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Abstract

The problem we address is how to quickly estimate by simulation the loss in a
buffer with multiclass on-off Markov fluid sources. We generate the Markov fluids
with the altered rate matrices given in [11], instead of the originals, to speed up
the simulation. Likelihood ratios are used to recover an estimate of the loss for the
original traffic parameters.

1 Introduction

The widely agreed upon standard for future broadband, integrated services digital net-
works is Asynchronous Transfer Mode (ATM). ATM carries statistically multiplexed
streams of 53-byte cells called virtual circuits. ATM’s use of statistical multiplexing re-
sults in a flexible and efficient utilization of the bandwidth by the bursty traffic. Buffering
is used in the network’s switches in order to be able to keep a virtual circuit’s cell loss
probability extremely small.

In this note, we address the problem of evaluating a switch design under simulated
traffic conditions. We assume that the traffic sources are modeled as Markov fluids, the
model parameters are known, and that the performance of a switch is determined by
the probability of overflow in a busy cycle (®) of the switch buffers. A busy cycle is an
interval [Sk, Sk+1), K € Z, where the {Si} are successive points in time such that the
buffer occupancy X(Sx—) = 0 and X(S;) > 0.

® is extremely small (for a nominal switch) so that a way to quickly estimate it is
needed. Using a form of important sampling deduced from large deviations, the traffic
parameters are altered (or “tilted”) so that ® is much larger and can be more accurately
estimated in a reasonable amount of simulation time (“quick simulation” [16],[4], [2],[13],
[15]). Likelihood ratios are used to recover an estimate for the original traffic parameters.

This note is organized as follows. In section 2, we describe the conjectured optimal
choice for the tilted parameters reported in [11] and our quick simulation approach. A
multiclass simulation example is reported in section 3. Conclusions are drawn in section

4.

2 Quick Simulation Approach

To speed up the simulation to estimate ®, we alter or “tilt” the parameters of the arrival
process so that the deviant behavior we are interested in (buffer overflow) becomes typical
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(see [4], [2],[13]). We assume that the sources of the buffer are independent Markov fluids
[1]. That is, the time-derivative of each source is a function of a continuous-time Markov
chain on a finite state space. If the arrival process to a buffer with deterministic service
rate is a superposition of independent Markov fluids, then the buffer occupancy has
piecewise-linear trajectories with random slope. Let ¢ cell/s be the buffer’s deterministic
service rate and B cells be the buffer’s size.

A two-state or “on-off” Markov fluid source of type 7, 2 = 1,..., K, is defined to have
a Markovian time-derivative with state-space A’ = (A%, A}) and transition rate matrix
Q. We assume A} < A} < oo for all 5. Let 7 be the invariant of Q* (7'Q* = 0) and N;
be the number of sources of type :.

In [12] and [5], we heuristically argued that & has the following form

3 = exp(~BI(N,c)+o(B)) (1)

where N = (Ny,..., Ng),

K N:Hi(m;
I(N,e) = _int iz NiHi(mi)
EN,-m,'>c Ei:l szz —C

and exp(—T H;(m;)) is approximately the probability that a type i source generates m;T
arrivals over large time 7'. Thus, H; is determined by the large deviations for the empirical
distribution of a type 7 source:

H;(m;) = inf inf G(P;Q") (2)

[4iAfl=m; P: uiP=0

where [, AT = 32; ,ué-Aé, and the infima are taken over the space %,,. of distributions p’
on A’ and over the space of transition rate matrices P on A'. G is the relative entropy
rate between continuous-time Markov chains [10]:

2 2

P .
G(P;Q) = > m Y, (Pk,jlog i +Qk,j—Pk,j>

k=1 j=1,j#k Qk.j

where g is the invariant of P (uP = 0).

By evaluating I(N,c) we can approximate ® by exp(—BI(N,c)); but this approxi-
mation may not be accurate when the “o(B)” terms are significant (see the simulations
reported in [5]). Therefore, we base our change of parameters on an analysis of I(N,c).
A (quick) simulation is conducted to take the possible significance of the “o(B)” terms
into account.

Define the vector M := {1y, ..., Mg }:

K
. t N;H;(m;
M = arg _inf E_lK_l ( );
Y Nimi >e Yoo Nym; —c

i.e., Y, N;m; is the most likely slope that the buffer occupancy will take to overflow from
empty, for sufficiently large buffer size B. To minimize the variance of an estimate of ®,
we postulate that the optimum choice of tilted rate matrix for a type 7 source is

QF = arg inf G(P; Q%) (3)

[u,A]=77;



where the infimum is taken over rate matrices P with invariants g having mean m;.
We can obtain a closed form expression for H; when the Markov fluid is of the on-oft

type:

Hz(mz) = A§ i Ali (\/CH(AQ - mi) - \/qé(mi - A§)>2

where ¢; = Q112 and g5 = QZ21

A more manageable expression for M is obtained by using the concept of effective
bandwidths ([8], [7], [12]). If a;(-) is defined to be the effective bandwidth of a call of
type i, then a; depends only on the type i parameters (i.e., Q@ and A*) and [12]:

K
I(N,c) > 6>0 & ZNiai((?) <e. (4)
=1
Thus, for large B, the constraint ® < e 5% is equivalent to a linear constraint on the
effective bandwidths of the buffer sources.
We can show that [9],

m; = arg inf (5)

m;>a;(I(N,c)) m; —Oél(I(N,C))

and
K
ZNiai(I(N,c)) = c
=1

By equation (3), the entries of Q' are

3 i g5 A A
Ql,z = =2 and Q2,1 = "EiQLz- (6)

)

where &; = (A} — 17;) /(s — AY).

In [7], a closed form expression is obtained for the effective bandwidths of (multiclass)
Markov fluids sharing buffer with deterministic service rate (here we use the notation of
[12]):

1

ai(8) = 5 (—al6) +/al(s) - 4b:(6))

where

g + gAY

a(d) = BB A A and B(6) = ALA— ;

)

By equation (5) and direct calculation,
N — alI(N,0)) + AT, ) - ALY
G (A3 — ai(I(N,¢)))? + gs(u(I(N,¢)) — A7)
Thus, given I(N,c), we can directly compute m; and, using equation (6), Q' as well,
for all . What remains is to numerically evaluate I(N,c) using the fact that I(N,c) is

the only positive solution § of the equation:

Z:Niai@)—c = 0. (7)

In [12] it was shown that the left hand side of equation (7) is, in general, nondecreasing
in §. We can use Newton’s method to solve equation (7).



3 A Simulation Example

We simulated a buffer of size B = 7 cells with deterministic service rate ¢ = 1.9 cells/s.
The buffer had two independent on-off Markov fluid sources. Source 1 had the following
traffic parameters:

Al =0, AJ=1, ¢ =0.7, and ¢§' = 1.
Source 2 had the following traffic parameters:
A2=0, A2=2, ¢*=0.5, and ¢’ =1.

We conducted a direct and a quick simulation as above. The amount of simulation
time is roughly proportional to the number of transitions of the two-dimensional embed-
ded Markov chain. Thus, for comparison, we took the “cost” of each simulation to be
the number of transitions of the embedded Markov chain required to achieve a relative
error of 10% of the estimate of ®. The quick simulation required slightly more execution
time per iteration to compute the likelihood ratio.

For the above example, three iterations of the Newton’s method algorithm were re-
quired to compute I(N,c) ~ 1.110 to an accuracy of £0.001. Thus, this first step of the
quick simulation program required a negligible amount of execution time.

Successive busy cycles are, in general, not independent and this complicates the busi-
ness of obtaining an accurate estimate of a confidence interval for ®. So, we assumed
that successive groups of 10 consecutive busy cycles were independent. That is, for the
direct simulation (with original traffic parameters Q*) let

y; = 1{an overflow occurs in the ;th busy cycle},

and for the quick simulation (with tilted traffic parameters Qz) let
9; = L;1{an overflow occurs in the ;th busy cycle}

where L; is the likelihood ratio for the ;th busy cycle. Also, for n > 1, let

1 10n 1 10n

Yn:— M and Yn:— ~i-
10,5 10, 5
So, we assumed that {V,} and {Y,} were i.i.d. sequences.

During our simulations, we updated the estimates of the mean and variance of the
sequences Y, and Y, every 10 busy cycles (i.e., after every new sample generated) using
a recursive formula found in [14], p. 98. If, after 10n busy cycles, the mean was y,, and
the variance o2, then the estimate of ® at this point would be p, and the relative error

of ® would be (/a2 /n/up,.
The direct and quick simulations were executed three times each and the results of
these simulations are given in Tables 1 and 2.

Table 1: Direct Simulation Results

Trial | Cost Estimate of ®
1 2.30 x 106 2.44 x 107
2 2.28 x 106  2.42 x 107
3 2.60 x 106 2.12 x 107*




Table 1: Quick Simulation Results

Trial | Cost | Estimate of ®
1 2617 | 2.16 x 10~*
2 2894 | 2.28 x 10~
3 2480 | 2.20 x 10~

We see that a speed-up of about of about 1000 times is achieved by using the quick
simulation approach. Note that exp(—BI(N,c)) = 4.2 x 107*.

Distribution at the Beginning of Busy Cycles

Care should be taken to properly initialize the likelihood ratio to the appropriate value
at the start of a busy cycle. Let p and i be the joint distributions of the source Markov
processes at the beginning of a busy cycle for the original and tilted parameters respec-
tively. If the Markov processes are in state x at the start of a busy cycle, then we should
initialize the likelihood ratio for that cycle to p(x)/fi(x). An estimate of p (respectively,
i) was obtained by simulating the buffer with the original (respectively, tilted) traffic
parameters. Clearly, the cost of these simulations degrade the performance of the quick
simulation.

One could save the cost of estimating & by initializing the likelihood ratios to 1.0 and
estimating fi(x) and ¢ in parallel where ¢ is defined to be the sum of cycle likelihood
ratios for busy cycles beginning in state x that resulted in buffer overflows. Our estimate
of ® at the end of this quick simulation would therefore be

1 ¢ p(x)

B i)
where (3 is the total number of busy cycles simulated. The drawback is that we cannot
obtain an accurate estimate of the sample standard deviation of our estimate of ® if we
do things this way.

For the simulation example described above, there were two possible states for the
Markov processes at the beginning of a busy cycle: x € {(0,1),(1,1)} where, for example,
“(0,1)” is the state in which Source 1 is in state 0 and Source 2 is in state 1. After
1000 iterations (i.e., transitions of the embedded Markov chain) of both the direct and
tilted simulations, we obtained the following estimates: x(0,1) =~ 0.6, p(1,1) ~ 0.4,
£(0,1) ~ 0.3, and jz(1,1) ~ 0.7. The cost of these simulations (2000 iterations) was
included in the cost of the quick simulation quoted above.

4 Discussion and Conclusions

The same approach described above can be used to for a buffer with discrete-time Markov
sources. That is, the number of cells that arrive at time n from a source of type 7 is a
(discrete-time) Markov chain with transition probability matrix @Q° and state space A’.
The only alteration to the analysis of section 2 is that the relative entropy between



Markov transition probability matrices P and Q is [6]:

Py ;

Qk,J

Gd(P,Q) = Zpkzpk’jlog
k J

where 4 is the invariant of P (uP = p). The optimality of this choice of tilted parameters
for the discrete-time buffer was proved recently in [3]. A quick simulation approach which
assumes equation (1) holds but does not rely on knowledge of the traffic parameters is
described in [5].

In summary, for a buffer with deterministic service rate and multiclass independent
Markov fluid sources, we have derived an expression for tilted rate matrices in order
to estimate the probability of buffer overflow in a busy cycle quickly. Simulations were
reported to demonstrate the speed-up obtained by using this quick simulation method

for on-off Markov fluids.
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