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Abstract

We consider a loss system in which the connection arrival process is deterministically regulated
(by leaky buckets for example) but is otherwise arbitrary. Bounds are found on connection blocking
probabilities. These bounds are only in terms of the parameters of the traffic regulator, the common
connection holding time distribution (which is not regulated in any way) and the server system itself.

1 Introduction

We consider the problem of reducing the number of blocked connections in an Erlang-type loss network.
One extreme is not to inhibit the arriving traffic (connection set-up requests) at all; this leads to blocking
probabilities given by Erlang’s formula for the case of a network of M/GI/C/C queues [8, 12]. The
other extreme is to put a queue at each source (network access point) and have the connections wait
until a circuit is available. This requires complex network monitoring of available circuits and constant
communication with the network access points; also, connection set-up delay may be excessive. The
approach proposed in this paper is somewhat of a compromise.

In Figure 1, a “single node” situation is depicted. Let N(s,t] be the number of connection
set-up requests (simply called “connections”) departing the shaper over the interval of continuous time
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Figure 1: A traffic shaper followed by a C server loss system

(s,t]. The shaper operates so that, irrespective of its connection arrival process, its connection departure
process satisfies

N(s,t] < g(t—s) as.
for all ¢t > s where g is a strictly increasing function on R* such that g(0) = 1 and g(0—) = 0.

The scenario of Figure 1 is also relevant to ATM virtual path (VP) switching and to label-
switched routes (LSRs) in a MPLS Internet domain. In both cases, connections may be set up by
“servers” in the context of limited available capacity. For a specific example, consider a LSR which
has been set-up through an MPLS domain using an RSVP-type protocol so that the LSR is assigned a
finite amount of associated bandwidth B. The LSR is used by a “service” provider for connections each
requiring a bandwidth b <« B. The number of “circuits” or “servers” of this LSR is simply C' = B/b.

Note that the shaper does not take into account the potential holding times of the connections.
When a connection is blocked by the (finite capacity) shaper, the corresponding user would quickly
receive a “fast busy signal”. Typically, if resources are not available, the network responds after a small
fixed amount of time with a fast busy signal. The connection capacity of the shaper can simply be sized
according to this time limit.

A less desirable situation occurs if the user’s connection set-up request passes through the
shaper (possibly at the expense of some delay) only to be blocked by the “C-server system”. So, if a
connection is forwarded to the C-server system by the shaper, it is desirable to have a low probability
that the connection is subsequently blocked. Also, the router(s) of the C-server system can operate
at only a finite rate (which is related to the “signaling bandwidth” of the system). By smoothing the
connection arrival process to the C-server system, the shaper can also address this limit.

In this paper, we derive analytical bounds for the call blocking probabilities of the C-server
system. A simulation study is given in [5] which explores the benefits of using a traffic shaper, as
in Figure 1, to reduce the overall connection blocking probabilities subject to the network limitations
described above.

2 Focus on the C-server system

Consider a system of C servers each handling connections across a communication network. This system
has no associated queue. The arrival time of the i*" connection to this system is T; and this connection
has duration S;, i.e., if this connection is not blocked and obtains a server, it will occupy the server for
S; seconds. Let N be the counting process of arrivals to the system, i.e., for any interval of time (s, 1],

o

N(s,t] = Y 1s<T, <t} 1)

i=—o0



where 1 is the indicator function.

Suppose that the connection arrival process to the queueing system is deterministically con-
strained by a strictly increasing function g on Rt such that g(0) = 1 and g(0—) = 0; i.e., for all times
s < t,

N(s,t] < g(t—s) as. (2)

For example, if the connection arrival process is “spaced” so that the peak connection arrival rate is «
and if a leaky bucket with token buffer size ¢ > 1 and token rate p < 7 is also applied, then, for z > 0,
we take

g(z) = min{l 4wz, o+ pz}
in (2) above [1, 2, 3, 6].
If connections are not blocked in the C-server system, the number of connections in the system

at time ¢ is

o0

Z HT; <t<Ti+ S = Q(t) (3)

i=—o00

where we note that the termination (departure) time of the i** connection is T; + S;.

3 A no-blocking condition for G/G/C/C queues with C < co

Clearly, if Q(t) < C for all time ¢, where @ is the queue occupancy process specified by (3), then
connections are not blocked. In this section, we consider the case of a G/G/C/C queue with C finite.
A condition will be given on the connection arrival times and durations which imply that Q(t) < C for
all t. Suppose that all the connections have a maximum duration S™® < oo, i.e., for all 4,

S,' S ST a.s. (4)
In this case
Q) = D Ht-Si<T;<t} (5)
< D) {t-Sm < T <t} (6)
= N(t - 8™ 4. (7)

Under assumption (2), (7) implies
Q) < g(S™™). (8)

Therefore, we have proved [7]

Theorem 1 If
9(8™) < C 9)

then the occupancy of the G/G /0o system will never exceed C, i.e., a connection will not be blocked by
the corresponding G/G/C /C system.



4 Bounds on P(Q(t) > C) for the G/GI/c0 queue

Note that (3) is the expression for the content of a G/G/oo queue (which is obviously lossless) which
we now consider. We now assume that the {S;} are i.i.d. and that they are independent of the arrival
times {T;}. The objective is to find a bound on P(Q(t) > C) which may be used as an approximate
bound on the connection blocking probability for the G/GI/C/C queue with the same arrival process.

Theorem 2

P >0) < e (-supfoc— [Tiog (@) +1-20) a1} ) (10)
where
®(x) = P(g(S;) > ). (11)
Proof:
Let
e = Ploime) < Si < g (mas) (12

for k € {0,1,2,..., K} where mg = 0—, g(mg) = 0, mg41 = g(S™*) and my, < my; for all k. Note
that

and that {my1 — my }}_, is a partition of the range of the random variable g(S5).
Define the job indexes here so that

T, < t < T,

Thus,
-1
Q) < > {t-Si<Ti<t}

ok

= D D 1{t-Si<T<t}1{g "(mi) < S < g ' (mat1)}
i=—00 k=0
K -1

= Y > 1{t=Si<Ti <t}1{g " (mi) < Si < g H(mps1)}
k=0 i=—o0
K -1

< DD {t—g7 (meg) < T <t}1{g™ " (my) < Si < g7 (M) }-
k=0 i=—o0

By (2), N(t — g~ ' (ms41),t] < mgy1 a.s. Therefore,

K -1
QW) < Y Y g mw) < Si < g7 mrq)}-

k=0 i=—mpq41



Switching the order of summation again we get

Q) < Z Zl{g (mi) < Si < g7 (me41)}

i=—m1 k=0
—-mi—1 K
+ ) Y 1{g7 (ms) < Si < g7 (mega)}
i=—ma k=1
—ma— 1 K

+ ) Y 1{g (me) < Si < g7 (mega)}

i=—m3 k=2

7’!17/}(71
-t Z 1{g~ ' (mk) < Si < g~ (mx41) = S}
I=—MmK 41
and, consequently,
—m;—1
Q) < Z > g t(my) < Si}

—0 z_—m]+1

—m;—1

Z > US> my} (13)

_0 1—7m1+1

Note that the summands of (13) are all independent random variables.

Now recall that the S; are i.i.d. and the definition of ® in (11). Let ¢; = P(g(S;) > m;). For
all real 8 > 0, (13) implies that

ot < 1 ] @e's1-0)

K
= (gje” +1 — q;)mitr ™
=0
Thus, for all real § > 0,
K
log B’ < Y "(mj11 —my)log(gje’ +1—g ). (14)
=0

Finally note that, as the partition {mg+1 — my}X_, becomes infinitely fine (i.e., K — oo and my41 —
my, — 0 for all k), the right-hand-side of (14) converges to (the Lebesgue integral)

/00O log (2(y)e? +1 — &(y)) dy.

Thus,

log Ee’C®) < / log (B(7)e? +1— @(v)) dy. (15)
0

Finally, the Chernoff bound is

P(Q(t) >C) < exp (— sup{6C — log EeeQ(t)}>
0>0

IN

exp (— sup {00 - /0 " log (8(7)e + 1 — 8()) dfy}) (16)

>0



as desired. O

Note that an immediate consequence of (13) is

EQ(t) < Eg(9) (17)
and therefore, by Markov’s inequality,
Eg(S
P >0) < 48 (18)

This bound is simpler to compute but cruder than the Chernoff bound of Theorem 2.

5 Summary and final remarks

In this note, we consider the use of traffic shaping for connection-level management in communication
networks. A probabilistic bound on the connection blocking probability was derived at a single boundary
node consisting of C' servers which receives a deterministically shaped connection arrival process.

There is easily enough time between admission control decisions (on the order of hundreds of
us or more) to numerically compute the Chernoff bound. In [5], the bound was quickly computed
using Simpson’s rule to evaluate the integral and a simple linear search (or Newton’s method) to find
the maximizing §. We observed that the bound was accurate for some ranges of parameters of the
traffic models studied (e.g., on-off Markov fluids) but was quite conservative (sometimes by an order of
magnitude) for other ranges of parameters. We reiterate that the derived Chernoff bound holds for a very
wide variety of connection arrival process N output from the traffic shaper g; in modern communication
network settings, the incident traffic M is often unknown and difficult to predict. Given a desired
upper bound on the connection blocking probability, the derived bound can also be used to numerically
compute the “traffic capacity” of the shaper/C-server system in terms of the (traffic) parameters of
the shaper and the service-time distribution @ [9, 11]. Finally, the Chernoff bound can be used to
approximate how the connection blocking probability depends on the holding time distribution ® and
the parameters of the traffic shaper g.
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