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Abstract. Ab initio predictions of secondary structures in proteins have
to combine local predictions, based on short fragments of the protein
sequence, with consistency restrictions, as not all locally plausible pre-
dictions may be simultaneously true.
We use the fact that secondary structures are patterns of hydrogen bonds
and that a single residue can participate in hydrogen bonds of at most
one secondary structure. Consistency of fixed-sized pieces of secondary
structures is the easiest to approximate and we formalize it as 1-2 match-
ing problem. Consistency of entire secondary structures is a version of
set packing. We also investigate how to form a simple problem if we add
the requirement that the secondary structure and the loops that connect
them fit together in a metric space.
Every problem that we investigated is MAX-SNP hard and it has a con-
stant factor approximation. Computational experience suggests that in
biological instances, we can find nearly optimal solutions using heuristics.

1 Introduction

One of the goals of bio-informatics is finding a way to predict the shape of a
protein based on its sequence of residues (i.e., the amino acids). The first stage
of the shape prediction of a protein often consists of the identification of the set
of its secondary structures (see the introduction of [6]).

The primary structure of a protein is its chain of amino acids, also called
residues, that are connected by covalent bonds. There are 20 different possible
residues (with rare exceptions) and thus a protein can be described as a sequence
of letters from an alphabet of size 20. A protein chain created by the transcription
process folds into its eventual shape. A large part of a typical protein consists of
periodic secondary structures, α-helices (see Fig. 1) and β-sheets of two kinds:
parallel and anti-parallel (see Fig. 2).

There exist a number of methods (e.g., Rost [17]) to provide local predictions
of the form “residue i belongs to a β-sheet/α-helix/none” with a certain degree
of confidence. However, there is a difference between knowing which residues
belong to what kind of structures, and identifying those structures. This problem
does not arise for α-helices because an α-helix consists of a single fragment of a
protein chain that is folded in a helical pattern. On the other hand, a β-sheet
is formed from two relatively straight chain fragments that are connected with
a pattern of hydrogen bonds. Thus there are two parts to predicting β-sheets:
predict the chain fragments that they include (which can be called β-strands)



and the contacts between these strands. The problem discussed in this paper is
predicting the set of α-helices and β-sheets (both the strands and the contacts).

Several researchers proposed methods to predict sets of α-helices and β-sheets
(contacting pairs of β-strands) by forming a consistent set of individual predic-
tions. Cheng and Baldi [6] used a neural network to provide confidence levels
for small fragments of β-sheets, and they formulated a number of combinatorial
consistency rules. In the first phase of their algorithm they select α-helices and
β-strands, and in the second they select the contacts between the strands in
a greedy manner. The earlier work of Zhu and Braun [20] dealt with a simi-
lar problem, although their global optimization algorithm was rather implicit.
Berger et al. (e.g., [14]) considered a recognition problem of certain secondary
structures in a similar framework — local propensity/likelihood measures and
assembling a global solution.

The local measures can be obtained in a number of ways. Cheng and Baldi
[6] used a neural network to provide confidence levels for their local predictions,
Zhu and Braun [20], as well as Berger et al. [14], used simple formulae applied
to the statistics of protein structures that are known experimentally [4, 5]. This
approach was used much earlier by Hubbard [9, 10]. New studies on statistic
properties of β-sheets can improve the accuracy of such predictions [7].

This suggests that one can consider the prediction of secondary structures
as a global optimization problem: define a domain (local predictions), feasible
solutions (sets that satisfy consistency rules) and an objective function (sum
of confidence levels). It is far from clear which optimization problem is good
in this context. On one hand, we want to exclude incorrect solutions; on the
other hand, we want to have a relatively simple problem that can be solved
in reasonable time. The most rigorous consistency test is that there exists a
placement of the atoms in 3D space that satisfies a number of physical and
chemical laws and which validates our local predictions. Meiler and Baker [13] use
local predictions to extend the catalog of possibilities used by Rosetta program
[19]. This approach is often very effective, however, at the core, it is a simulated
annealing method and it may be very important to have a reasonably good
starting conjecture. Thus, we need simpler heuristics to provide such conjectures.

We investigated global optimization problems that can be used to find the
most likely consistent set of “local conjectures”. By formulating the condition
of consistency in several ways, we obtain three problems: maximum weight 1-
2 matching, maximum weight packing of intervals split into two equal parts,
and maximum packing of protein structures in which every two structures are
metrically consistent.

In the maximum weight 1-2 matching our domain consists of very short
fragments of α-helices and β-sheets, and consistency condition is that the same
residue cannot be in a α-helix and in another secondary structure, and that it
cannot be in more than two β-sheets. We show that this problem cannot be
solved exactly in polynomial time, and that it can be approximated as well as
the problem of maximum length TSP (a.k.a. taxi ripoff problem). In maximum
weight packing the secondary structures are represented as sets of individual
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Fig. 1. A schematic view of an α-helix (backbone atoms only). Bonds inside amino
acids are black, peptide bonds are white and hydrogen bonds are thin.
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Fig. 2. Characteristic sets of β-sheets are indicated by gray outlines.

predictions, and our contribution is to structure these sets in such a way that
the resulting packing problem is easy to approximate (unrestricted set packing
problem is one of the hardest problems to approximate, [8]).

Lastly, we impose an additional rule on the solutions to the set packing
problem, to reflect the fact that the secondary structures have to be placed in
a metric space. We obtained a simple condition that would be as stringent as
possible, and still leave a problem that is easy to approximate.

2 Abstract representation of secondary structures

A secondary structure has a specific shape that is enforced by its set of hydrogen
bonds. Together with the bonds of the protein backbone (bonds inside amino
acids and the peptide bonds that bind amino acids together), these bonds form
periodic structures that are rigid in two dimensions (β-sheets) or in three di-
mensions (α-helices). There exists a number of other secondary structures, but



from the point of view of the problems we formulate they can be treated like
very short α-helices.

When we model consistency of a set of structures with set packing we repre-
sent a structure as its characteristic set that consists of numbers of the residues
that participate in hydrogen bonds of a respective structure.

The simplest structure to consider is an α-helix which can be specified by two
integers b, e and which has hydrogen bonds between pairs of the form (j, j + 4)
for b ≤ j, j + 4 ≤ e (see Fig. 1 for an example).

Let par(i)
def
= i mod 2. The second type of structure is an anti-parallel β-

sheet which can be specified by 4 integers b0, e0, b1, e1 where par(b0) = par(e0)
and e0 − b0 = e1 − b1 and which has hydrogen bonds between elements of pairs
of the form (i, j) such that b0 ≤ i ≤ e0, b1 ≤ j ≤ e1, par(i) = par(e0) and
i + j = b0 + e1.

The third type of structure is a parallel β-sheet which can also be specified
by 4 integers b0, e0, b1, e1 where par(b0) = par(e0) and e0 − b0 = e1 − b1 + c
where c ∈ {0, 2} and which has hydrogen bonds between elements of pairs of
the form (i, j) such that b0 ≤ i ≤ e0, b1 ≤ j ≤ e1, par(i) = par(e0) and
i − j ∈ {b0 − b1, b0 − b1 + 2}.

We re-order the set of residue numbers of a protein, say 1, 2, . . . , n to seg-
regate the numbers according to their parity, (1, 3, . . . , n, 0, 2, . . . , n − 1) (we
assume w.l.o.g. that n is odd). Each characteristic set of a structure that we
have implicitly defined is a union of two contiguous intervals in that ordering.

For an α-helix specified by b, e these are intervals {2i : b ≤ 2i ≤ e} and
{2i+1 : b ≤ 2i+1 ≤ e}. For example, an α-helix specified by 4, 20 has intervals
{4, 6, . . . , 20} and {5, 7, . . . , 19}.

For a β-sheet specified by b0, e0, b1, e1 these intervals are {b0 + 2i : b0 ≤
b0 + 2i ≤ e0} and {b1 + 2i : b1 ≤ b1 + 2i ≤ e1}. For example, a parallel β-sheet
specified by 50, 60, 21, 29 will have intervals {50, 52, . . . , 60} and {21, 23, . . . , 29}.

Note that β-sheets may form consistent (disjoint) sets in which amino acids
participating in two β-sheets alternate, indeed, in the case of actual proteins,
this happens very frequently.

Fig. 3 shows an example of the primary and secondary structures of a protein.

3 Maximum weight 1-2 matching

A possible method of predicting secondary structures would make predictions at
the level of individual hydrogen bonds, or, to be more selective, at the level of
groups of 3 to 4 adjacent hydrogen bonds.

Residues of such a group form two triples, Tr-pair for short, say (i−1, i, i+1)
and (j − 1, j, j + 1). In an α-helix they could contain three hydrogen bonds,
(i − 1, j − 1), (i, j) and (i + 1, j + 1); in a parallel β-sheet, they could contain
three bonds (i− 1, j− 1), (j − 1, i+1) and (i+1, j +1), while in an anti-parallel
β-sheet they could contain (double) bonds (i − 1, j − 1) and (i + 1, j + 1). One
can describe a structure as a set of its Tr-pairs. In this way a set of possible
secondary structures defines a graph: consecutive triples contained in structures
form nodes, and the Tr-pairs form edges.
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Fig. 3. An example of secondary structures in a protein (Baker yeast ATX1 metal-
lochaperone). Residues of β-strands are marked with thicker circles, and α-helices are
marked with double circles. First we have an unfolded chain with the structures being
marked. Next we show how the α-helices fold and one of the β-sheets and finally we
show the experimentally confirmed arrangement of the secondary structures.
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Fig. 4. 1-2 matching corresponding
to the example in Fig. 2

Note that while two different Tr-pairs
from experimental structures of a protein
may overlap, the overlaps of the centers are
very restricted: a residue can either be the
center of a triple that belongs to two Tr-
pairs of an α-helix, or of a triple that be-
longs to two Tr-pairs of a parallel β-sheet;
however, a triple from an anti-parallel β-
sheet can belong to one Tr-pair only. Thus
we give edges width 1 and 2 and add a con-
dition that the sum of width of selected
edges adjacent to a single node is at most
2. We will call sets satisfying that condition
1-2 matchings. For appropriately defined edge weights our task will be to find a
maximum weight 1-2 matching.

Notice that in solutions that correspond to actual protein structures we can-
not have cycles. Therefore we redefine the maximum weight 1-2 matching prob-
lems to allow only the cycle-free solutions. If we have width 1 edges only, we
would get a problem of finding a maximum weight cycle-free 2-matching, or,
equivalently, a maximum weight Traveling Salesman Tour (we credit the steps
that follow the edges with the weight of these edges, and steps that do not follow
any edge we credit with 0). An efficient algorithm for a maximum weight TSP
was provided by Serdyukov [18] and it has (nearly best) approximation ratio
3/4.



The cycles of width 1 edges can be created if we have conflicting prediction
of parallel β-sheets. Many proteins have very few parallel β-sheets, or none at
all, while edges defined by α-helices cannot form cycles (they form chains of the
form (i, i + 4, i + 8, . . .)). Thus one may ask if we can solve the maximum weight
1-2 matching problem in graphs in which width 1 edges form no cycles. However,
even this restricted version of 1-2 matching is MAX-SNP hard (proof in the full
version, see Appendix A).

Our approximation for 1-2 Matching is the following. First, we find an approx-
imate maximum weight TSP tour that uses edges of width 1 using Serdyukov’s
algorithm (or a maximum weight 2-matching if we have no cycles of width 1
edges), this is a solution M1. Second, we find a maximum weight matching that
consists of edges of width 1 and 2, this is a solution M2. We pick the better of
these two solutions. The resulting approximation ratio is 3/5 in the general case
and 2/3 if we have no width 1 cycles. (Proof in the full version).

A weakness of this method is that a matching does not have to correspond to
an arrangement that is possible in three dimensions. This motivates formulation
of other optimization problems which may be hard to solve exactly, but which
have fewer solutions that are formally valid, but that do not correspond to
possible arrangements of structures.

4 Set packing

As we have discussed, we can predict whole secondary structures using local
methods. Rather than encoding these predictions as weights of corresponding
edges, we can view them as jig-saw puzzle pieces and try to assemble them
together. More precisely, we seek a consistent set of pieces with as large joint
weight as possible.

The simplest kind of consistency of secondary structures that we consider is
the disjointness of their characteristic sets (see Section 2). This is a set packing
problem, and the quality of the available approximation algorithm is determined
by the properties of the family of these sets.

Set packing is a special case of independent set problem: we form a graph in
which nodes are sets from our family, and edges are overlaps, i.e., pairs {A, B}
such that A ∩ B 6= ∅. While this problem is very hard to approximate in gen-
eral, for graphs with special properties we have much better polynomial time
approximation algorithms.

The first salient property is that each set is represented as a pair of intervals
on the same line (we reorder the integers to have all even numbers first and all
odd numbers later). This allows to use the fractional local ratio algorithm of Bar-
Yehuda et al. [1] that works in polynomial time and guarantees approximation
ratio 4 (i.e., it guarantees to find a solution with weight that is at most 4 times
smaller than the optimal one). However, this is a relatively slow algorithm: for
every set that is being considered we may have to solve a linear programming
problem.

We can establish another graph property that we will call conflict number.
Independence number ι(A) of a set of nodes is the maximum size of an indepen-



dent set in A; restricted neighborhood of a node, N(u, A), is the set of nodes of
A that are connected to u, and u itself; conflict number C(G) of a graph is

max
A⊂V (G)

min
u∈A

ι(N(u, A)).

One can use the algorithm of Berman and DasGupta [2] to assure approxima-
tion ratio equal to the conflict number. This algorithm runs as fast as a greedy
algorithm.

The sets in our families are peculiar pairs of intervals: they differ in size by
at most 1; we will call them pairs of almost equal integer intervals.

Lemma 1. The conflict number of a family of pairs almost equal integer inter-
vals is not larger than 4.

Proof. In the full version (see Appendix C). ❑

Lemma 2. Given a graph G with conflict number C, let W (G) be the maximum
weight of an independent set. In polynomial time we can find an independent set
with weight at least W (G)/C.

Proof. We assume that C is a constant. In polynomial time we can construct
an induced subgraph G′ with possibly altered weights such that for some w (a)
W (G′) ≥ W (G) − Cw, and (b) an independent set of F ′ with weight x can be
modified into an independent set of for G with weight x + w.

First we find a node u with conflict number C and we record w = w(u).
Next, for every v ∈ N(u, V ) we subtract w from w(v). Finally, we remove nodes
with non-positive weights from V .

Once we have a solution for this new instance, we check if it contains any
node from N(u, V ). If yes, we add w to the weight of each such node. If not, we
restore the weight of u and insert u to the solution. ❑

the algorithm from Lemma 2 yields the following

Theorem 1. Given a family of n pairs of almost equal integer intervals with
weights, such that the maximum weight set packing has weight W , in time O(n2)
we can find a set packing with weight at least W/4.

5 Metric consistency

Secondary structures have a certain degree of rigidity, and this allows us to
predict that certain sets of secondary structures cannot co-exist even though
their characteristic sets are disjoint. We will use an abstract definition of rigidity.

We say that subgraph H of G is rigid if distances (shortest path lengths)
computed inside H are equal to distances between nodes of H that are computed
in G. For example, suppose that in a graph G we have a path (u0, . . . , uk) of edges
of length 1; we say that this path is rigid in G if for 0 ≤ i < j ≤ k the shortest
path from ui to uj has length j − i. Testing the rigidity of a subgraph is very
simple, so we have a simple test of consistency of structures that is significantly
more realistic than simple disjointness of characteristic sets.



α β α/β α+β

proteins tested 1007 1219 1205 1369
with exceptions 0 26 8 9
total structures 8150 11467 11451 20984
exceptions 0 29 8 9

Table 1. Exceptions to our rules of metric consistency. Our definition of β-sheets
tolerates exceptions, like bulges, which produces longer structures and more stringent
demands. Even so, the exceptions are very rare.

We define a pseudo-distance within a graph of protein residues, and by the
rigidity of a secondary structure u we will mean the rigidity the subgraph H(u)
within the protein graph G.

Our graphs have edges for peptide bonds, each with length 1, and for hydro-
gen bonds, each with length 2. In the latter case we make one exception: in an
anti-parallel β-sheet, the hydrogen bond (i, j) with the minimal |i−j| has length
0. The idea behind that exception is to make it more difficult to consistently in-
sert a strand of a structure inside the loop of an anti-parallel β-sheet. Note that
without making this exception the vertical anti-parallel β-sheet in Fig. 5 would
be rigid.

A set of structures is metrically consistent if their characteristic sets are
disjoint and every one of them is rigid in the graph made by the peptide bonds
and the hydrogen bonds of all of them.

It must be stressed that our pseudo-distance is somewhat proportional to
the actual distances between different residues, but this proportionality is a
subject of substantial discrepancies, especially inside β-sheets; the latter are
often depicted as twisting ribbons. Nevertheless, the exceptions to the principle
of metric consistency as we have stated are very few. To verify that, we have
tested the proteins from PDB that were identified in ASTRAL files (see [5])
for the respective classes that have at most 30% aligned pairwise identity. The
results of these tests are in Table 1.

In this section we will consider this question: does the problem of finding a
maximum weight set of pairwise consistent secondary structures have a constant

1
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to get more inconsistencies, inner-
most H-bonds of anti-parallel
β-sheets are given length 0

peptide bonds
are given length 1 H-bonds are given length 2

Fig. 5. Examples of metric contradictions: inside the vertical β-sheet, the distance
between top and bottom residues is 4, while outside there is a path of length 3; inside
the α-helix, the distance between the first and the last residue is 10 (or more), while
outside there is a path of length 9.



factor approximation? To answer this problem in the positive, we will establish
that the graphs that model this problem have a finite conflict number.

Because the structure of metric conflict can be complex, we first reduce this
question to a simpler one. First, we define a shell for each structure; the shell of
an α-helix is its characteristic set, but for a β-sheet we make their intervals con-
tiguous, e.g., pair {9, 11, 13, 15}∪{24, 26, 28, 30, 32} becomes {9, 10, . . . , 15}∪
{24, 25, . . . , 32}. Two secondary structures are strictly non-overlapping if their
shells do not overlap.

Thus we can form three graphs for a set S of secondary structures: in G0(S)
the edges correspond to overlaps of characteristic sets, in G1(S) the edges cor-
respond to overlaps of characteristic sets and metric conflicts, and in G2(S) the
edges correspond to overlaps of shells and metric conflicts.

The conflict number of G1(S) can be related to the conflict number in G2(S)
as follows:

Lemma 3. For every independent set A in G1(S) we can find a subset A′ that
is independent in G2(S) such that |A′| ≥ |A|/4.

Proof. In the full version. ❑

Lemma 4. For a structure u consider set N (u) of structures that (a) have shells
that do not overlap the shell of u, and (b) are in metric conflict with u. Then
N (u) does not contain a subset that is independent in G2(S) with more than 4
elements.

These two lemmas show that

Theorem 2. The conflict number of G1(S) is at most 24.

Proof. Consider a structure u that has a smallest characteristic set I, and let J
be the shell of u. We already know that at most 4 non-overlapping characteristic
sets overlap I, and the argument also shows that at most 4 non-overlapping
characteristic sets overlap J − I (note that the latter set is always smaller than
the former).

Thus if N1(u, S) contains an independent set A with k elements, at least
k − 8 of them do not overlap the shell of u, by Lemma 3 it contains a subset of
at least k/4 − 2 elements that have pairwise disjoint shells, and, by Lemma 4,
k/4 − 2 ≤ 4. ❑

The proof of Lemma 4 is in Appendix B. This lemma concludes the proof of
Theorem 2 and yields the following

Corollary 1. There exists an approximation algorithm with ratio at most 24
for finding a set of secondary structures that is pairwise metrically consistent
and which runs in time O(n2).



6 Total metric consistency

The notion of metric consistency can be useful in other ways as well.
Number one, metric consistency of a set of secondary structures can be easily

checked. We may call this test total metric consistency.
Number two, one can investigate other computationally easy consistency tests

that perhaps would be even more effective in eliminating wrong assemblies of
structures.

Number three, quite a few secondary structures have very unambiguous pre-
dictions. Metric consistency allows to eliminate the tentative predictions that
are inconsistent with the set of accepted predictions.

This approach can lead to a branch and bound algorithm which can be very
practical if the unambiguous predictions reduce the problem size sufficiently.

The average number of secondary structures in a protein domain is 8 to 10
(except for α+β class, where it is 15), thus even a few unambiguous predictions
may decrease the searching space very drastically. For this reason one can use
exact algorithms even if they do not run in polynomial time in the worst case.

7 Conclusions and open problems

We have established several ways in which prediction of secondary structures
can be improved using global optimization. We expressed the goal of finding a
consistent set of secondary structure predictions with the maximum likelihood
as optimization problems that are NP-hard, but with constant approximation
ratios.

We made some preliminary tests [11] that offer some insights about the pos-
sible further direction of this work. The tests were based on the work of Cheng
and Baldi [6] who obtained predictions of α-helices and β-strands as well as a
“potential” for each pairing of β-strands, i.e., for each β-sheet that can exist as-
suming that the previous predictions are correct. Then as a final stage they were
optimizing the sum of potentials of predicted β-sheets using a greedy algorithm.

One observation that we could make is that the consistency problem that
they considered was similar to one of our problems and it could be formulated
as an IP program (with row generation methods). In most cases these programs
were solved almost exactly and the quality of prediction was improved (2%
increase of the correlation of predicted pairings with the true pairings). When
we added the check for metric consistency, about 2% of the predictions were
rejected which improved the correlation by ca. 0.2%. This indicates that it is
far more important to find a good consistency requirement and the objective
function, while the approximation results may be unimportant.

Our second observation is that a higher value of the objective function were
not always indicating a better solution, as we have found a variant of greedy
heuristic that lead to an almost twice larger improvement of the correlation
while it was obtaining lower sums of potential than the original greedy heuristic.

There are three possible (and not exclusive) explanations. One is that the
potential function is obtained on the basis of very fragmentary information about



the protein structure, so it may be not only unreliable in the sense of random
noise, but it can be also biased.

Another reason is a potential function can correctly rank strand pairing in
terms of “likelihood”, but it may incorrectly rank combinations of pairings. The
reason can be explained with a little example. Suppose that we have 4 possi-
ble structures, a1, a2, a3 and a4, and two maximal consistent sets, {a1, a4} and
{a2, a3} (e.g., we may have conflict pairs (a1, a2), (a1, a3) and (a2, a4)). The fol-
lowing vectors of score values rank these structures in the same way: (5,4,3,1)
and (25,16,9,1). For the first vector we prefer solution {a2, a3}, as 4 + 3 > 5 + 1;
for the second vector we prefer {a1, a4} as 25+1 > 16+9. One can see that when
we obtain “potential” from training a neural network (like in [6]) or through sta-
tistical analysis (e.g., as used in [14]) it is much easier to obtain a good ranking
of individual pairs than a good ranking of their groups.

The third possible reason is that the folding process (that creates the sec-
ondary structures) itself behaves like a greedy algorithm, with the contact es-
tablished one by one, and each time the most likely contact is established. That
the contacts are established sequentially was conjectured by Richardson [16],
while recently Przytycka et al. [15] showed that Richardson’s conjecture is con-
sistent with the data on experimentally known protein structure. Assuming that
this conjecture is true, then the folding process can correspond to a greedy al-
gorithm — but it is also possible that it corresponds to something like branch
and bound algorithm, with the protein chain folding and unfolding until it finds
a stable configuration. In particular, the improved criterion of greedy choice in
[11] incorporated some assumptions about the folding process.

What may offer the easiest gain in the prediction quality is an improved
set of consistency rules, as the experimentally known protein structures have
many regularities that are very easy to check. The notion of metric consistency
described in this paper is a step in this direction.
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Fig. 6. Gadgets of two adjacent nodes.

Appendix

A 1-2 Matching is MAX-SNP hard

Theorem 3. 1-2 Matching is MAX-SNP hard, even if it is restricted to instances
in which valid solutions cannot form cycles.

Recall that an instance of 1-2 Matching is a graph in which each edge has a non-
negative weight and a width, the latter being 1 or 2. A valid solution, or a 1-2
matching is a set M of edges such that no node is incident to edges of M with the
sum of width exceeding 2.
A 1-2 matching forms a collection of node-disjoint paths and cycles, where paths
(or cycles) that contain more than one edge consists only of edges of width 1. We
will restrict our construction to instances in which edges of width 1 do not form
cycles — and thus no valid solution may contain a cycle.
To show that 1-2 VWM is MAX-SNP hard, we will provide an approximation
preserving reduction from MAX-CUT problem restricted to 3-regular graphs. An
instance of MAX-CUT problem is an undirected graph, a valid solution is any
node-set C, and the maximized objective function is the number of edges that
have exactly one endpoint in C (and another in V − C. MAX-CUT is MAX-SNP
complete even when it is restricted to cubic graphs (see [3]).
Suppose that we have an instance G of MAX-CUT problem with 2n nodes and 3n
edges, we will form an instance G′ of 1-2 VWM with 34n nodes and 42n edges, and
such that a cut in G with k edges will correspond to a 1-2 matching with weight
32n + k. Moreover, given a 1-2 matching of weight w we will have a cut with at
least w − 32n edges. Note also that G always has a cut with at least 2n edges.
For a node u of G we construct a gadget, Fig. 6 shows a pair of such gadgets of two
adjacent nodes. The horizontal edges in this diagram have width 1 and all other
edges have width 2. A gadget Γu has a selector node that is on the very top (or the
very bottom) of the gadget. The weights of edges on a particular level are all the
same (4, 2 or 1). Γu consists of two parts, a black part with black contact nodes
and a gray part with black-and-white contact nodes.
Finally, if nodes u and v are adjacent, we make two connector edges between the
contact nodes, from a black contact Γu to a black-and-white contact of Γv and vice
versa; connector edges are disjoint.
Suppose that in G there exists a cut C crossed by k edges. We form a 1-2 matching
M(C) as follows: if u ∈ C then in Γu we vertical (or slanted) edges of the gray part



and horizontal edges of the black part; connector edges contained in M(C) can be
adjacent to black contact nodes. If u ∈ V −C, we reverse the role of colors. When
u ∈ C and v ∈ V − C, matching M(C) contains the connector edge from a black
contact of Γu to a black-and-white contact of Γv.
Observe that vertical and horizontal edges in each part of the gadget have the
same sum of weights, 8, so in every gadget we selected edges of total weight 32.
Moreover, we selected exactly as many connector edges as there are edges in the
cut of C.
Suppose that we have a 1-2 matching M in G′. We will normalize this matching
so the weight does not decrease, and M = M(C) for some cut C in G.

➊ Consider the selector node of Γu; if no adjacent edge is in M we can insert it,
adding weight 4 (and removing at most 2 edges of joint weight at most 4).

➋ Consider a pair of horizontal edges that have weight 2. If adjacent edge of
weight 4 is in M these edges cannot be in M , but otherwise we insert them,
each insertion may require an edge removal, but no loss of weight is possible.

➌ Consider a pair of vertical edges that have weight 2. If adjacent edges of weight
2 are in M these edges cannot be in M , but otherwise we insert them, each
insertion may require two edge removals, but only of edges of weight 1, so no
loss of weight is possible.

➍ Consider a path of 4 horizontal edges that have weight 1. As in the previous
cases, either was have already assured that none of them can belong to M or
we can insert all of them to M .

B Proof of Lemma 4

Lemma 4 For a structure u consider set N (u) of structures that (a) have shells
that do not overlap the shell of u, and (b) are in metric conflict with u. Then N (u)
does not contain a subset that is independent in G2(S) with more than 4 elements.
Proof. We will use A to denote interval(s) of the shell of u, and B to denote
interval(s) of the shell of a structure that does not overlap A’s and is in a metric
conflict with u. We will use X, Y, Z to denote intervals that separate A’s and B’s.
We will also use lower case letters to denote the lengths of the respective intervals.

B.1 α-helices

Two α-helices that are not in conflict in G0 are not in conflict in G2. Suppose that
u under discussion is an α-helix, then if it is in conflict with another structure w,
w must be a β-sheet, and their shells must have arrangement BXAY B. Suppose
that w is an anti-parallel β-sheet; the metric inconsistency can be that A does not
fit in the loop that is created by B’s. The condition for consistency is

x + y ≥ a/2.

Suppose that w is a parallel β-sheet; then A cannot be too long nor too short, as
we can traverse from one end of B to another by traversing X, A, Y , hence

x + a/2 + y ≥ b,

and we can traverse from one end of A to another by going through Y, B, X, hence

x + y + b ≥ a/2.



Because a ≤ b, the latter is surely true.
Suppose that u is in conflict with two β-sheets, one with shorter strands B0 and
with longer (or equal in length) B1. Consider the arrangement of A and B0,
B0X0AY0B1; if x0 ≥ b0 or y0 ≥ b0 then A and B0 are consistent, hence B1’s
must be outside B0’s. In that case, the only way B1 and A can be inconsistent is
when B1 is parallel and x1 + a/2 + y1 < b1.
However, both X and Y contain a strand B0, so we can traverse from one end of
B1 to another by traversing part of X, and then jumping to Y using a hydrogen
bond of B0, hence the consistency of B0 and B1 implies that x + y ≥ b1.
We conclude that in G2(S) the independence number of N is at most 1.

B.2 Types of conflicts of β-sheets

The previous subsection gave a simple example how metric inconsistency is ob-
tained. Postulating two structures let us make a graph in which edges connect
consecutive amino acids and the “pairs of parallel amino acids” from a postulated
β-sheet (let us refer to these edges as bridges). In this graph we can find a path
between two points in a postulated structure that is shorter than the shape of the
structure allows.
Observe that we can restrict the bridges that we use to those at the ends of the
respective β-sheets. Otherwise we can move the bridge in two directions and either
we get a shorter path in one of the directions, or we have no difference in path
length.
Observe also that if a path traverses a B, then this path cannot be a shortcut for
a pair of ends of a B or an A. Therefore we never enter a B.
The first type of conflict we will call strangling: a path provides a shortcut between
two end of an A without using a bridge of A. This implies a pattern BXAY B
where B’s form an anti-parallel β-sheet and x + y < b. One can show that
(a) there can be at most two consistent stranglings of one strand A;
(b) If a strand A is strangled i times, then it is overlapped by at most 4−2i strands
from a consistent set of structures (consistent in G0 sense).
[Two stranglings actually cannot co-exist and we can eliminate this possibility by
introducing a rule that would create a conflict between two β-sheets that simulta-
neously strangle A. This rule would not change the correct estimate of the conflict
number, but it can be useful in an application.]
We can conclude that if there exist strangling conflicts, we can decrease the esti-
mate of the conflict number of u in G1.
The second type of conflict we will call internal. The first subtype is single-strand
conflict: we provide a shortcut between two ends of a B strand without using a
B-bridge. This implies configuration AXBZA and either u is an anti-parallel β-
sheet and x + z < b, or u is parallel and x + z + a < b. The second subtype is
two-stranded internal, with pattern AXBY BZA. If u and w are both anti-parallel
there is no conflict. If w is anti-parallel, then the shortcut can only connect ends
of A so we have consistency if x + z < a (this assumes that u is parallel). If w is
parallel, we cannot use bridges of B for a shortcut, so the conflict requires, if u is
anti-parallel, x + z < b, and when u is parallel, x + z + a < b. Note that inequality
for internal conflicts have the form x + z < c where c ∈ {a, b − a, b}.
Subsequently, we will assume that w does not have a single-stranded or constricting
conflict with u.
The third type of conflict we will call outer, and it happens when the pattern is
BXAY AZB. Again, there is no conflict when u and w are both anti-parallel, and



when u is parallel and w is anti the conflict requires x+ z < a. When w is parallel,
the conflict must have the form of a shortcut between the endpoints of B; this
requires x + z < b when u is anti-parallel and x + z < b − a when u is parallel.
The fourth type of conflict is left straddle which happens when the pattern is
AXBY AZB. A shortcut between the endpoints of A would require strangling, a
shortcut between the endpoints of B that does not use Z would require a single-
stranded conflict, a shortcut using Z and Y would exists even when we do not
postulate u (hence w is in conflict with itself) so we need to address only the
shortcut that uses both X and Z. When w is parallel, there is no conflict, so we
assume it is anti-parallel. When u is anti, the conflict requires x + z < b− a, when
u is parallel, it requires x + z < b.
The fifth and last type of conflict is right straddle and it requires the pattern
BXAY BZA. It is strictly symmetric with the left straddle.
Since we do not count the cases of strangling conflicts, we have to count how many
pairwise consistent conflicts we can have that belong to the other four types. We
will show that for each type we may have only one.

B.3 Internal conflict

We have arrangement AXB0ZA or AXB0Y B0ZA and the conflict is caused by a
small value of x + z (the threshold being a, b0 − a or b0).
One can see that B1 can be present neither in X, nor in Z. If w0 has a single
stranded conflict, this does not allow w1 to be in inner or straddle type of conflicts,
leaving only outer conflict as a possibility. If w0 has a two-stranded inner conflict,
we must consider the case when B1 is present in Y .
Suppose that w1 also has an inner conflict. Then Y can be viewed as arrangement
X ′B1Y

′B1Z
′. One can see that if we have a shortcut between then ends of B1 that

uses a bridge of A, there exists an even better shortcut that uses a bridge of B0,
hence w0 is in a metric conflict with w1, a contradiction.

B.4 Outer conflict

We have arrangement B0XAY AZB0 and the conflict is caused by a small value of
x + z (the threshold being a, b0 − a or b0). Again, B1 can be present neither in X,
nor in Z.
We can exclude the case when w1 also forms an outer conflict. Would it happen,
we would have arrangement B1X

′B0XAY AZB0Z
′B1.

If w1 is anti-parallel, then conflict would require that u is parallel and x1 + z1 < a;
the latter is not possible because x1 = x′ + b0 + x. Thus it remains to consider 3
cases:
Case: u anti-parallel, w0 parallel, w1 parallel.

x′ + b0 + x + z + b0 + z′ < b1 (for u and w1),
x′ + z′ ≥ b1 − b0 (for w0 and w1).

The former inequality contradicts the latter
Case: u parallel, w0 parallel, w1 parallel.

x′ + b0 + x + z + b0 + z′ < b1 − a (for u and w1),
x′ + z′ ≥ b1 − b0 (for w0 and w1).

The former inequality still contradicts the latter.
Case: u parallel, w0 anti-parallel, w1 parallel.

x′ + b0 + x + z + b0 + z′ < b1 − a (for u and w1),
x′ + z′ ≥ b1 (for w0 and w1).

The former inequality again contradicts the latter.



B.5 Straddle conflict

Assume left straddle; we have arrangement AXB0Y AZB0 and the conflict is
caused by a small value of x + z (the threshold being b0 − a or b0). As before,
B1 cannot be present in X or Z, so it can only be present in Y or outside. We also
know that w0 is anti-parallel.
Suppose that w1 also forms a left straddle conflict. Then w1 is also anti-parallel
and we have arrangement AXB0Y

′B1Y
′′AZB0Z

′B1. We have two cases:
Case: u anti-parallel, w0 anti-parallel, w1 anti-parallel.

x + b0 + y′ + z + b0 + z′ < b1 − b0

y′ + z′ ≥ b1 − b0

Case: u parallel, w0 anti-parallel, w1 anti-parallel.
x + b0 + y′ + z + b0 + z′ < b1

y′ + z′ ≥ b1 − b0

In either case, the inequalities contradict each other. ❑

C Lemma 3

Lemma 3. For every independent set A in G1(S) we can find a subset A′ that is
independent in G2(S) such that |A′| ≥ |A|/4.
Proof. We can form set A′ as follows: start with A′ = ∅; find u ∈ A with the least
number of neighbors in G2(S); insert u to A′, remove u and its G2(S)-neighbors
from A; continue while A 6= ∅.
One can see that the claim holds if in each iteration we remove at most 4 elements
from A, i.e., if in each iteration we find u ∈ A with at most 3 neighbors. We
can show a contradiction if A 6= ∅ and yet no u ∈ A has fewer than 4 neighbors.
Because A is metrically consistent and its elements have disjoint characteristic sets,
the only reason for u ∈ A to have neighbors is that the segments of its shell may
overlap with other shell segments.
Define a relation: u → u′ means that a segment of the shell of u contains an entire
segment of the shell of u′ and that the latter shell has fewer elements. Clearly,
relation → defines chains of limited length only.
Observation: if a segment of the shell of u intersects three other shells, then for
some u′ we have u → u′. Indeed, let I = {i, . . . , j}, numbers i, i + 2, j − 2, j belong
to the characteristic set of u, numbers i+1, j − 1 belong to some two shells, so the
third intersecting shell segment, say of u′, must be contained in {i + 3, . . . , j − 2};
as it has at most j− i−5 elements, the other segment of the shell of u′ has at most
j − i − 3 elements and thus the shell of u′ has at most 2(i − j) − 5 − 3 elements,
while the shell of u has at least 2(i − j) elements.
Observation: if u → u′ then for some u′′ we have u′ → u′′. Indeed, the segment of
u′ that is included in a segment of u intersects only one shell of a structure from
A; hence the other segment of u′ intersects at last three shells, so we can apply the
previous observation.
Observation: no shell segment intersects more than two other shells. Indeed, the
previous two observations show that this would imply an infinite chain of → and
thus a contradiction.
Now consider a segment {i, . . . , j} of a shell u from A with the smallest j; this
segment can intersect at most one other shell, and since the other segment of the
shell of u intersects at most two shells, the shell of u intersects at most 3 other
shells. ❑


