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Abstract

We present a formal specification of unCurrying for a higher-
order, functional language with ML-style let-polymorphism.
This specification supports the general unCurrying of func-
tions, even for functions which are passed as arguments or
returned as values. The specification also supports partial
unCurrying of any consecutive parameters of a function,
rather than only unCurrying all of a function’s parameters.
We present the specification as a deductive system which
axiomatizes a judgment relating a source term with an un-
Curried form of the term. We prove that this system relates
only typable terms and that it is correct with respect to
an operational semantics. We define a practical algorithm,
based on algorithm W, which implements the unCurrying
and prove this algorithm sound and complete with respect to
the deductive system. This algorithm generates maximally
unCurried forms of source terms. These results provide a
declarative framework for reasoning about unCurrying and
support a richer form of unCurrying than is currently found
in compilers for functional languages.

1 Introduction

UnCurrying is the transformation of a function Az.Ay.e into
Az, y).e. While this description captures the essence of the
unCurry operation, it does not capture the corresponding

transformations required for the context in which the func-
tion occurs. In a higher-order language this context can
involve the function as an argument to another function,
the function as a value returned by another function, or
the function as simply a fragment of a larger function with
more parameters, possibly occurring both before and after
the parameters z and y. In each case, the eventual use
or application of an unCurried function must properly re-
flect its new form. We refer to unCurrying in such possible
contexts as higher-order UnCurrying. Algorithms may be
provided to perform such unCurrying and any necessitated
transformations, but they do not generally provide a suit-
able framework for studying the problem and proving an
implementation correct. We give a formal, declarative spec-
ification of higher-order unCurrying in which such reasoning
can be done.

We define a deductive system for a higher-order, func-
tional language with ML-style polymorphism, which pro-
vides a general description of higher-order unCurrying. We
model our approach after that used in the specification of
type inference for functional languages. We first introduce
unCurry types, which generalize simple types by including
annotations on function types. These annotations serve a
purpose analogous to types in type inference, as they are
used to generate constraints about unCurrying among sub-
terms in a term. Additionally, they serve to direct the trans-
lation of source terms to unCurried forms. We define a de-
ductive system which infers annotated types for expressions
and relates expressions to unCurried forms based on these
types. We also give an algorithm, based on Milner’s algo-
rithm W [9], which performs type inference and the unCurry
translation. We demonstrate how our algorithm works for
several moderately complicated examples. We implemented
this algorithm in Standard ML and tested it on these and
other, more complicated examples. We prove the correct-
ness of the deductive system with respect to an operational
semantics for the source (Curried) and target (unCurried)
languages. This proof was performed by hand and simulta-
neously encoded into the LF type theory [6]. We used the EIf
programming system [12] to partially verify the correctness
of this encoding.

This work continues our effort to use formal systems to
specify and verify compilation techniques for functional lan-
guages. In previous work we studied closure conversion [3],
escape analysis [4], and live variable analysis [5]. These
works all have in common the use of deductive systems to
specify program analyses and properties, the use of the LF
type theory to represent these systems and proofs about
these systems, and the use of the Elf programming language



to provide experimental implementations and to provide ma-
chine verification of proofs.

UnCurrying has received little previous attention as a
problem of study. Descriptions of it are restricted to first-
order uses in which a function can be unCurried only if it
is applied to all its arguments and neither passed as an ar-
gument nor returned as a value. Furthermore, these de-
scriptions consist of only an algorithm, and not a declara-
tive specification. In [1], Appel describes the unCurrying
operation performed by the Standard ML of New Jersey
compiler, giving the basic transformation on terms in an in-
termediate abstract syntax. Tarditi [13] has observed that
the strategy presented there is not guaranteed to unCurry
recursive functions of more than two arguments because the
strategy is underspecified. Tarditi gives an algorithm for
unCurrying, working with the B-normal forms of the TIL
compiler [14], but does not provide a precise description of
how much unCurrying can be performed, even though he
only considers first-order unCurrying. Leroy [7] has argued
that code almost as efficient as that for unCurried func-
tions can be obtained by carefully analyzing the structure
of programs and avoiding the overhead of the intermediate
function calls/returns.

The remainder of the paper is organized as follows. In
the next section we introduce source and target languages,
both based on the typed A-calculus. We provide traditional
type systems and high-level operational semantics for both
languages. In Section 3 we define higher-order unCurrying
via a deductive system which relates a term with an un-
Curried form. We give several illustrative examples of the
capabilities of this system. In Section 4 we discuss the cor-
rectness of the deductive system and outline the structure
of its proof. In Section 5 we present an algorithm for un-
Currying based on Milner’s algorithm W and outline the
proof of its soundness and completeness. In Section 6 we
describe a deductive system and algorithm for unCurrying
in an untyped language. In Section 7 we discuss extensions
and future work, and in Section 8 we summarize our results.

2 Two Typed Languages

Our specification of typed unCurrying relates a source and
a target language, both versions of the typed A-calculus.
The source language is the implicitly typed A-calculus with
let-polymorphism, and the target language generalizes upon
this to permit unCurried functions and applications. We do
not include products as a primitive construct. Tuples of
expressions can only occur in the operand position of an
application. We let e and m range over source and target
language expressions, respectively. The following grammars
define the syntax for these languages.

z|Aze|er Qey|letz=cine

®
|

m == x| Xz,...,ze)m | mQ(m,...,m)

| let z =m inm

We use ‘Q’ to denote application, which, as usual, is left
associative. In a term A(z1,...,zx).m we require all the z;
to be distinct. In the unCurried language, abstractions and
applications have an arity k > 1. If K = 1 then we simply
write Az1.m and mo @Q m;. For notational convenience we
use boldface variables to range over tuples. Thus we write
Az.m and (mo @ m) letting y and m stand for some tuples
(z1,...,zr) (k> 1) and (m1,...my) (k > 1), respectively.

The types of the source language are the traditional sim-
ple types and type schemas of Standard ML:

T o= al|ToT

o = 71|VYao

We write Vao,.7 as an abbreviation for Va; - - - Vay,.7.

The types of the target language generalize these by in-
troducing notation for unCurried function types. At the risk
of some confusion, we overload 7 and o to range over types
and type schemas for these generalized types:

T ou= a|(rikkTR) DT

o = 71|VYao

in which n > 1. The constructor ‘*x’ denotes only the tu-
pling of function parameters, which is distinct from a general
product constructor ‘x.’

For both source and target types we require the instan-
tiation of type schema o to type 7, written o = 7, which we
define in the usual manner.

Let I' >, e : 7 denote the traditional typing system as
given in Figure 1. Let I' >¢ m : 7 denote the variant of this
typing system in which types range over unCurried types,
as given in Figure 2. In both cases, I' is a type context
mapping term variables to type schemas. We use FV (1) to
denote the free type variables of a type and generalize this
to type contexts, FV(T).

We define an operational semantics for each of these lan-
guages by axiomatizing judgments of the form e <5 v and
m ¢ w. To provide a high-level description for these se-
mantics, we use variable substitution rather than environ-
ments to manage the binding of variables to values. Thus,
in both languages, values are limited to A-abstractions. This
simplifies correctness proofs. The rules are given in Figures 3
and 4.

3 Typed UnCurrying

To provide an abstract, declarative specification of unCur-
rying, we define a type system which axiomatizes a relation
between a source term, a type, and an unCurried (target lan-
guage) form of the term. The system is non-deterministic
in that it can relate a single source term to many possi-
ble unCurried forms of the term. The inference rules fol-
low the structure of a traditional type system for the typed
A-calculus with polymorphic let, but we include unCurry
information as part of the types. Just as simple types pro-
vide constraints between terms, this unCurrying informa-
tion provides information about the introduction or use of
unCurried functions, and the inference rules use this infor-
mation to constrain the way in which unCurried terms can
be constructed.

3.1 UnCurry Types

To motivate the form of the judgment and the structure
of the inference rules we begin by considering some sim-
ple examples of unCurrying and what information needs to
be provided to ensure the proper construction of unCurried
terms. Consider the K combinator applied to two terms:

Az Ay.z) Qer Qe

In this trivial example, we can clearly see that the action of
unCurrying K requires the tupling of its arguments:

(A(z,y).x) @ (e1,e2)
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Figure 1: The Source Type Inference System
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Figure 2: The Target Type Inference System

When the function being unCurried is immediately applied
to its arguments, the process of translating the application
is trivial.

Consider now the slightly more complicated example in
which the K combinator is passed as an argument before
being applied to its arguments:

(Mk.k Qe Qer) @ (Ax.Ay.T)

Here, the action of unCurrying K must be communicated to
the formal parameter k, and, furthermore, this action can-
not take place if k is applied to only one argument. Simply
checking that k is always applied to two arguments (in a
Curried fashion) amounts to another form of first-order un-
Currying, in which a function named & is defined and then
can only be applied to all of its arguments for it to be un-
Curried.
As a third example, consider the following term:

(Ag-(g @ (\z.Ay.7))) @ (A\f.f Qer Qeo)

In this example, the ability to unCurry K relies on ensur-
ing that the argument supplied to g is a function whose
argument is unCurried and is applied to two arguments. So
unCurrying K yields the following term:

(Ag-(9 @ (A(z,y).x))) @ (Af.f @ (e1,e2))

While these examples may be easy and intuitive to un-
derstand, the situation of unCurrying quickly becomes un-
wieldy as demonstrated by the term

(As.Xk.s @ Audvw) Q@ Aw.w) Q@ (kQe; Qer)) @SQ@K

which can be unCurried to
(A(s,k).s @ (A(u,v).v), Aw.w), (k Q (e1,e2))))
Q (A(z,y,2).x Q (z,(y Q 2)),A\(z,y).T)
As these examples illustrate, the kind of information that
must be communicated between terms includes:
1. a function has been unCurried;

2. the formal parameter of a function expects an unCur-
ried function;

3. the formal parameter of a function expects to be ap-
plied to an unCurried function;

etc.

Complicating matters further, the unCurry operation can
tuple any sequence of consecutively occurring parameters of
a function. For example, the function

AL1.AL2.AL3.AL4.AT5.\Tg.€
could possibly be unCurried to the term
Mz1,x2) A3.\(T4, T5, T6)- €.

Given a function Azi.---Azp.e we refer to the tupling of
z; and ziy1 (for 1 < i < k) as the unCurrying of the ith
parameter of the function.

Taking the above issues into consideration, we introduce
unCurry annotations, types and type schemas. We use ¢,
7, and o, respectively, to range over these.

o iz clf
T o u= a|T—o,T

o u= 71|Vao



AT.e =5 \T.e

e1 s Az.e’

€2 s U2

e [va/x] =50

e1 Qey =, v

€1 —s U1

e2[v1/x] = v
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Figure 3: Source Operational Semantics
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Figure 4: Target Operational Semantics

We first informally motivate the structure of types, and
then give the deductive system which uses them to specify
unCurrying. An annotation is either {}, which indicates that
a function’s parameter should be unCurried, or e, which
indicates that the parameter should not be unCurried. For
example, one possible type for the K combinator Az.Ay.z is

(Tl > T2 € T1) —> T3 —e (T1 —4 T2 e T1)

which indicates the following characteristics: the parameter
x should be unCurried (with y to form a tuple) and z should
accept an unCurried argument. If K can be given this type
in the term

Az A\y.z) Qep Qe; Qer Qeg

then we can determine that e must have type (11 —¢ 72 —¢
71), indicating that its first parameter should be unCurried,
the arguments ep and e; should be tupled, and the argu-
ments e» and ez should be tupled. Let e, be the result of
unCurrying eo as required. Then we can construct the un-
Curried term

(A@,y).x) @ (g, e1) @ (e2, e3).

The terms e1, ez, e3 might also undergo some unCurrying,
but these transformations are not relevant to this example.

3.2 The Inference System

We axiomatize a relation between a source term e, an un-
Curry type 7, and a target term m. Similar to the opera-
tional semantics, we avoid using an explicit type context in
the judgment. Instead we use hypothetical assumptions (via
logical implication) to introduce assumptions about vari-
ables. Observe that this implies that we do not require a
rule for handling variables.

To support the definition of this relation we first extend
the syntax of target terms by adding a new form of applica-
tion:

m:= - | mQym

This form of application is used to construct intermediate
terms during the unCurrying of applications. A term of the
form (mo @4 m,) indicates that mo should be applied to a
tuple (m1,m2), in which ms occurs as the operand in the
enclosing application: ((mo @y m1) @ my).

To define the unCurry relation we introduce the judg-
ment e : 7 = m, in which 7 is an unCurry type, and axiom-
atize it by the rules in Figure 5. We use ‘Q,’ to denote ‘Q’
when ¢ = € and ‘@4’ when ¢ = f}. Rule (u-app) handles the
general case for application. The annotations on the func-
tion type and on the application in the target term must
be the same. The annotation ¢ on the type 7 —, 7' indi-
cates the unCurrying (or lack of unCurrying) for the first
argument to a function of this type. Hence, the application
in the target term should also convey this information. If
@ = {t then mo will be tupled with the argument applied
to (m1 @y m2). The next rule, (u-app-{}), creates a tuple
of arguments in an application, using (or consuming) the
fM-annotation on the application. The argument ms can be
either a single term or a tuple (resulting from previous ap-
plications of this rule). The next rule, (u-abs), handles the
general case for A-abstractions. To type and translate Az.e
we show that from the assumption z : 7 = 2’ we can derive
the type 7' and translate e to m. Because no unCurrying
of function parameters occurs, the function type receives an
e-annotation. The next rule, (u-abs-{}), performs the un-
Currying of function parameters, inserting the appropriate
f-annotation in the type. We assume uniqueness of bound
variables so an assumption introduced by an implication is
the only means for reasoning about a given variable.

The final rule, (u-let), operates on let expressions and
uses logical implication to encode the property that occur-
rences of z in es can be typed at distinct instances of 7.
Introducing the assumption

! ! ! !
Vi'(ei:T =miDx:7 =)
can be viewed as introducing a new inference rule

61:T,:>m1
_ 7
T =T



€1 :TL = T = M1
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e1 Qez: 7= (m1 Q, ma)

e1r Qey : 7= ((mo @ﬂ ml) @LP m2)

(u-app)

el Q €y ! T = (mO @gp (mlamQ))

r:T=2 D e:7TL=>m

(u-app-1)

Ae.e T —e T = A&'.m

z:T=>1 D Ay.e:m = A\y.m

(u-abs)

Az dy.e: T = 11 = ANz, y).m

€1 :T1 = M

Vr'(ei: " =miDz:7T =2") D e:T=>mo

(u-abs-1)

letz=eiines:7=letz’ =miin mo

(u-let)

Figure 5: The UnCurry Inference System

for unCurrying z. Since 7’ is universally quantified, we can
instantiate this rule to distinct instances. This technique
simulates the traditional presentation of let-polymorphism
in which we generalize 7’ to a type schema Vas,.r" and
assume this as the type for x when typing e>. Unfortu-
nately, this more familiar presentation cannot be encoded
directly into the LF type theory. The rule (u-let), how-
ever, can be encoded into LF, encoding bound variables of
the source and target languages as bound variables of LF.
Michaylov and Pfenning [8] provide further discussion of en-
coding polymorphic-let typing rules into logical frameworks.

We use logical implication, instead of contexts, in this
specification to facilitate reasoning about the structure of
deductions constructed from these rules. Logical implication
provides a precise and accurate description of the introduc-
tion of assumptions required for the specification, without
introducing a new data structure (type contexts) to simu-
late this requirement. We encoded these rules and the op-
erational semantics into the LF type theory, and also en-
coded the correctness proof of Section 4 into LF. We used
the programming language EIf [11] to typecheck all of these
encodings. We can give an alternative presentation using
type contexts and prove it equivalent to the one given here.
However, proving correctness using this lower-level descrip-
tion of unCurrying is significantly more difficult.

This inference system provides a general specification of
unCurrying. For a given source term e, there may exist
several 7;, m; such that e : 7; = m;. Included among these is
one in which all function arrows in a deduction are annotated
with €, in which case m = e, corresponding to the identity
translation. Our goal in unCurrying is to take a term e and
produce a term m which can be used in place of e. If we do
not know the context of e (say, for example, during separate
compilation) then we must require a translation e : 7 = m
in which m and 7 contain no f}-annotations. This ensures
that the translated term m can be used in the same context
in which e can be used.

3.3 Examples

We present here several examples, including those intro-
duced above, of unCurryings which can be derived using our
inference system. For convenience we assume some terms e;
such that e; : 7; = m;, for ¢ € [1..5].

The following three are straightforward examples from
above:

Az Ay.x) Qe; Qey : 11 = (A(z,y).2) Q (my, m2))

(Ak.kQer Qez) @ (\zAy.T) : 11 =
((Ak.E @ (m1,m2)) @ A(z,y).x)

(Ag.(g @ (Az.Ay.z))) Q (A\f.f Qe; Qep): 71 =
(Ag-(9 @ A(z,y).x)) @ (Af.f Q (m1,m2))

The following example from above is not immediately
obvious, but upon careful examination can be understood
as correct.

(As.Ak.s @ (Au.dv.w) @ (Aw.w) @ (k Qe Qes)) @SQK
T =
(A(s,k)-5 @ (A(u, v).v), Aw.w), (k @ (m1, ms)))
Q@ (Mg,y,2).9 Q (2, (y Q 2)), Mz, y).-x)

The last example demonstrates the ability to partially
unCurry any consecutive parameters to a function. In this
case the second parameter of a function is unCurried with
the third.

((Ag.g @e; @ez) @ ((Az.Ay.Az. A w.e3) Qeq)) Qes : 73 =
((\g.g @ (m1,m2)) @ (Az.\(y, 2).Aw.m3) Q@ m4)) Q@ ms

4 Correctness

We examine the correctness of our unCurry inference sys-
tem with respect to the type systems and the operational
semantics of the two languages.

4.1 Type Correctness

To demonstrate the correctness of the unCurrying inference
system with respect to the type systems for the source and
target languages, we show that, given a simple restriction,
this system derives judgments over exactly the terms typable
in these two systems. Additionally, we show that every ty-
pable source term can be unCurried.

To facilitate the comparison of the unCurry inference
system (which does not use type contexts) and the two type



language systems (which do), we introduce an alternative
inference system for unCurrying which uses a type context.
This system, which axiomatizes the judgment I'>e : 7 = m,
is given in Figure 10 in the Appendix. We can show an
equivalence between this system and the one in Figure 5.

Next, we give a translation from simple types and type
schemas to unCurry types and type schemas, and also from
unCurry types to the types of the source and target lan-
guages.

Definition 1 For every simple type T, its corresponding un-
Curry type, [T]e is given by
[ale = «
[Tl - Tz]e = [7'1]6 —€ [7'2]6
We extend this definition to type schemas and type contexts

in the natural way: [Van.7]e = Van.[r]e and if I'(z) = o then
[Tl (2) = [o]e.

Definition 2 For every unCurry type T, its erasure |7| and
its unCurrying ||7|| are given as

la] = «
|11 = 72| = |71| = |72
Va.o| = Va.o|
llaf] = «
I =enll = [l = =l
|71 = 72 =y 73]| = letmp = 75 = |72 =, 73|
in ||T1|| % T3 — 75
[[Va.o|| = Veal|o||
Observe that the || - ||-translation assumes the f;-annotation

only occurs in a context 71 —4 ™ —, 73. By considering
only relevant deductions, we can ensure that this is a valid
assumption. We extend this definition to type contexts in
the natural way: if I'(z) = o then |T'|(z) = |o| and ||T||(z) =
[l ll-

Theorem 1 IfT' >, e : 7 then there exists a target term m
such that [Te >e: [T]le = m

The proof follows by letting m = e and constructing a de-
duction which includes no unCurrying. Thus, every typable
source term can be unCurried to some target term.

Theorem 2 IfT'>e : 7 = m and m contains no occur-
rences of the ft-annotation then |U|>se : || and ||T]|>¢m :
lI7l-

The restriction that m contains no occurrences of the {)-
annotation prohibits terms of the form (m: @4 ms) which
actually denote intermediate terms in the sense that some
tupling is required to form a proper term. Note that a de-
duction E :: I'> e : 7 = m may contain sub-deductions
involving terms of the form (m; @4 m2). This does not
pose a significant problem as we can reason by induction
over the subterms m; and m2 and then perform the appro-
priate tupling. Thus, the inference system only relates terms
that are typable in their respective type system.

4.2 Operational Correctness

To demonstrate the correctness of the unCurrying inference
system with respect to the operational semantics, we prove
a general statement which accounts for intermediate val-
ues which are functions and also for deductions involving
f-annotated types and intermediate unCurried terms of the
form (m1 @ﬂ mz).

To accomplish this, we first extend the target operational
semantics with a rule for treating these intermediate appli-
cation terms. Because these applications represent functions
applied to only some of their arguments, the value of such
an application should be a function expecting the remain-
ing arguments, i.e., a partially-applied function. Using this
idea, we introduce the following new rule:

mo < Mz, y).m’' m1 —H Wi
(mo @4 ma1) ¢ Ay.(m[w: /z])

(t-app-1)

To account for higher-order functions we include as part
of the statement of correctness a form of subject reduction
for annotated types: if we can derive e : 7 = m and m —
w then type 7 must be a consistent type for w. In other
words, there must be some v such that v : 7 = w. In fact,
the required v must also be the value of e: the judgment
e —, v must be derivable. Relating the two values v and
w via the unCurrying system also accounts for the case in
which v and w contain functions, some of which, in w, may
be the unCurried versions of functions in v. The lack of
environments, contexts, and closures greatly simplifies the
presentation here. Specifically, we do not require a separate
definition of value consistency as found in traditional proofs
of type consistency.

Theorem 3 (Correctness of UnCurry Inference)

1. If e : 7 = m and e —s v then there exists a term w
such that m —; w and v : 7 = w.

2. Ife : 7 = m and m < w then there exrists a term v
such that e s v and v : 7 = w.

The proof of part 1 proceeds by induction on the struc-
ture of the deduction for e <5 v. The proof of part 2, how-
ever, does not simply proceed by induction on the structure
of m <»; w, as this approach fails for the case of applica-
tions. If m = (mo @Q (m1, m2, m3)) then e must be of the
form (((eo @ e1) @ e3) @ e3) and we cannot simply perform
induction involving mo and eg since we do not immediately
have the unCurry translation between ey and my. Instead,
we introduce a metric on deductions A :: m —; w. Let
|A| = (kn,...,k1) such that k; = the number of applica-
tion rules (both (t-app) and (t-app-{)) of arity ¢ occurring
in A. (Note that all occurrences of (t-app-{}) have arity 1.)
We write A < A" if |[A] < |A'| under the standard lexi-
cographical ordering. Observe that this is a well-founded
order. The proof then proceeds by well-founded induction
on A ::m < w.

An essential idea used in both parts of the proof involves
the structure of the deduction

=

z:T=>2" D e:7=>m

- 7 7 (u—abs)
Ar.e:T =T = Ax'.m

When encoded into the LF type theory, the deduction = is
represented as a function of type

{z : sexp}{x' : texp}{e : sexp}{m : texp}{r : tp}{7' : tp}
z:T=>2 - e:T=>m



We assume that source expressions, target expressions, and
types are represented as objects of type sexp, texp, and tp,
respectively. The type {z : 7}7' denotes a dependent func-
tion type which takes an argument v of type 7 and returns
an object of type 7'[v/x]. Objects of type e : 7 = w repre-
sent deductions of the corresponding judgment. The func-
tion representing =, when supplied arguments v : sexp,w :
texp,eo : sexp,mo : texp,To : tp,To : tp,E : (v : T0o = W),
returns an object (deduction) of type e[v/x] : 7o = m[w/z'].
This resulting deduction is precisely the one needed by the
induction hypothesis for the cases involving rules (s-app)
and (t-app) (to relate e'[v2/x] and m'[w2/z]). Without such
a function we would require a substitution lemma to demon-
strate the existence of such a deduction.

Encoding the rules into LF (and our experience with the
Elf programming language) provided us with insight into
how to structure our operational semantics and unCurry
system so that the structure of the proof would be more
evident and easier to encode in LF. The complete proof,
written as a series of declarations in Elf, is about 20 lines.
After the Elf system performs type reconstruction, however,
the size is much larger. Note that this encoding does not
include the reasoning that the proof is complete, only that
it is sound. Still, the exercise of encoding the proof was
fruitful in that it guided us in the structure of the proof and
provided some partial machine verification of the proof.

5 An UnCurry Algorithm

We have developed an algorithm for unCurrying based on
the inference system presented in Figure 6. The algorithm
is similar to algorithm  and has the same complexity. We
implemented this algorithm in Standard ML, tested it us-
ing all the examples presented in this paper as well as other
small, demonstrative test programs and it yielded the ex-
pected results in all cases.

For the purpose of establishing and solving constraints
on unCurry types and annotations, we extend the grammars
for unCurry annotations to include annotation variables ~:

el

We let 6 range over substitutions, mapping unCurry type
and annotation variables to unCurry types and annotations,
respectively. We also introduce annotated terms, which ex-
tend source terms by including annotations on @’s and \’s:

p =

v = z|uQpul|dzu|letr=uinu
The algorithm consists essentially of two steps, U and
translate:

unCurry(T'ye) = let (0, 7,u) = U(T,e)
in translate(f, u)

The first step corresponds to repeated applications of the
(u-abs), (u-app), and (u-let) rules, generating and solving
constraints on unCurry types and annotations. In this step,
similar to algorithm W, the function U takes an unCurry
type environment (mapping source term variables to un-
Curry types) and a source term and returns a triple (6, 7,a)
consisting of a substitution €, an unCurry type 7, and the
resulting, annotated term wu.

In the second step, the function translate takes a sub-
stitution and an annotated term and transforms the term,

Lavailable via http://wuw.cse.psu.edu/" phicks/uncurry

as indicated by annotations, into an unCurried form. The
transformations applied correspond to the rules (u-abs-f)
and (u-app-1).

The algorithm ensures that 6 is an idempotent substi-
tution, disallowing cyclic references with an occurs check in
the unification algorithm. Also note that annotation vari-
ables never explicitly take the value {} in the algorithm. This
is because it can be assumed that all annotation variables
that are still unmapped after applying U to the term can be
mapped to f}. This assumption is accounted for in translate.

The function U consists of four cases corresponding to
the structure of the source term. The cases are almost iden-
tical to those of algorithm W, but U also generates correct
unCurry annotations on terms and function types. The vari-
able case fails if the variable is not in the domain of I', but
otherwise the variable’s type is instantiated by substituting
fresh, unbound unCurry type variables for the quantified
variable in the type schema. The abstraction case generates
a new unCurry type variable a for the bound variable and
then annotates the body. The use of grndApp and grndAbs
ensure that appropriate annotations are ¢, just as enforced
by the inference system. The application case uses the func-
tion unify to resolve constraints. Again, the use of grndAbs
ensures that appropriate annotations are €, just as enforced
by the inference system.

The function unify takes two unCurry types and returns
the most general substitution which unifies the unCurry
types. The algorithm for unify is nearly identical to the
traditional one for types, except it also unifies annotations
on function types.

The final step in the algorithm translates the annotated
term into an unCurried (target language) term. The func-
tion translate examines the annotations on applications and
abstractions. These annotations can only be € or variables.
(The constant {} is never generated by U.) If an annotation
is € then no unCurrying takes place. If an annotation is a
variable then this implies that it can be bound to {}, and the
corresponding term (either an application or abstraction) is
unCurried. (The infix operator ‘@’ inserts an element at the
end of a tuple: (m1,...,mg)OMEy1 = (M1, ..., Mk, Miy1).)

To prove that the algorithm is correct (sound) with re-
spect to the inference system presented in Figure 10 and that
it generates maximally unCurried terms, we first introduce
a new unCurry inference system that more closely parallels
the algorithm by separating the steps of annotating terms
and translating terms into two deductive systems. (See Fig-
ure 11 in the Appendix.) The judgment I'>ie: 7 = u
relates a source term e, an unCurry type 7, and an anno-
tated term w. The judgment u =>: m relates an annotated
term u with a target-language term m. These two deductive
systems provide a specification of unCurrying equivalent to
the one given in Figure 10.

Lemma 1 'pe:7=m iff T>ie: 7= u and u =+ m.

The unCurry algorithm is sound and complete with re-
spect to this new specification.

Theorem 4 (Soundness of unCurry)
1. IfU(T,e) = (0, 7,u) then O > e : T = Ou.

2. If m = translate(6, u) then 640u = m, where 60y maps
all annotation variables to 1.

The proof follows by induction on the structure of terms.



U(Fa x) =
if z ¢ dom(T") then fail
else let Va,.7 =T'(z)
{Bn} be new variables

in (ID7 T[lgn/a"L 1’)
U(T, Az.e) =
let «, v be new variables
(1,7, u) = U(F{x : a}: e)
6> = grndApp(u) o grndAbs(A\,z.u)
in (62060, = 7, \yz.1)

U(F, €1 @ 62) =
let (91,7‘1, ul) = U(F, 61)
(02,72, u2) = U(61T', e2)
let «, v be new variables
93 = unify(92917'1,927'2 —)7 a)
04 = grndApp(u2)
in(94 o 93 [e] 92 (o} 91, a, U1 @7 UQ)

U, letxz=r¢e1ines) =
let (91,7’1,U1) = U(F,el)
{an} = FV(m) — FV(6:(D))
(92,7’2,U2) = U(91(F{a: — Va_n.ﬁ}),ez)
in(f2 0 61,72, let x = w1 in u2)

grndApp(u1 @y u2) = ID{y > €}
grndApp(u) = ID

grndAbs(Ayz.A,.u) = ID
grndAbs(Ayz.u) = ID{y — €}

unify(a, 7) =
if « =7 then ID
else if occurs(a, 7) then fail else ID{a — 7}
unify(7, &) = unify(a, 1)
unify(11 = 72, 1 = T3) =
let 61 = unify(y,7)
0> = unify(917'1, 917’{) 06
93 = unify(927'2, 927’5) 00>
in 93
unify(e,e) = ID
unify(y,7') = ID{y + 7'}
unify(e,v) = ID{y — €}
unify(y,€) = ID{y — €}

translate(f, z) = x
translate(f, Acx.u) = Az.translate(d, u)
translate(8, A\yz.u) =
if 8(y) = € then Az.translate(6, u)
else let A\y.m = translate(f, u)

in A(z,y).m
translate(d, uo @,/ u2) =
case up of
u @y up =
ifO(y) =€

then translate(f, v @, u1) @ translate(f, us2)
else let (m @ ms) = translate(6,u Q. u)
in (m @ (ms © translate(f, u2)))
u = translate(f,u) @ translate(, us2)
translate(f, let £ = u1 in u2) =
let x = translate(f,u1) in translate(d, u2)

Figure 6: The UnCurry Algorithm
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Figure 7: Order on UnCurried Terms

Lemma 2 (Completeness of UnCurry)

1. If T >1e: 7' = o' then there exists a substitution §
such that

U, e)=(0,7,u),

0'T = 66T,
' =60r, and
u = §0u.

2. If bu = ' and v = m then translate(f,u) = m.

The proof is similar to the one given in [10].

Completeness demonstrates that the algorithm performs
unCurrying whenever possible. We can clarify this idea by
introducing an ordering on target terms, corresponding to
the degree of unCurrying which occurs in them. This order-
ing is given in Figure 7. Intuitively, m T m' if the terms
are both unCurried forms of the same source term, with m
unCurried at least as much as m’ is unCurried. For example,

(Az.A(y, 2)-2(y, 2)) Q(A(u, v).v) @(m1, m2)

Az, y, 2).2(y, 2))Q(A(u,v).v,mi,ma) C

Using this ordering we have the following result.

Theorem 5 (Principal UnCurrying) IfI'>e: 7 = m
then unCurry(I',e) = m’ and m' C m.

The proof follows from the completeness of unCurry. Thus,
our algorithm computes the best unCurrying possible for
any typed term.

6 Untyped UnCurrying

We can adapt the unCurrying inference system of Section 3
to treat the untyped A-calculus. Much of the treatment from
the typed setting carries over to the untyped setting, and
here we focus on the differences. Obviously we do not have
the simple types and type schemas, but we can introduce a
form of type which conveys only the unCurry information.
For completeness, we must ensure that every untyped A-
term can be accommodated. To do this we adapt some
ideas of partial type inference [2] by introducing a kind of
universal type 2 which can be the type of any term. We



er: Q= mi €9 Q= ma (u_a -Q)
e1 Qer: Q= (m1 Qmo) PP
z:Q=>2 D e:Q=>m (u-abs-Q)

Az.e: Q= '.m

Figure 8: The Q-Rules

use this type as a default type when we cannot infer any
information about the functional behavior of a term.

We again let 7 range over the unCurry types:

T o= Q|To,T

(We add type variables when considering the algorithm for
untyped unCurrying.) The source and target languages are
those defined in Section 2, including the operational seman-
tics, but without the let construct and the type systems.

The inference system includes the rules from Figure 5,
except for (u-let), plus the additional rules given in Figure 8.
These new rules ensure that any A-term can be typed. The
resulting system allows us to infer useful unCurrying infor-
mation, even with the lack of traditional types. Not surpris-
ingly, all of the examples from Section 3, when viewed as
untyped terms, can be handled by this new system. Addi-
tionally, however, untypable terms (in the simple-type sense)
can be non-trivially unCurried if they use functions in a con-
sistent way. As an illustrative example, consider the expres-
sion

(if b then Az.Ay.x + y else Az Ay 2.z + y) n1 no.

Our inference system (extended to handle conditionals and
integers) can unCurry this term to

(if b then A(z,y).z + y else A(z,y).Az.z + y) (n1, n2).

The addition of the Q-rules allows all untyped terms to
be translated to target language terms.

Proposition 1 For all closed untyped, source terms e, there
exists a type T and target term m such that e : T = m s
derivable.

The proof relies on observing that we can choose 7 = Q and
e = m. Such a judgment is always derivable using just rules
(u-app-2) and (u-abs-Q2).

We can modify the inference algorithm of Figure 6 to per-
form untyped unCurrying. The modifications to the func-
tion U are minor. The type context [' maps variables to
types (not schemas) and so the variable case does not in-
stantiate a schema. The abstraction and application cases,
however, remain the same. The let case no longer applies.
The major change applies to unify which must now always
succeed. We generalize the traditional notion of unification
by introducing a general notion of equality, =q, which ex-
tends syntactic equality with the equation

Q:Q Q—)EQ

The type Q —¢ €2 essentially states that no unCurrying oc-
curs in a function. The type €2 provides the same informa-
tion. We can define a partial order of Q-types by introducing
the inequality

QLo Q-

and show the following properties.

unify(2,Q) = ID
unify(Q, 7) = ground(7)
unify(7, Q) = ground(7)
unify(a, 7) =

if « = 7 then ID
else if occurs(a, 7) then ground(r)
else ID{a— 7}
unify(7, a) = unify(a, 7)
unify(r =y T2, 71 = T) =
let 61 = unify(y,v")

92 = unify(917'1,917'{) o] 91
93 = unify(0272,927'§) o] 92

in 03

Figure 9: The Untyped Unification Algorithm

Proposition 2

1. If 1 =q 1 then there ewists a 7' such that 7' Co
and 7' Co To.

2. IfTpe:7T=>mand 7 Co 1 then D >e: 7 = m.

Exploiting these properties, the function unify, given in
Figure 9, takes two types and returns a unifying substitution
modulo the =q-equality. Unlike traditional unification, this
function always succeeds when given two types containing
no ff-annotations. For any such type 7 we can always obtain
a substitution 8 such that 87 =q €. If the occurs-check suc-
ceeds, then, rather than failing, the algorithm forces the of-
fending type and type variable to be equivalent to 2, indicat-
ing that no unCurrying can occur. The function ground(r)
simply generates a substitution 6 such that 67 =q Q.

Proposition 3 If 8 = unify(71, 72) then 011 =q 07>.

The result of U(T', e) is again a triple (0, 7, ) in which u
is an annotated term. We can again use translate to produce
an unCurried term.

7 Extensions and Future Work

A number of important and related issues remain to be ex-
plored in conjunction with this work. We briefly outline
some of them here.

Completeness of the Inference System. While we have
shown completeness of our algorithm with respect to the
inference system for typed unCurrying, we have not demon-
strated a measure of completeness for the inference system
itself. To do this, we likely need a denotational description
of unCurrying such that for any term e, [e] denotes the set
of all typable terms which are unCurried forms of e.

Recursion and Other Language Constructs. The current
work treats only the core A-calculus. The inclusion of addi-
tional programming language features is an important next
step. We have already considered the impact of adding re-
cursion and our analysis can easily be extended to handle



this. If pf.e is the syntax for a recursive function, then the
unCurry translation can be extended with the following rule:
f:r=>f D e:T=>m
ufe:T=pfl.m

Interaction with 3 and . The current work treats unCur-
rying in isolation of other program optimizations and trans-
lations, in particular in-lining (3-reduction) and n-reduction
and expansion. By performing additional transformations to
an expression, more unCurrying may become possible. We
plan to study the interaction of these transformations with
unCurrying.

Lambda Lifting and Closure Conversion. The operations
of lambda lifting and closure conversion have properties sim-
ilar to that of unCurrying and we believe that our inference
system and algorithm can be adapted to handle these trans-
formations.

8 Conclusion

We have presented a formal specification of higher-order un-
Currying and developed a practical algorithm, based on this
specification, for unCurrying both typed and untyped A-
terms. These inference systems provide a general framework
for reasoning about unCurrying, independent of a particular
algorithm. They also support a richer form of unCurrying
than is currently found in compilers for functional languages.
These specifications also facilitate the correctness proofs for
unCurrying algorithms.
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A UnCurry Deductive Systems using Contexts

() =7
I'bzrz:7=>=x

P>e :7—,7 =>m F'>ex:T=mo
F'>e Qer: 7 = (m1 Q, mo)

F[>61@62:T:>(m0@ﬂm1 @‘me)
I'>e Qey: 7= (mo Qp (M1, m2))

Moe:ripe: ' =m
LD Ae:T =T = Ax.m

Mz :7m}>Aye: 7 = Ay.m
> Az dy.e: 7 = 7 = ANz,y).m

I'be:m=m {a_n}ZFV(Tl)—FV(F) F{m:Vﬁ.n}DezzT:mg
I'Dletz=eiines:7=letz=my in mo

Figure 10: Introducing Contexts to the Original UnCurry System

D(z)=¢ 7 = Inst(p)
I'bx:7=>=2 T =X
U=t m
Fl>6127'—>¥,7"=>ul Fl>(62@63)27’=>(’d2@6u?,) m

I'>(e1 Q(ex Qes)) : 7 = (w1 Qp (u2 Q. uz))
Apy.u = Ay'.m
AT Apy.u = Mz, y").m

Te 72,7 =>wu > Azer: 7= Apz.ur
I'>(e1 @(Az.e2)) : 77 = (w1 Qp Ay a.u2))

U2 =¢ M2
(z Qp uz) = (z Q@ my)

Te :m7 2,7 =>wu I'bz:7=>=2
I'>(enQx): 7 = (w1 Q, 7)

ApZ. UL =¢ My Uz =¢ M2
((Awm.ul) Q, UQ) =t (ml Q m2)

D{z:7}>(e1 Qes): 7' = (u1 Qc up)
> Az.(e1 Qer) : 7 = 7 = Acx.(u1 Qe us)

(uo Q. ul) =+ MM U2 =¢ M2
((uo Q¢ u1) Qp u2) = (M Q my)

Mz:m}>Adye: 7 = Ayu
C>ArAy.e:T =, T = Ao Ay YU

(UO @ﬂ ul) =t (mo Q m) U2 = M2

Me:ripy:m' =y

Q Q = aQ(mo
T Ay :7T =T = Aezy ((uo @4 u1) @y u2) =+ (Mo @ (M O M2))

wp = my U2 =t M2
let £ = w1 in us = let £ = m1 in mo

I'bei:m=w
{a,} =FV(r)—-FV() Mz :Vag.mi}>e: 7= u
I'>letz=c1inex:7=letx=u1 in usz

Figure 11: Splitting UnCurry into Two Systems



