications. This metric provides a well-founded order on which
to base the induction.

7. A two-phase specification

The task of unCurrying can be described as consisting of two parts: (i) detecting which
abstractions and applications can be unCurried and (ii) translating (unCurrying) these ab-
stractions and applications. The two specifications presented in Section 5 intertwine both
these parts. Those inference rules specify the constraints required for unCurrying and also
relate a term to its unCurried form. This mixing of constraints and translation is what yields
a simple specification of unCurrying.

From an algorithmic perspective, however, this approach is troublesome because we
typically cannot translate an expression(e0 @e1 @e2) to (e0 @ [e1, e2]) before solving
constraints involving other terms. For example, consider the expression

let f = λx.λy.x in ( f @ ( f @ e1 @ e2))

We cannot decide whether to unCurry the functionλx.λy.x until we have considered all the
occurrences off . Similarly, we cannot determine whether an application can be unCurried
until we have considered other applications and the structure of all possible values off .
Hence, we cannot hope to construct an algorithm to perform unCurrying based on a single
pass over a program. Instead, we will decompose the task of unCurrying explicitly into
phases of inference and translation.

To construct this algorithm we first develop a two-phase specification of unCurrying
based on the inference system of figure 5. The original specification performs both type
inference and a translation based on annotations. In the two-phase specification we separate
these two steps: The first phase axiomatizes the judgment0Bi e : τ ⇒ u that specifies that
source termehas typeτ and can be annotated as termu. UnCurry annotations now annotate
both applications and abstractions. The grammar for these annotated terms is given by

u ::= x | u1 @ϕ u2 | λϕx.u | let x = u1 in u2

The second phase axiomatizes the judgmentu⇒t mand relates such an annotated term to its
translation into a target language term. This phase can be viewed as performing a translation
directed by the annotations. The complete specification of this two-phase specification is
given in figures 7 and 8.

To specify unCurrying as a two-phase process we need to enforce certain conditions
during the inference phase to ensure that translation can proceed properly. We define the
following predicates:

grndApp(u) ≡ (u = (u1 @ϕ u2)) ⊃ ϕ = ε
grndAbs(λxϕ.u) ≡ (u = (λyϕ′ .u1))∨ϕ = ε

The predicategrndAppensures that if its argument is an application, then that application
is annotated by ‘ε’. The predicategrndAbsensures that if the body of aλ-abstraction is
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0(x) º τ
0Bi x : τ ⇒ x

0Bi e1 : τ →ϕ τ
′ ⇒ u1 0Bi e2 : τ ⇒ u2 grndApp(u2)

0Bi e1 @ e2 : τ ′ ⇒ u1 @ϕ u2

0{x : τ }Bi e : τ ′ ⇒ u grndAbs(λϕx.u) grndApp(u)
0Bi λx.e : τ →ϕ τ

′ ⇒ λϕx.u

0Bi e1 : τ1⇒ u1

grndApp(u1)

grndApp(u2)

σ1 = Gen(τ1, 0) 0{x : σ1}Bi e2 : τ ⇒ u2

0Bi let x = e1 in e2 : τ ⇒ let x = u1 in u2

Figure 7. Phase 1: Inference.

x⇒t x
u⇒t m

λεx.u⇒t λx.m

λϕx2.u⇒t λ[x2, . . . , xn].m
λ⇑x1.λϕx2.u⇒t λ[x1, x2, . . . , xn].m

u1⇒t m1 u2⇒t m2
let x = u1 in u2⇒t let x = m1 in m2

NoUncApp(u1) u1⇒t m1 u2⇒t m2
u1 @ϕ u2⇒t m1 @ [m2]

u0 @⇑ u1⇒t m0 @ [m1, . . . ,mn−1] un ⇒t mn
(u0 @⇑ u1) @ϕ un ⇒t m0 @ [m1, . . . ,mn−1,mn]

Figure 8. Phase 2: Translation.

not anotherλ-abstraction, then theλ-abstraction is annotated by ‘ε.’ These two predicates
prohibit the occurrences of ‘⇑’ annotations in places where they would be meaningless.
Intuitively, these predicates check for conditions when unCurryingcannotoccur (e.g., if
an application is the body of aλ-abstraction, then that application cannot possibly be
unCurried). We introduce a predicate for the translation phase:

NoUncApp(u) ≡ ¬(u = (u1 @⇑ u2))

This predicate, used for convenience, tests for the case when a term is not an application
that is to be unCurried. Using this predicate allows us to distinguish easily between the two
cases for translating applications.

Observe that in a deduction of0Bi e1 @e2 : τ ′ ⇒ u1 @ϕ u2 no constraint is placed on
the annotationϕ. Only if this deduction occurs in the context of some larger deduction
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will ϕ possibly be constrained. If(u1 @ϕ u2) is the “whole” term, then no unCurrying
of this application is possible. The inference phase does not explicitly enforce this by
requiringϕ = ε. However, the translation phase effectively ignores the annotation on a
top-level application since it plays no role in unCurrying. The algorithm presented in the
next section shares this behavior.

We can show the equivalence of the original (one-phase) specification and this new
two-phase specification.

Lemma 1.
1. If 0B e: τ ⇒ m and m has no occurrences of‘@⇑’ then there exists a term u such that
0Bi e: τ ⇒ u and u⇒t m.

2. If 0Bi e: τ ⇒ u and u⇒t m then0Be: τ ⇒ m.

The condition thatmhave no occurrences of ‘@⇑’ allows us to prohibit meaningless terms
such asλx.λy.(x @⇑ y), which are explicitly prohibited by the two-phase specification. The
proof requires a relaxation of this condition in which we allow occurrences of ‘@⇑’ only
in terms like(m0 @⇑m1)@ [m2, . . . ,mk], which can occur in both specifications.

8. An unCurry algorithm

We have developed and proved correct an algorithm for unCurrying. Part of the algorithm
is similar to algorithmW [20] and has the same complexity. (I.e., on average, the algorithm
runs in time proportional to the size of the input expression, but in the worst case it runs in
exponential time, relative to the size of the input.)

The algorithm consists essentially of two steps,U and translate, corresponding to the
two phases above:

unCurry(0, e) = let (θ, τ,u) = U(0, e)
in translate(θ⇑(θu))

in whichθ ranges over substitutions mapping unCurry type and annotation variables to un-
Curry types and annotations, respectively, andθ⇑ is the substitution that maps all annotation
variables to ‘⇑.’ (We extend the grammars for unCurry annotations to include annotation
variablesγ .) The application of substitutions to a termu operates on any annotation vari-
ables occurring in the term. The use of the substitutionθ⇑ is not strictly necessary, as the
function translatecould simply treat annotation variables as ‘⇑,’ but includingθ⇑ simpli-
fies the description oftranslate. The definitions ofU andtranslateare given in figures 9
and 10.

The functionU ensures thatθ is an idempotent substitution, disallowing cyclic refer-
ences with an occurs check in the unification algorithm. Intuitively,U determines where
unCurryingcannotbe done (since this can be checked locally) and sets the corresponding
annotations toε. Unification propagates such constraints throughout a term.

The functionU consists of four cases corresponding to the structure of the source term.
The cases are almost identical to those of algorithmW, butU also generates correct unCurry
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U(0, x) =
if x 6∈ dom(0) thenfail
else let∀αn.τ = 0(x)

{βn} be new variables
in (I D, τ [βn/αn], x)

U(0, λx.e) =
let α, γ be new variables

(θ1, τ,u) = U(0{x : α}, e)
θ2 = grndApp(θ1u) ◦ grndAbs(λγ x.(θ1u))

in (θ2 ◦ θ1, α→γ τ, λγ x.u)

U(0, e1 @ e2) =
let (θ1, τ1, u1) = U(0, e1)

(θ2, τ2, u2) = U(θ10, e2)

let α, γ be new variables
θ3 = unify(θ2(θ1τ1), θ2τ2→γ α)

θ4 = grndApp(θ3u2)

in(θ4 ◦ θ3 ◦ θ2 ◦ θ1, α,u1 @γ u2)

U(0, let x = e1 in e2) =
let (θ1, τ1, u1) = U(0, e1)

θ ′1 = grndApp(θ1u2) ◦ grndApp(θ1u1) ◦ θ1

σ1 = Gen(τ1, θ
′
1(0))

(θ2, τ2, u2) = U(θ ′1(0{x 7→ ∀αn.τ1}), e2)

in(θ2 ◦ θ ′1, τ2, let x = u1 in u2)

Figure 9. The functionU .

annotations on terms and function types. The variable case fails if the variable is not in the
domain of0, but otherwise the variable’s type is instantiated by substituting fresh, unbound
type variables for the quantified variable in the type schema. The abstraction case generates
a new type variableα for the bound variable and then annotates the body. To ensure the
correct annotation on applications,λ-abstractions, and the corresponding function arrows,
we employ two auxiliary functions,grndAppandgrndAbs. The functiongrndAppchecks
if its argument is an application annotated with a variableγ and, if it is, it returns the
substitution mappingγ to ε. If its argument is an application annotated by ‘⇑,’ it fails.
Otherwise it just returns the identity function. The use of this function in the algorithm
corresponds to constraints specified in the inference system: an application occurring as
the body of aλ-abstraction or as the operand to an application are annotated withε (and
hence their operands will not be unCurried). The functiongrndAbschecks if the body of a
λ-abstraction is anotherλ-abstraction. If it is not, then the annotation on theλ-abstraction
(and corresponding function arrow) is bound toε. Again, the use of this function in the
algorithm corresponds to constraints specified in the inference system: aλ-abstraction
whose body is not also aλ-abstraction must be annotated byε. The application case uses
the functionunifyto resolve constraints. Again, the use ofgrndAbsensures that appropriate
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grndApp(u1 @γ u2) = I D{γ 7→ ε}
grndApp(u1 @⇑ u2) = fail
grndApp(u) = I D

grndAbs(λγ x.λϕ.u) = I D
grndAbs(λγ x.u) = I D{γ 7→ ε}

unify(α, τ ) =
if α = τ then I D
else ifoccurs(α, τ ) thenfail elseI D{α 7→ τ }

unify(τ, α) = unify(α, τ )
unify(τ1→ϕ τ2, τ

′
1→ϕ′ τ

′
2) =

let θ1 = unifyann(ϕ, ϕ)
θ2 = unify(θ1τ1, θ1τ

′
1)

θ3 = unify(θ2τ2, θ2τ
′
2)

in θ3 ◦ θ2 ◦ θ1

unifyann(ε, ε) = I D
unifyann(⇑,⇑) = I D
unifyann(γ, ϕ) = I D{γ 7→ ϕ}
unifyann(ϕ, γ ) = I D{γ 7→ ϕ}
unifyann(ϕ, ϕ′) = fail

translate(x) = x
translate(λεx.u) = λx.translate(u)
translate(λ⇑x.u) =

let λ[x2, . . . , xn].m= translate(u)
in λ[x, x2, . . . , xn].m

translate((u0 @⇑ u1) @ϕ u2) =
let (m @ [m1, . . . ,mn]) = translate(u0 @⇑ u1)

in (m @ [m1, . . . ,mn, translate(u2)])
translate(u1 @ϕ u2) = translate(u1) @ [translate(u2)]
translate(let x = u1 in u2) =

let x = translate(u1) in translate(u2)

Figure 10. The unCurry algorithm (cont).

annotations areε, just as enforced by the inference system. The case for let expressions
can be explained similarly.

The functionunify (figure 10) takes two unCurry types and returns the most general
substitution that unifies the unCurry types. The algorithm forunify is nearly identical to the
traditional one for types, except it also unifies annotations on function types. Given two
types with no occurrences of the⇑-annotation,unifysucceeds exactly when the traditional
unification algorithm succeeds on the erased versions of the two types. Failure can occur via
an occurs-check (as in traditional unification) or when the annotations on function arrows
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cannot be unified. The latter can can only happen if the initial context supplied tounCurry
contained an improper annotation of ‘⇑’ on a function type.

The final step in the algorithm translates the annotated term into an unCurried (tar-
get language) term. The functiontranslateexamines the annotations on applications and
abstractions, and unCurries those that are annotated with ‘⇑’.

Note that both the algorithm, as outlined above, and the inference systems allow the
type of an expressione to change after unCurrying. As previously noted, this can be an
unsafe operation if we do not know the context in whiche is used (e.g, during separate
compilation). To restrict the unCurrying to be local to an expressione (i.e., independent
of the context ofe) we simply need to extend the substitutionθ (returned byU above) to
map all annotation variables occurring in the annotated typeτ and types in0 to ‘ε’. With
regards to the inference systems, this corresponds to considering only deductions in which
the judgment at the root of the deduction contains no ‘⇑’ annotations.

To prove that the algorithm is correct and that it generates maximally unCurried terms,
we relate it to the two-phase specification of unCurrying, showing that it is both sound and
complete with respect to this specification.

Theorem 5(Soundness of unCurry).
1. If (θ, τ,u) = U(0, e) thenθ⇑(θ0)Bi e: θ⇑(θτ )⇒ θ⇑(θu);
2. If m = translate(θ⇑(θu)) thenθ⇑(θu)⇒t m.

The proof of part (ii) is nearly trivial due to the close similarity between the function
‘⇒t ’ and the inference system of figure 8. The proof of part (i) closely follows a proof of
type soundness for Milner’s algorithmW [20], with additional considerations for unCurry
annotations. We outline here the significant steps of this proof.

We first need three auxiliary results.

1. Correctness of the functionunify. For the proof of soundness we need only show that
if unify(τ1, τ2) = θ then θτ1 = θτ2. For the completeness result below, we must
additionally show thatθ is the most general unifier ofτ1 andτ2.

2. Idempotence. The substitutions returned byU are idempotent. Furthermore, ifθ ′ is
idempotent and(θ, τ,u) = U(θ ′0, e) thenθ ′τ = τ andθ ′u = u.

3. Substitution property. Applying a substitution to a deduction yields another (valid)
deduction: if0Bi e : τ ⇒ u is derivable then for any substitutionθ , θ0Bi e : θτ ⇒ θu

is derivable.

Each of these is an adaptation of a result used in proving type soundness. Showing each of
them is straightforward.

With these results we can prove the soundness ofU by induction on the structure of the
expressione. Instead of the statement in the theorem, we prove the following statement:

If (θ, τ,u) = U(0, e) thenθ0Bi e: θτ ⇒ θu.

By the substitution property for deductions this implies part (i) of the theorem. We give
here just the case for application as an illustrative example. Assumee = (e1 @ e2) and
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(θ, τ,u) = U(0, e1 @ e2). Then from the definition ofU we have

(θ1, τ1, u1) = U(0, e1),

(θ2, τ2, u2) = U(θ10, e2),

θ3 = unify(θ2(θ1τ1), θ2τ2→γ α) for new variablesα andγ ,

θ4 = grndApp(θ3u2),

θ = θ4 ◦ θ3 ◦ θ2 ◦ θ1,

τ = α, and

u = u1 @γ u2.

Applying the inductive hypothesis to each of the first two statements yields some deductions

41 :: θ10Bi e1 : θ1τ1⇒ θ1u1 and 42 :: θ2(θ10)Bi e2 : θ2τ2⇒ θ2u2,

respectively. From the idempotency property,τ2 = θ1τ2 andu2 = θ1u2. Hence42 is also
a deduction ofθ2(θ10)Bi e2 : θ2(θ1τ2)⇒ θ2(θ1u2).

From the third statement and the correctness ofunify, θ3 is a unifier ofθ2(θ1τ1) and
θ2τ2 →γ α. Becauseα and γ are new variables introduced after the definition ofθ2

andθ1, we also haveθ2(θ1α) = α andθ2(θ1γ ) = γ . Hence,θ3 is a unifier ofθ2(θ1τ1) and
θ2(θ1(τ2→γ α)). This result and the fifth statement implyθ(τ1) = θτ2→θγ θα.

From θ4 = grndApp(θ3u2), if θ3u2 = (u3 @ϕ u4) thenθ4ϕ = ε. Hence, the predicate
grndApp(θu2) holds.

Applying the substitution property of deductions to41 and42 we have some deductions

4′1 :: θ0Bi e1 : θτ1⇒ θu1 and 4′2 :: θ0Bi e2 : θτ2⇒ θu2.

Becauseθ(τ1) = θτ2→θγ θα,4′1 is also a deduction of

θ0Bi e1 : θτ2→θγ θα ⇒ θu1.

Hence, we can construct the deduction

4′1
θ0Bi e1 : θτ2→θγ θα ⇒ θu1

4′2
θ0Bi e2 : θτ2⇒ θτ2 grndApp(θu2)

θ0Bi (e1 @e2) : θα ⇒ θ(u1 @γ u2)

which is the one required becauseτ = α andu = (u1 @γ u2) from the sixth and seventh
statements above.

The steps followed here are nearly identical to those followed in a proof of type soundness,
with the addition of considerations for unCurry annotations. The remaining cases of the
proof similarly follow their counterparts in a type soundness proof.

Theorem 6 (Completeness of unCurry). If 0Bi e : τ ⇒ u and u⇒t m then there
exist τ ′, u′ , θ , and θ ′ such that(θ ′, τ ′, u′) = U(0, e), τ = θ(θ ′τ ′), u = θ(θ ′u′), and
translate(u) = m.
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x v x

p0 v m0 · · · pk v mk
p0 @ [pk, . . . , p1] v m0 @ [mk, . . . ,m1]

p0 v m0 @ [mn, . . . ,mk+1] p1 v m1 · · · pk v mk n > k
p0 @ [pk, . . . , p1] v m0 @ [mn, . . . ,m1]

p v m
λ[x1, ..., xk].p v λ[x1, ..., xk].m

p v λ[xk+1, ..., xn].m n> k
λ[x1, ..., xk].p v λ[x1, ..., xn].m

p1 v m1 p2 v m2
let x = p1 in p2 v let x = m1 in m2

Figure 11. Order on unCurried terms.

The proof is similar to existing proofs of completeness for type inference algorithms [22],
with additional consideration given to unCurry annotations.

Completeness demonstrates that the algorithm performs unCurrying whenever possible.
We can clarify this idea by introducing an ordering on target terms, corresponding to the
degree of unCurrying that occurs in them. This ordering is given in figure 11. Intuitively,
p v m if the terms are both unCurried forms of the same source term, withm unCurried
at least as much asp is unCurried. If p v m and p 6= m then m has fewer abstrac-
tions and/or applications. So a maximal term will be more unCurryied, meaning applica-
tions with more arguments or abstractions with more parameters (than in a less-unCurried
term).

We can motivate the rules for applications and abstractions as follows. Given two ap-
plications, p = (p0 @ [pk, . . . , p1]) andm = (m0 @ [mn, . . . ,m1]), p v m if n ≥ k
and the corresponding subterms ofp andm are also related in this order. We find these
corresponding subterms by matching up therightmostarguments in each application, and
continue working to the left, until we have handled all ofp’s arguments. This right-to-left
ordering is why we number the operands as we do. Ifn = k then we have the same number
of arguments in each term, and som0 andp0 must be related (the first rule for applications in
figure 11). Ifn > k thenm0 applied to the remaining arguments ofm must be related top0.
An example illustrates this relationship. Consider the term(w @ [x] @ [y] @ [z]) and an
unCurried form(w @ [x, y, z]). We can prove(w @ [x] @ [y] @ [z]) v (w @ [x, y, z])
by proving z v z and (w @ [x] @ [y]) v (w @ [x, y]). The latter statement can be
proved by provingy v y and(w@ [x]) v (w@ [x]), which follows from the first rule for
applications.

The two rules for abstractions behave in a similar manner, except here we work from
left-to-right in matching up corresponding formal parameters. (We useα-conversion to
guarantee the names of the corresponding parameters are the same.) Using these rules we
can showλw.λ[x, y].λz.y v λ[w, x, y, z].y.

Using this ordering and the previous results, we have the following result.
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Theorem 7(Principal unCurrying). If 0Be : τ ⇒ m and m has no occurrences of‘@⇑’
then unCurry(0, e) = m′ and mv m′.

The proof follows from the completeness ofunCurry and the equivalence of the various
specifications of unCurrying. Thus, our algorithm computes the best unCurrying possible
(relative to our specification in Section 5) for any well-typed term.

9. Untyped unCurrying

We can adapt the unCurrying inference system of Section 5 to treat the untypedλ-calculus.
Much of the treatment from the typed setting carries over to the untyped setting, and
here we focus on the differences. Obviously, we do not have the simple types and type
schemas, but we can introduce a form of type that conveys only the unCurry information.
For completeness, we must ensure that every untypedλ-term can be accommodated. To
do this we adapt some ideas of partial type inference [7] by introducing a kind of universal
typeÄ that can be the type of any term. We use this type as a default type when we cannot
infer any information about the functional behavior of a term.

We again letτ range over the unCurry types:

τ ::= Ä | τ →ϕ τ

(We add type variables when considering the algorithm for untyped unCurrying.) The source
and target languages are similar to those defined in Section 3, including the operational
semantics, but without thelet construct and the type systems.

The inference system includes the rules from figure 6, except for (u-let), plus the additional
rules given in figure 12. These new rules ensure that anyλ-term can be typed. The resulting
system allows us to infer useful unCurrying information, even with the lack of traditional
types. Not surprisingly, all of the examples from Section 5, when viewed as untyped terms,
can be handled by this new system. Additionally, however, untypable terms (in the simple-
type sense) can be non-trivially unCurried if they use functions in a consistent way. As an
illustrative example, consider the expression

(if b thenλx.λy.x + y elseλx.λy.λz.x + y) n1 n2.

Our inference system (extended to handle conditionals and integers) can unCurry this term
to

(if b thenλ[x, y].x + y elseλ[x, y].λz.x + y) [n1, n2].

e1 : Ä⇒ m1 e2 : Ä⇒ m2
e1 @ e2 : Ä⇒ (m1 @ m2)

(u-app-Ä)

x : Ä⇒ x′ ⊃ e : Ä⇒ m
λx.e : Ä⇒ λx′.m (u-abs-Ä)

Figure 12. TheÄ-rules.
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The addition of theÄ-rules allows all untyped terms to be translated to target language
terms.

Proposition 1. For all closed, untyped, source terms e, there exists a typeτ and target
term m such that e: τ ⇒ m is derivable.

The proof relies on observing that we can chooseτ = Ä ande= m. Such a judgment is
always derivable using just rules (u-app-Ä) and (u-abs-Ä).

We can modify the inference algorithm from the previous section to perform untyped
unCurrying. The modifications to the functionU are minor. The type context0 maps
variables to types (not schemas) and so the variable case does not instantiate a schema. The
abstraction and application cases, however, remain the same. Thelet case no longer applies.
The major change applies tounify, which must now always succeed. We generalize the
traditional notion of unification by introducing a general notion of equality,=Ä, extending
syntactic equality with the equation

Ä =Ä Ä→ε Ä

The typeÄ→ε Ä essentially states that no unCurrying occurs in a function. The typeÄ

provides the same information. We can define a partial order ofÄ-types by introducing the
inequality

Ä vÄ Ä→ε Ä

and show the following properties.

Proposition 2.
1. If τ1 =Ä τ2 then there exists aτ ′ such thatτ ′ vÄ τ1 andτ ′ vÄ τ2.
2. If 0Be : τ ⇒ m andτ ′ vÄ τ then0Be : τ ′ ⇒ m.

Exploiting these properties, the functionunify, given in figure 13, takes two types and
returns a unifying substitution modulo the=Ä-equality. Unlike traditional unification, this
function always succeeds when given two types containing no⇑-annotations (and no base
types). For any such typeτ we can always obtain a substitutionθ such thatθτ =Ä Ä. If the
occurs check succeeds, then, rather than failing, the algorithm forces the offending type and
type variable to be equivalent toÄ, indicating that no unCurrying can occur. The function
ground(τ ) simply generates a substitutionθ such thatθτ =Ä Ä.

Proposition 3. If θ = unify(τ1, τ2) thenθτ1 =Ä θτ2.

The result ofU(0, e) is again a triple(θ, τ,u) in which u is an annotated term. We can
again usetranslateto produce an unCurried term. This algorithm improves upon Gomard’s
iterative algorithm of partial type inference [7]. Rather than modifying the unification algo-
rithm, their partial type inference algorithm allows unification to fail. When this happens,
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unify(Ä,Ä) = I D

unify(Ä, τ) = ground(τ )

unify(τ,Ä) = ground(τ )

unify(α, τ ) =
if α = τ then I D

else ifoccurs(α, τ ) thenground(τ )

elseI D{α 7→ τ }
unify(τ, α) = unify(α, τ )

unify(τ1→γ τ2, τ
′
1→γ ′ τ

′
2) =

let θ1 = unifyann(γ, γ ′)
θ2 = unify(θ1τ1, θ1τ

′
1) ◦ θ1

θ3 = unify(θ2τ2, θ2τ
′
2) ◦ θ2

in θ3

Figure 13. The untyped unification algorithm.

their algorithm sets appropriate types toÄ and performs algorithmW again on the entire
term.

This specification of untyped unCurrying does, however, have its limitations. Due to the
monomorphic nature of types associated with bound variables, some terms, which can be
unCurried by hand, cannot be unCurried by our system. For example, the term

(λz.(z @ z @ z)) @ (λx.λy.x) @ e1 @ e2

can by unCurried (by hand) into

(λz.(z @ [z, z])) @ [λ[x, y].x] @ [e1, e2]

but our system cannot infer this. It can only perform the identity translation. The reason
for this limitation is that to unCurry(z @ z @ z) into (z @ [z, z]) requires distinct types
on different occurrences ofz. The use of a rank 2 type system appears to overcome this
limitation [16].

10. Future work

A number of related issues remain to be explored in conjunction with this work. We briefly
outline some of them here.

Practical application. The current work focuses on the formal specification and correct-
ness of unCurrying, isolated from its practical application to real program and its interaction
with other program optimizations. One significant issue to address is how to increase the
amount of unCurrying that can occur. In our work, to unCurry a function we must also
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be able to unCurry all application sites of this function. If just one such site cannot be
unCurried] (because not all the arguments are available or because some other function that
cannot be unCurried can also be called from that site) then the function cannot be unCurried.
This all-or-nothing approach can be relaxed if we allow both the original and unCurried
forms of the function to co-exist. This does not require a significant increase in code size as
we can simply introduce wrapper functions. For example, if a program originally contains
a function definition

fun f x y = e

then we might rewrite this to

fun fc (x,y) = e;

fun f x y = fc(x,y)

and usefc wherever possible.
We can increase unCurrying by introducingη-expansions andβ-reductions. Consider

again the original functionf above. If this occurs in a context such as

g(f a)

then we could rewrite this viaη-expansion as

g(fn y => (f a y))

allowing us to unCurry the application off. Similarly, by inlining a function call we can
increase the possibilities of unCurrying. Given the function definition

fun h z = z b

and the expressionh(f a), inlining (β-reduction) yields the expression(f a b) that
can be unCurried. While these examples are trivial, they illustrate the effect that simple
transformations can have on unCurrying. Further exploration of transformations and their
application might yield better practical results for unCurrying.

Completeness of the inference system.While we have shown completeness of our algo-
rithm with respect to the inference system for typed unCurrying, we have not demonstrated
a measure of completeness for the inference system itself. To do this, we likely need a
denotational description of unCurrying such that for any terme, [[e]] denotes the set of all
typable terms that are unCurried forms ofe. Our belief is that our system can specify all
possible unCurrying of an expression.

Recursion and other language constructs.The current work treats only the coreλ-calculus.
The inclusion of additional programming language features is a logical next step. We have
already considered the impact of adding recursion and our analysis can easily be extended
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to handle this. Ifµ f.e is the syntax for a recursive function, then the unCurry translation
can be extended with the following rule:

0{ f : τ }Be: τ ⇒ m

0Bµ f.e: τ ⇒ µ f.m
(rec)

Pairs and other data structures are also easily supported. The issue of modules and separate
compilation is of pragmatic interest. Currently, we support it by simply requiring that the
signature or interface of a module not change. This prohibits unCurrying of functions
declared as part of the interface. A possible extension is to provide both the original version
of a function and its unCurried form, and provide auxiliary information to the compiler so
that other modules, when compiled, can use either form. This relates to some of the practical
issues raised above.

Arity raising, lambda lifting and closure conversion.The current work on unCurrying is
closely related to other operations or transformations that focus on the structure of functions
and their calling conventions and protocols. We have studied arity raising [10] and closure
conversion [8], using techniques similar to the ones used for unCurrying. Arity raising and
unCurrying both directly address the parameter structure of functions and function calls.
Having studied each individually, we would like to study their interaction and joint spec-
ification. Lambda lifting [17] is another transformation that has not been given a formal,
declarative specification with proofs of correctness. Instead, descriptions of lambda lifting
are based on algorithmic descriptions. We would like to give this operation, and the related
operations of lambda-dropping [5] and let-floating [23] high-level, declarative specifica-
tions, in the same style as the current work. Having a common framework for all these
tasks will allow us to study their interaction.

11. Related work

The notions of Currying and unCurrying functions goes back at least to Sch¨onfinkel [26], but
is named in honor of Haskell Curry, who also studied it [2–4] in the context of Combinatory
Logic. Though unCurrying has been defined for so many years, and it is relevant to functional
programming languages, it has received little previous attention as a problem of study.
Descriptions of it have been restricted to first-order uses in which a function can be unCurried
only if the function is applied to all its (Curried) arguments at once and neither passed as
an argument nor returned as a value. Furthermore, these descriptions consist of only an
algorithm, and not a declarative specification.

Instances of unCurrying in recent compilers provide limited formal descriptions. The
unCurrying operation performed by the Standard ML of New Jersey compiler is only for-
malized as a basic transformation on terms in an intermediate abstract syntax [1]. Tarditi has
observed that the strategy presented there is not guaranteed to unCurry recursive functions
of more than two arguments because the strategy is underspecified [28]. Tarditi gives an
algorithm for unCurrying, working with the B-normal forms of the TIL compiler [29], but
does not provide a precise description of how much unCurrying can be performed, even
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though he only considers first-order unCurrying. Leroy has argued that code almost as
efficient as that for unCurried functions can be obtained by carefully analyzing the structure
of programs and avoiding the overhead of the intermediate function calls/returns [18].

Our work falls under the more general study of compile-time analysis and optimization
of higher-order languages. Most of the work in this area is either type-based or flow-based.
Other type-based work includes region analysis [31] and closure conversion [21]. Like
our work, region analysis uses annotated types to convey properties of programs that can
then be exploited by translating the program. They also use deductive systems to give a
high-level and declarative specification of the analysis and transformation, from which
they separate the inference and translations phases, yielding an efficient algorithm. The
work on closure conversion uses types to capture information about the structure of clo-
sures, while preserving the typeability of terms. This work serves more to understand the
correctness of closure conversion, than to establish new optimizations or translations on
programs. All work in this area exploits the notion of type to describe the property of an
expression and the constraint that some expressions must have the same type. Unification
can be used in algorithms to provide efficient solutions to the constraints generated by type
systems.

Work on flow-based analysis includes control-flow analysis [27], set-based analysis [15],
and again closure conversion [32]. Flow analysis typically provides more precise informa-
tion about an expression or program point. Where type systems characterize an expression
by a type, flow analysis can characterize an expression by an approximation of the set of
values to which the expression can evaluate. This greater detail typically comes at a greater
cost in terms of the complexity of the algorithms. For the case of unCurrying, we do not
require this detailed information. Types suffice in providing enough information to support
the translation.

12. Conclusion

The unCurrying of functions is a conceptually simple idea that has existed for decades and
finds application in the compilation of higher-order functional languages. Despite these two
facts, only limited algorithms and no rigorous study had previously been offered for it. We
have presented a formal specification of higher-order unCurrying and developed a practical
algorithm, based on this specification, for unCurrying both typed and untypedλ-terms.
These inference systems provide a general framework for reasoning about unCurrying,
independent of a particular algorithm. They also support a richer form of unCurrying than
is currently found in compilers for functional languages. These specifications also facilitate
the correctness proofs for unCurrying algorithms and provide a basis from which related
operations on higher-order languages might be studied.
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Appendix A: Proofs of some theorems

Proof: The proof is by induction on the structure of4 :: 0Be : τ ⇒ m. We demonstrate
how to construct deductionsS :: |0|Bs e : |τ | andT :: ‖0‖Bt m : ‖τ‖. We consider just
the cases forλ-abstraction and application, as these are the relevant cases. (The variable
case follows trivially and the let-expression case is straightforward.)

1. 4 is

40

0Be0 : τ →ε τ
′ ⇒ m0

41

0Be1 : τ ⇒ m1

0B e0 @ e1 : τ ′ ⇒ m0 @ [m1]
(u-app-ε)

By induction on40 and41, we have

S0 :: |0|Bs e0 : |τ →ε τ
′|

T 0 :: ‖0‖Bt m0 : ‖τ →ε τ
′‖

S1 :: |0|Bs e1 : |τ |
T 1 :: ‖0‖Bt m1 : ‖τ‖

Observe that|τ →ε τ
′| = |τ | → |τ ′| and‖τ →ε τ

′‖ = ‖τ‖ → ‖τ ′‖. We can construct
S andT as

S0|0|Bs e0 : |τ | → |τ ′|
S1|0|Bs e1 : |τ |

|0|Bs e0 @ e1 : |τ ′| (apps)

and

T 0‖0‖Bt m0 : ‖τ‖ → ‖τ ′ ‖
T 1‖0‖Bt m1 : ‖τ‖

‖0‖Bt m0 @ [m1] : ‖τ ′‖ (appt ).

2. 4 is

40

0Be0 : τ →⇑ τ ′ →ϕ τ
′′ ⇒ m0

41

0Be1 : τ ⇒ m1

0B e0 @ e1 : τ ′ →ϕ τ ′′ ⇒ m0 @⇑ m1
(u-app-⇑).

By induction on40 and41, we have

S0 :: |0|Bs e0 : |τ →⇑ τ ′ →ϕ τ
′′|

T 0 :: ‖0‖Bt m0 : ‖τ →⇑ τ ′ →ϕ τ
′′‖

S1 :: |0|Bs e1 : |τ |
T 1 :: ‖0‖Bt m1 : ‖τ‖
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Observe that|τ →⇑ τ ′ →ϕ τ
′′| = |τ | → |τ ′ →ϕ τ

′′|. Assume‖τ ′ →ϕ τ
′′‖ = [τ1, . . . ,

τn]→ τ0; then‖τ →⇑ τ ′ →ϕ τ
′′‖ = [‖τ‖, τ1, . . . , τn] → τ0. Hence, we can construct

S andT as

S0|0|Bs e0 : |τ | → |τ ′ →ϕ τ
′′|

S1|0|Bs e1 : |τ |
|0|Bs e0 @e1 : |τ ′ →ϕ τ ′′| (apps)

and

T 0‖0‖Bt m0 : [‖τ‖, τ1, . . . , τn] → τ0

T 1‖0‖Bt m1 : ‖τ‖
‖0‖Bt m0 @⇑m1 : τ1, . . . , τn] → τ0

(app⇑t )

using the rule introduced for handling terms constructed from ‘@⇑.’
3. 4 is

41

0{x : τ }Be1 : τ ′ ⇒ m1

0B λx.e1 : τ →ε τ ′ ⇒ λ[x].m1
(u-abs).

By induction on41 we have

S1 :: |0{x : τ }|Bs e1 : |τ ′|
T 1 :: ‖0{x : τ }‖Bt m1 : ‖τ ′‖

Observe that|0{x : τ } = |0|{x : |τ |} and‖0{x : τ }‖ = ‖0‖{x : ‖τ‖}. FromS1 andT 1

we can constructS andT :

S1|0|{x : |τ |}Bs e1 : |τ ′|
|0|Bs λx.e1 : |τ | → |τ ′| (abss)

and

T 1‖0‖{x : ‖τ‖}Bt m1 : ‖τ ′‖
‖0‖Bt λ[x].m1 : [‖τ‖] → ‖τ ′‖ (abs1t )

which are the required deductions because|τ | → |τ ′| = |τ →ε τ
′| and [‖τ‖] → ‖τ ′‖ =

‖τ →ε τ
′‖.

4. 4 is

41

0{x1 : τ }B λx2.e1 : τ ′ →ϕ τ
′′ ⇒ λ[x2, . . . , xn].m1

0B λx1.λx2.e1 : τ →⇑ τ ′ →ϕ τ ′′ ⇒ λ[x1, x2, . . . , xn].m1
(u-abs-⇑).
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By induction on41 we have

S1 :: |0{x1 : τ }|Bs λx2.e1 : |τ ′ →ϕ τ
′′|

T 1 :: ‖0{x1 : τ }‖Bt λ[x2, . . . , xn].m1 : ‖τ ′ →ϕ τ
′′‖

Observe that|τ →⇑ τ ′ →ϕ τ
′′| = |τ | → |τ ′ →ϕ τ

′′|. Assume‖τ ′ →ϕ τ
′′‖ = [τ1, . . . ,

τn] → τ0; then‖τ →⇑ τ ′ →ϕ τ
′′‖ = [‖τ‖, τ1, . . . , τn] → τ0. Hence, fromS1 andT 1

we can constructS andT :

S1|0|{x1 : |τ |}Bs λx2.e1 : |τ ′ →ϕ τ
′′|

|0|Bs λx1.λx2.e1 : |τ | → |τ ′ →ϕ τ ′′| (abss)

and

T 1‖0‖{x1 : ‖τ‖}Bt λ[x2, . . . , xn].m1 : [τ1, . . . , τn] → τ0

‖0‖Bt λ[x1, x2, . . . , xn].m1 : [‖τ‖, τ1, . . . , τn] → τ0
(absnt ).

5. 4 is

40

0Be0 @ e1 : τ ⇒ (m0 @⇑ m1) @ [m2, . . . ,mn]

0Be0 @ e1 : τ ⇒ m0 @ [m1,m2, . . . ,mn]
(u-app-@⇑).

By induction on40 we have

S :: |0|Bs e0 @ e1 : |τ |
T ′ :: ‖0‖Bt (m0 @⇑ m1) @ [m2, . . . ,mn] : ‖τ‖

Observe thatT ′ must be of the form

T ′′
‖0‖Bt m0 : [τ1, τ2, . . . , τn] → ‖τ‖

T 1‖0‖Bt m1 : τ1

‖0‖Bt (m0 @⇑ m1) : [τ2, . . . , τn] → ‖τ‖
T i‖0‖Bt mi : τi for i ∈ 2..n

‖0‖Bt (m0 @⇑ m1)@ [m2, . . . ,mn] : ‖τ‖

From this we can constructT as

T ′′
‖0‖Bt m0 : [τ1, τ2, . . . , τn] → ‖τ‖

T i‖0‖Bt mi : τi for i ∈ 1..n

‖0‖Bt m0 @ [m1,m2, . . . ,mn] : ‖τ‖ . 2

Proof: For part (1) we assume given deductions4 :: e : τ ⇒ m and5 :: e ↪→s v, and
proceed by induction on5. We demonstrate how to construct deductions1 :: m ↪→t w and
4′ :: v : τ ⇒ w. We show only the cases for abstraction and application as, again, they are
the interesting ones.



HIGHER-ORDER UNCURRYING 211

1. 5 is of the form

λx1.e1 ↪→s λx1.e1.

Thenm is of the formλ[x1, . . . , xn].m1 (for somen ≥ 1), we can construct1 :: m ↪→t m
and so4′ = 4.

2. 5 is of the form

50

e0 ↪→s λx1.e′
51

e1 ↪→s v1

52

e′[v1/x1] ↪→s v

e0 @e1 ↪→s v
.

Then we have two possible cases for the deduction4.

(a) 4 is

40

e0 : τ1→ε τ ⇒ (m0 @⇑m1 @⇑ · · · @⇑ mn − 1)

41

e1 : τ1⇒ mn

e0 @ e1 : τ ⇒ (m0 @⇑m1 @⇑ · · · @⇑ mn − 1) @ [mn]
(u-app-ε)

.

.

.

(u-app-@⇑)

e0 @ e1 : τ ⇒ m0 @ [m1, . . . ,mn]
(u-app-@⇑)

for n ≥ 1 and in which ‘
...’ representsn− 1 occurrences of (u-app-@⇑).

We proceed by induction on the numberk of occurrences of rule (u-app-@⇑) at the
root of4.

i) k = 0. Then4 is

40

e0 : τ1→ε τ ⇒ m0

41

e1 : τ1⇒ m1

e0@e1 : τ ⇒ (m0 @ [m1])
(u-app-ε).

By induction on50 and40, and51 and41, we have

10 :: m0 ↪→t w0

4′0 :: λx1.e
′ : τ1→ε τ ⇒ w0

11 :: m1 ↪→t w1

4′1 :: v1 : τ1⇒ w1.

Then4′0 must be of the form

4′′

∀x1∀x′1(x1 : τ1⇒ x′1 ⊃ e′ : τ ⇒ m′)
λx1.e′ : τ1→ε τ ⇒ λ[x′1].m′

(u-abs)

(w0 = λ[x′1].m′). Applying the substitution property (from Section 2) to4′′ and
4′1 we can construct

4′2 :: e′[v1/x1] : τ ⇒ m′[w1/x
′
1].
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By induction on52 and4′2 we then have that there exists aw such that

12 :: m′[w1/x
′
1] ↪→t w

4′ :: v : τ ⇒ w.

Hence,1 is

10

m0 ↪→t λ[x′1].m′
11

m1 ↪→t w1

12

m′[w1/x′1] ↪→t w

m0 @ [m1] ↪→t w
.

ii) We assume the property holds for somek ≥ 0 and show that it holds fork + 1.
In this case,4 is

40

e0 @ e1 : τ ⇒ (m0 @⇑ m1) @ [m2, . . . ,mn]

e0 @ e1 : τ ⇒ m0 @ [m1,m2, . . . ,mn]
(u-app-@⇑)

in which40 hask (= n−2) occurrences of rule (u-app-@⇑) and so we can apply
the induction hypothesis fork (using40 and5), yielding

1′ :: (m0 @⇑ m1) @ [m2, . . . ,mn] ↪→t w

4′ :: v : τ ⇒ w

Then1′ must be of the form
12 :: m2 ↪→t w2

· · ·
1n :: mn ↪→t wn10

m0 ↪→t λ[x′1, x′2, . . . , x
′
n].m′

11

m1 ↪→t w1

(m0@⇑m1) ↪→t λ[x′2, . . . , x
′
n].(m′[w1/x

′
1])

1n+1 :: m′′ ↪→t w

(m0 @⇑m1)@ [m2, . . . ,mn] ↪→t w

in whichm′′ =m′[w1/x′1, . . . , wn/x′n]. From this we can construct1 as

12 :: m2 ↪→t w2

· · ·
10 11 1n :: mn ↪→t wn

m0 ↪→t λ[x′1, x′2, . . . , x
′
n].m′ m1 ↪→t w1 1n+1 :: m′′ ↪→t w

m0 @ [m1,m2, . . . ,mn] ↪→t w

(b) 4 is

40

e0 : τ1→⇑ τ ⇒ m0

41

e1 : τ1⇒ m1

e0 @e1 : τ ⇒ m0 @⇑m1
(u-app-⇑)

By induction on50 and40, and51 and41, we have

10 :: m0 ↪→t w0

4′0 :: λx1.e
′ : τ1→⇑ τ ⇒ w0

11 :: m1 ↪→t w1

4′1 :: v1 : τ1⇒ w1.
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Then4′0 must be of the form
4′′

∀x1∀x′1(x1 : τ1⇒ x′1 ⊃ λx2.e′′ : τ ⇒ λ[x′2, . . . , x
′
n].m′)

λx1.λx2.e′′ : τ1→⇑ τ ⇒ λ[x′1, x′2, . . . , x′n].m′

(e′ = λx2.e′′ andw0 = λ[x′1, x′2, . . . , x
′
n].m′). Hence,1 is

10

m0 ↪→t λ[x′1, x′2, . . . , x
′
n].m′

11

m1 ↪→t w1

m0 @⇑m1 ↪→t λ[x′2, . . . , x′n].(m′[w1/x′1])
.

Applying the substitution property to4′′ and4′1 we can construct

4′ :: λx2.(e
′′[v1/x1]) : τ ⇒ λ[x′2, . . . , x

′
n].(m′[w1/x

′
1]).

This is the required deduction becausev = λx2.(e′′[v1/x1]) andw = λ[x′2, . . . , x
′
n]

.(m′[w1/x′1]).

For the proof of part (2) we begin by introducing a metric on deductions1 :: m ↪→t w.
Let |1| = (kn, . . . , k1) such thatki = the number of application rules occurring in1 in
which the application in the consequent has arityi . We write1 ≺ 1′ if |1| < |1′| under
the standard lexicographical ordering. Observe that this is a well-founded order.

The proof then proceeds by well-founded induction on1 :: m ↪→t w. We demonstrate
how to construct deductions5 :: e ↪→s v and4′ :: v : τ ⇒ w.

1. 1 is of the formλ[x′1, x′2, . . . , x′n].m1 ↪→t λ[x′1, x′2, . . . , x′n].m1. Thene is of the form
λx1.e1 and we can construct5 :: e ↪→s e and so4′ = 4.

2. 1 is of the form

10 11 1n 1n+1

m0 ↪→t λ[x′1, . . . , x
′
n].m′ m1 ↪→t w1 · · · mn ↪→t wn m′[w1/x′1, . . . , wn/x′n] ↪→t w

m0 @ [m1, . . . ,mn] ↪→t w
.

Observe that1i ≺ 1 for 0≤ i ≤ n+ 1.
Then we have two cases for the structure of4.

a) 4 is

40

e0 : τ1→ε τ ⇒ m0

41

e1 : τ1⇒ m1

e0@e1 : τ ⇒ (m0@[m1])
(u-app-ε)

Observe that in this casen = 1.
By induction on10 and40, and11 and41, we have

50 :: e0 ↪→s v0

4′0 :: v0 : τ1→ε τ ⇒ λ[x′1].m′

51 :: e1 ↪→s v1

4′1 :: v1 : τ1⇒ w1.
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Then4′0 must be of the form

4′′

∀x1∀x′1(x1 : τ1⇒ x′1⊃ e′ : τ ⇒ m′)
λx1.e′ : τ1→ε τ ⇒ λ[x′1].m′

(u-abs)

(v0 = λx1.e′). Applying the substitution property to4′′ and4′1 we can construct

4′2 :: e′[v1/x1] : τ ⇒ m′[w1/x
′
1].

By induction on12 and4′2 we then have that there exists av such that

52 :: e′[v1/x1] ↪→s v

4′ :: v : τ ⇒ w

Hence,5 is

50

e0 ↪→s λx1.e′
51

e1 ↪→s v1

52

e′[v1/x1] ↪→s v

e0 @e1 ↪→s v
.

b) 4 is

41

e0 @e1 : τ ⇒ (m0 @⇑m1)@ [m2, . . . ,mn]

e0 @e1 : τ ⇒ m0 @ [m1, . . . ,mn]
(u-app-@⇑)

From1 we can construct1′:
12

m2 ↪→t w2 · · ·
1n

mn ↪→t wn10

m0 ↪→t λ[x′1, . . . , x
′
n].m′

11

m1 ↪→t w1

(m0@⇑m1) ↪→t λ[x′2, . . . , x
′
n].(m′[w1/x

′
1])

1n+1

m′[w1/x′1, . . . , wn/x′n] ↪→t w

(m0@⇑m1)@[m2, . . . ,mn] ↪→t w

Observe that1′ ≺ 1 and so by well-founded induction on1′ (using41) we have
there exists somev such that

5 :: e1 @e2 ↪→s v

4′ :: v : τ ⇒ w.

3. 1 is of the form

10

m0 ↪→t λ[x′1, x′2, . . . , x
′
n].m′

11

m1 ↪→t w1

m0 @⇑m1 ↪→t λ[x′2, . . . , x′n].(m′[w1/x′1])
(t-app-⇑).

Then4 is

40

e0 : τ →⇑ τ ′ →ϕ τ
′′ ⇒ m0

41

e1 : τ ⇒ m1

e0 @e1 : τ ′ →ϕ τ ′′ ⇒ m0 @⇑m1
(u-app-@⇑)
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By induction on10 and40, and11 and41, we have

50 :: e0 ↪→s v0

4′0 :: v0 : τ →⇑ τ ′ →ϕ τ
′′ ⇒ λ[x′1, x′2, . . . , x

′
n].m′

51 :: e1 ↪→s v1

4′1 :: v1 : τ ⇒ w1.

Then4′0 must be of the form

4′′

∀x1∀x′1(x1 : τ ⇒ x′1 ⊃ λx2.e′ : τ ′ →ϕ τ
′′ ⇒ λ[x′2, . . . , x

′
n].m′)

λx1.λx2.e′ : τ →⇑ τ ′ →ϕ τ ′′ ⇒ λ[x′1, x′2, . . . , x′n].m′

(v0 = λx1.λx2.e′). Applying the substitution property to4′′ and4′1 we can construct

4′ :: λx2.(e
′[v1/x1]) : τ ′ →ϕ τ

′′ ⇒ λ[x′2, . . . , x
′
n].(m′[w1/x

′
1])

and we can construct5 as

50 52

e0 ↪→s λx1.λx2.e′ e1 ↪→s v1 λx2.(e′[v1/x1]) ↪→s λx2.(e′[v1/x1])

e0 @e1 ↪→s λx2.(e′[v1/x1])
.

2

Note

1. A preliminary version of this paper appeared in the Proceedings of the 25th Annual ACM SIGPLAN-SIGACT
Symposium on Principles of Programming Languages [11].
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