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Abstract

Quantum Fourier Sampling, the Hidden Subgroup Problem, and Beyond

by

Sean Joseph Hallgren

Doctor of Philosophy in Computer Science

University of California, Berkeley

Professor Umesh V. Vazirani, Chair

The Hidden Subgroup Problem (HSP) provides the fundamental framework for most quan-
tum algorithms. Until very recently, all known problems where quantum computation
provides a super-polynomial speedup over classical algorithms have been variants of the
HSP for particular abelian groups. Examples include factoring integers and computing the
discrete log, for which Shor found efficient quantum algorithms. The algorithm for these
problems may be viewed as consisting of the main HSP solution plus an ad hoc method
of dealing with the particular variant. In this dissertation, we give a systematic way of
dealing with all these variants. The key component of our solution is a new theorem about
the robustness of Fourier sampling. The purpose of this theorem is to better understand
the structure underlying existing algorithms as well as to provide an algorithmic tool for
the construction of future quantum algorithms. In addition, we also derive a new algo-

rithm for computing the quantum Fourier transform which is asymptotically faster than



any previously known algorithm.

By contrast, the nonabelian HSP is wide open. It includes as a special case the
longstanding open question of graph isomorphism, where the group is the symmetric group,
Sp. It is natural to carry over the abelian HSP algorithm to the nonabelian case. We
show that in the case that the hidden subgroup is normal, this algorithm succeeds in re-
constructing the subgroup in polynomial time. On the other hand, we give evidence that
this algorithm is inadequate to even distinguish a trivial subgroup from an involution in the
case of the symmetric group.

Finally, we give an algorithm for the Shifted Legendre Symbol Problem and its
variants. There is some evidence that this is an intractable problem classically, and a closely
related problem has been proposed as a cryptographic primitive. Perhaps the most inter-

esting aspect of this new quantum algorithm is that it appears to go beyond the framework

of the HSP.

Professor Umesh V. Vazirani
Dissertation Committee Chair



Contents

1 Introduction
2 Preliminaries

3 The Model
3.1 Quantum Algorithms . . . . . . . ... ... ... o

4 Fourier Sampling and the HSP
4.1 The Hidden Subgroup Problem . . . . ... ... ... ... .........
4.2 The General HSP . . . . . . . . . . . . . .. . . . e
4.3 The Nonabelian HSP . . . . . . . . . . . .. . .. .. .. . ... ... ....

5 Fourier Sampling over Abelian Groups
5.1 Imtroduction . . . . . . . . . . . . . e e e e e e
5.2 Zero-Filling . . . . . . .. e e e
5.2.1 The Main Theorem . . . . . . . .. . ... ... .. ...,
5.2.2 Application to the Quantum Case . . ... ... ... ... .....
5.2.3 The Continuous Picture . . . . .. . ... ... ... ... ... ..
5.2.4 Limitations of Zero-Filling . . . . . . ... ... .. ... ... ....
5.2.5 Proof of Theorem 5.1 . . . . . .. . ... ... .. ... .. ... .
5.3 Repeating the Vector . . . . . . . .. ... o o Lo
5.4 Repeating and Zero-Filling . . . .. . ... .. ... ..
5.4.1 The Main Theorem . . . . . . . . . . .. ... ... ... .......
5.4.2 A Better Fourier Sampling Theorem . . . ... .. ... .......
5.4.3 Application: Many-to-One Periodic Functions . . . . . . .. ... ..
54.4 Proof of Theorem 5.3 . . . . . .. . ... ... ... ...

6 Fourier Sampling Coset States of Nonabelian Groups
6.1 Representation Theory Background . . . . . . . . . ... ... ...
6.2 The Probability Distribution over Representations . . . . ... .. .. ...
6.3 A Positive Result: Normal Subgroups . . . ... ... .. ... .......
6.4 A Negative Result: Determining Triviality in the Symmetric Group . . . . .

iii

10

20
20
23
25

27
27
30
30
30
33
34
36
39
41
41
44
48
50



v

7 Efficient Quantum Algorithms for Shifted Quadratic Character Problems 69

7.1 Definitions and Related Work . . . . . ... ... ... .. ... ... 70
7.2 An Algorithm for Prime Size Fields. . . . . ... ... .. ... ... .... 72
7.3 An Algorithm for General Finite Fields . . ... ... .. ... ....... 7
8 Conclusion 81

Bibliography 83



Acknowledgements

I would like to thank my advisor Umesh Vazirani for many things, in particular, for patience,
and for pointing me in the right directions at the right times. He took on a real project.

I would like to thank my sources of funding. I was supported by an NDSEG
Fellowship, GAANN Fellowships, NSF Grant CCR-9800024, and Air Force Grant F30602-
00-2-0601.

I would like to thank my parents and Cal Ice Hockey for keeping me sane over the
years. My parents for encouraging me along the way, and Cal Ice Hockey for five fun years
of games and road trips.

I enjoyed the happy hours, the TGIF’s, and the many students I knew. In partic-
ular, my officemates and travel companions: Edouard Servan-Schreiber, Sanjoy Dasgupta,
Debbie Goldman, Andris Ambainis and Eric Vigoda, along with a long list of others.

I would like to thank my coauthors, especially Lisa Hales, with whom I collaborated
with on most of this work and enjoyed working with very much.

Thanks to Peter Hgyer and BRICS for their hospitality during my visit there.

I would like to thank Kirsten Eisentrager for reading various versions of this thesis,

and for making things fun again.



Chapter 1

Introduction

In 1994, Peter Shor [45] made a huge discovery in the field of quantum computing,.
He discovered that a quantum computer can factor integers efficiently, a problem so strongly
believed by researchers to be difficult that all major encryption on the internet is based on
the inability to factor integers.

Prior to this there was significant work leading up to Shor’s discovery. In 1985
Deutsch [19] defined the first complete model of a quantum computer, but it was not for
several years that progress was made in understanding the power of the computational
model. Deutsch and Jozsa [20] gave the first nontrivial quantum algorithm. Building upon
this Bernstein and Vazirani [8] gave the first example of a problem whose quantum algorithm
has a super-polynomial speedup over the best classical algorithm. Their main tool is Fourier
sampling, i.e. the process of computing the Fourier transform (of some state), followed by
a measurement. Simon [46] then gave a problem and a quantum algorithm that has an

exponential speedup over the best classical algorithm. It was from these ideas that Shor



developed his algorithms for factoring and discrete log.

Since Simon’s and Shor’s discoveries, a framework has been established, through
which to understand and extend their results. This framework is built on the Hidden
Subgroup Problem (HSP): given a function defined on a finite group, constant and distinct
on cosets of an unknown subgroup, find a set of generators for the subgroup. A natural
generalization of their algorithms solves the HSP over any abelian group, and this fact has
become a folklore theorem over time. Shor’s algorithms for factoring and discrete log are
somewhat more complicated, and the underlying problem may be abstracted as the variant
on the HSP where the group is restricted to be abelian, but with the added complication
that the sizes of the cyclic factors of the group are unknown. The solution of this problem
follows from a general Fourier sampling theorem we prove in this thesis. A different problem
was defined and solved by Kitaev [36], called the Abelian Stabilizer Problem, a problem
that has factoring and discrete log as special cases. The stabilizer problem seems very
general, but reduces to the HSP (with unknown group size). Kitaev’s algorithm provides
a completely different point of view of how the HSP algorithm works, but the quantum
circuit has been shown to be the same as for the HSP.

Another extremely important question is whether or not a quantum computer can
efficiently solve NP-Complete problems, a class of hundreds of problems of great practical
importance, and widely believed to be intractable for classical computers. Unfortunately,
evidence was provided by Bennett, Bernstein, Brassard, and Vazirani [7] that this class
cannot be solved efficiently on a quantum computer, either.

There are at least a few known problems that are probably not NP-Complete,



but appear to be hard classically, and these motivate a search for more efficient quantum
algorithms. One example is graph isomorphism, a problem important for practical and theo-
retical reasons [37]. Another example is the Unique Shortest Lattice Vector Problem, which,
like factoring, has cryptography systems [1] based on the fact that no efficient algorithm
has been found.

This thesis studies the generalization of Shor’s algorithms to general abelian groups,
the generalization of Simon’s algorithm to nonabelian groups, and solves a new problem
whose quantum algorithm differs from the HSP framework.

Implicit in Shor’s proof is a robustness of Fourier sampling, for certain restricted
initial quantum states, with respect to certain changes in the underlying group. Our first
result [31] is a generalization of this: we show that for any quantum state, Fourier sampling
is robust under the changes in the underlying group. Underlying our proof is the fact
that for a fixed vector, the Fourier transform over Z, can be obtained by considering it
as a over Z, taking the inverse Fourier transform with respect to the circle group to get
a continuous function, and then taking p evenly spaced points. This solves the principal
difficulty in applying the HSP algorithm to solving actual problems where the underlying
group is unknown. The robustness theorem may be thought of as providing a compiler where
if a problem can be reduced to the HSP where the group is known, then the algorithm will
work even if it is not known.

We then combine these ideas with those of [36], [14] and [35] and construct a new
Fourier transform algorithm for any abelian group [32]. This algorithm is faster than the

previous one [36] and is extremely simple. Due to the simplicity we are able to improve



our Fourier sampling theorem to work on any abelian group, and we get an especially clean
explanation of the cyclic case.

By contrast, the nonabelian HSP is wide open. It includes as a special case the
longstanding open question of graph isomorphism, where the group is the symmetric group,
Sy. It is natural to carry over the abelian HSP algorithm to the nonabelian case. The algo-
rithm must efficiently compute the Fourier transform, but in the nonabelian case whether
this can be done or not must be solved on a group by group basis. For groups we are
interested in, such as the symmetric group, it is known [4] how to efficiently compute the
quantum Fourier transform. We are mainly interested in how much information can be
obtained by Fourier sampling. Ettinger and Hgyer [24] showed that the HSP over the di-
hedral group has polynomial query complexity, but has exponential post-processing time.
In this thesis [33] we provide the first classification of how the algorithm for the abelian
case of the Hidden Subgroup Problem generalizes for an arbitrary finite nonabelian group.
We show that in the case that the hidden subgroup is normal, this algorithm succeeds in
reconstructing the subgroup in polynomial time. On the other hand, we give evidence that
this algorithm is inadequate to even distinguish a trivial subgroup from an involution in
the case of the symmetric group. Independently, Grigni, Schulman, and Vazirani [28] also
showed that the algorithm will not work with the reduction, and also showed that an even
more general version of the algorithm will not work.

Finally, we give a new quantum algorithm [49] that does not appear to fit into
the framework of the HSP. It solves the Shifted Legendre Symbol Problem and its variants.

There is some evidence that this is an intractable problem classically, and a closely related



problem has been proposed as a cryptographic primitive. In addition to the fact that the
base algorithm is new, there are two other interesting issues that come up. In one variant of
the problem a periodic function on a ring is given and the period must be found first. This
does not appear to fit into the framework of previous period finding algorithms (namely
cyclic subgroups in the HSP problem), and uses our Fourier sampling theorem. The other
interesting issue is in the variant defined over finite fields, where the Fourier transform we use
must be chosen carefully so that it behaves with respect to both addition and multiplication
in the field.

There are other important areas of quantum computation which we do not dis-
cuss here. They include quantum error correction, quantum lower bounds, and quantum
communication and cryptography. For more on these areas see Nielson and Chuang [41] or
Preskill [43].

Chapter 2 provides a reference to notation of objects used throughout the thesis.
Chapter 3 defines the model of a quantum computer. Chapter 4 defines the notion of
Fourier sampling, and gives the HSP algorithm. In Chapter 5 we show how to relate
Fourier transforms over different groups, resulting in a Fourier sampling theorem and a new
Fourier transform algorithm. In Chapter 6 we provide the new results on the nonabelian

hidden subgroup problem. Chapter 7 solves the Shifted Legendre Symbol Problem.



Chapter 2

Preliminaries

Let C denote the field of complex numbers. For a € C let @ or a* denote the

complex conjugate of . Let w® = e?™®, Unit length complex numbers will be written as

w”, where z € [0, 1], since we will want to think in terms of fractions of 1 and want to hide

/n — 627ri/n

the 2. The principal nth root of unity w' will be written as w,,. Since we will

2mi we will use 4 as an index (for example,

almost always use the notation w instead of e
w!,, but not when expanding the w notation into the €™ form).

All vector spaces will be over the field C. Vectors will be written in Dirac’s ket
notation. In this notation the standard basis of CP for a positive integer p is {|0),... , [p—1)}.
When a vector has a name it is placed inside the ket, for example the vector v is denoted
|v). We will also use coefficient names that are the same whenever possible, for example
[0) = $2i2g wili), vi € C.

An inner product space is a vector space V over C with a function (-,-) : VxV — C

satisfying



1. V|v) €V, (|v),|v)) >0, and (|v), |v)) = 0 iff |[v) = 0.
2.V [v), lw), |z) € V, (alv) + Blw), |z)) = afjv), ) + B{|w), |)), o, p € C.
3.V [v),|w) €V, (|v), |w)) = (Jw), |v)).

A Hilbert space is an inner product space V that is complete with respect to
the induced norm |||v)|| = +/(|v),|v)), i.e., for any sequence {|v,)} with |v,) € V, if

limy, ;00 |||Un) — |vm)|| — O then lim,_, |v,) € V. Some examples:
e (P where p is a positive integer and (|v), |w)) = Ef;ol VW5

e [? is the set of finite norm sequences with (|v), |w)) = >°0° vy, ie., the set of
complex-valued sequences {v;} such that Y, ., |v;|* < co. [? has basis {|e;)|i € Z},

where e;(i) =1 and e;(j) = 0 if j # .

. is the set of all finite length functions on [0, 1] with (f, g) fo dz, i.e.,
the set of complex-valued functions on [0, 1] such that fol |f(z)]? < co. L? has basis

{f(z) = "|n € Z}.

The Fourier transform is a norm preserving map on C?. Given a vector |v) =
>, vili) € CP, the Fourier transform is the vector |9) = ﬁ >_; Bili), where 9; = 3 wil v;.
The Fourier transform is also a distance preserving map from L? to I2. Given a function f €
L2, the Fourier transform of f is the sequence {f(n)}, where f(n) = (f, es) fo W f(t)
The inverse is f(z) = 32°° _ f(n)w®™.

A quantum state with n qubits is represented by a complex-valued unit vector in

¥, ie. 212:(7 L v;|i), where Z !v;]2 = 1. A probability distribution D), is induced by

measuring |[v) and is given by Dy, (i) = |vg|?.



All groups G will be finite. If H C G is a subgroup and ¢ € G is a coset repre-
. . _ 1 . . . . G
sentative, the coset state is |cH) = I > hem |ch). The Hilbert space in this case is ClGl,

indexed by elements of the group. Indicator functions of one element or of a set are written

as:

1 ifz=s
e For any s, ds(z) =

0 otherwise

1 ifzeS
e For any set S, dg(z) =
0 otherwise
A character x of an abelian group G is a group homomorphism from G into the multiplicative

group of complex numbers of norm 1. The dual group G of an abelian group G is the set of

all characters of G. The group operation is pointwise multiplication of functions. Given a

subgroup H C G, the dual of G/H in G is H* = G/H = {x € G|x(h) =1 for all h € H}.



Chapter 3

The Model

In this chapter we will describe the model of a quantum computer, what a quan-
tum algorithm is, and what makes such an algorithm efficient. We will first give a short
explanation of how the model is based on quantum mechanics, followed by a more detailed
explanation of the model itself.

The model of a quantum computer is based on the (five) postulates of quantum
mechanics, which are in turn based on the mathematics of Hilbert spaces. The first postulate
says that the state of a system is described by a unit length vector in a Hilbert space.
The second says that the evolution of the state is unitary. The third postulate states
that the process of measuring a physical quantity, such as energy, position, momentum or
angular momentum, has an associated linear Hermitian operator and that the results of the
measurement are its eigenvalues. For simplicity we will only use one kind of measurement,
measurements in the computational basis. These elements of the model are described in

detail in Section 3.1. The model for the quantum computer then adds the assumption that
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we can always start in a fixed state, the all zero state, and restricts the unitary operators to
be “local”. The latter condition is based on what is thought to be efficiently implementable

physically. These restrictions are described in the next section.

3.1 Quantum Algorithms

A quantum algorithm starts with n qubits initially set to zero, evolves them using
a unitary transformation, and then a measurement of the bits is performed. The efficiency
of the algorithm is measured in terms of the complexity of the unitary transformation
performed. We will now describe the setup in detail.

A quantum state is held in n qubits. A qubit is a unit vector in the Hilbert space C?
(with the inner product as in Chapter 2). The space has the standard basis {|0), |1)} (written
in Dirac’s ket notation), so an arbitrary state is written as a|0) + |1), where «, 8 € C. This
can be thought of as a superposition of the two classical states. A state with n qubits is a
norm one vector in the Hilbert space C2* = C? R---&Q C?, where the tensor product has n
terms. The inner product in this case is defined by (a®c, b®d) = (a, b)-(c, d). This space has
the standard basis of a tensor product of spaces, which is the set {|b1)®---®|b,) |b; € {0,1}}.
We will write the tensor products of two states |v) and |w) as |[v)® |w), |v)|w), or |v,w). The
set of binary strings of length 7 is then written as {|b; ---by)|b; € {0,1}} . This is referred
to as the computational basis. An arbitrary state of this space has the form ), {0,1}n v; ),
where v; € C and )", |v;|*> = 1. This can be thought of as a superposition of all possible n
bit classical states.

The second postulate says that evolution is unitary. The notion of complexity
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arises from what kind of unitary map is used. A unitary transformation is simple if it
operates on two qubits, that is, if it can be written as Uj; ® I, where Uj; is an arbitrary
unitary operation on bits j and k, and the identity is performed on the rest of the bits. The
complexity of an operation U = Uy - - - Uy, where each U; is simple, is k quantum steps.

A measurement of the qubits of a state ), (o 13n vz|7) results in & with probability
|az|?, and if x is measured, collapses to the state |z). Partial measurements of, say, one
qubit, are also possible. In this case the state collapses to the state that is consistent with
the measured bit, as shown in the examples below.

Before moving on to the algorithmic part, applying unitary operators, we will first

give some examples of states and measurements.

Example 3.1 (States and Measurements)

e |0) We assume the starting state has all bits zero and that we have as many bits as

we want.

. %(|OO> + |11)) The Bell state. Suppose we measure the first bit. Then we see a zero
with probability 1/2 and if we do see zero, the state obtained after measurement is
|00). Similarly, we see a one with probability 1/2 and if we see a one then the state

obtained after measurement is |11).

) %(|000) +]001) +]010)) If we measure the first bit, we will see a zero with probability
1, and the resulting state is the same. Measuring the second bit results in a zero with
probability 2/3, resulting in the state %(\OOO) +|001)) if a zero is seen. A one is

measured with probability 1/3, resulting in the state |010) if a one is seen.
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We will now give some examples of unitary operators applied to various states.
The main construction used below is called a controlled-U. The idea is that if we start with
a unitary transformation U that operates on n bits, and we have an extra bit (or set of
bits), we can apply U conditioned on the other bit. More precisely, if |v) is a state on n
bits, and U operates on n bits, then the following map U’ is a unitary operator and extends

linearly:
U |0)|v) = [0)]v)
[Dv) = [1)(U]v))-

This map is used in the examples below. It may be helpful to notice why each example is

reversible.

Example 3.2 (Unitary Operators on States)

e The controlled-not. Exclusive-ors (addition mod 2) one bit into the next: |a,b) —
|a,a @ b). This operation replaces writing a bit to memory in the classical case by
keeping it reversible. It is called a controlled-not because it flips the second bit iff the

first bit (the control bit) is one.

e Evaluating an oracle. Using the controlled-not we can define an oracle evaluation Uy
U
by |z,y) i |z,y ® f(z)). Notice that repeating this returns to the original state.

We will usually assume y = 0, and will write |z) — |z, f(z))

e Controlled-rotation. Change the phase of a basis vector |p,7) — wzi, |p, %), where 7 and

p are positive integers. Here the state |p,7) is the control that specifies what phase
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to use. Applied to a superposition we get Zf:_ol vii) — Zf:_ol viws|i) (when p is a

constant throughout the algorithm, we will not write it down for clarity).

e The Fourier transform Fj,, where p is a positive integer. Given a basis state |c),
Fyle)y = % Z?;Ol wic|i). Measuring all the bits results in a uniformly distributed

random number in {0,...p — 1}.

e The Fourier transform over any finite group is a unitary operator.

We will now describe efficiently implementable unitary transformations. A nice
way to describe the allowed operations is to use quantum circuits. Recall that for concrete-
ness, classical algorithms can be described by circuits, using gates like AND, OR, and NOT.
Each gate has some wires as inputs and a wire as an output. For example, AND could take
two bits by and by and would output by Abe. Many gates are connected together so that they
compute the output of the algorithm. The input to the algorithm is placed on the inputs
to the circuit, the rules of the gates are applied, and the output bits contain the answer.
The quantum case is similar, however the gates must be unitary. The condition of unitarity
on the quantum gate forces it to have the same number of output wires as input wires. So
quantum gates will have some number of inputs and outputs, which will be qubits. The
action of the gates can be described by unitary matrices indicating what happens on the

input bits. Here are a couple of simple examples.

Example 3.3 1. NOT. The NOT gate has one qubit as input and output, and flips its
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value. It is described by the 2 x 2 matrix N = . On the basis states, this
10

performs the maps |0) X, |1) and [1) RN |0). As is always the case, the operation

on arbitrary superpositions can be computed using the linearity of the operation.

. Controlled-not. A controlled-not has two qubits as inputs and outputs, and performs
a NOT on the second bit iff the first bit (the control bit) is one. It is described by

the 4 x 4 matrix

(1000\

0010
On the basis states this performs the maps |0b) O, |0b) and |1b) Cn, |10), where

b € {0,1} and b is not-b.

. Controlled-rotation. “Rotation” refers to changing the phase of a state, and operates

1 0 .
on one bit. Its matrix, for some ¢t € Q, is Cg, = . Recall that w? = 2™,

0 wt

C C
This performs the maps |0) —% |0) and |1) —% wt[1).

. Hadamard transform. The Hadamard transform is a gate with one qubit as input

1 1
and output. Its matrix is H = % . On the basis states, this performs

1 -1

the maps [0) —— \%(|0) +11)) and |1) 25 \%(\O) — |1)). This is also the Fourier

transform F5 over the group Zs.
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Example 3.4 Classical computation. Performing a classical computation corresponds to
a unitary transformation that is a permutation of the basis states. As the basis states must
be permuted, the classical computation must be reversible. All classical computations can
be simulated reversibly as long as the input is kept on the tape. Suppose some function f
can be computed efficiently. Then it is possible to compute |z) — |z, f(z)). If f~! can
be computed, then the computation |z, f(z)) — |0, f(z)) is also possible. As an example
it may be helpful to think of the function multiply: |p,q) — [p,q,pq). To erase p and ¢
it must be possible to efficiently compute them from pq. It is only known how to do this

using the quantum factoring algorithm. [

A polynomial number of gates are put together in a sequence to compute the
output of the algorithm. The set of basic gates that we will allow are all one bit gates (i.e.,
all 2 x 2 unitary matrices), and the controlled-not. This set allows any polynomial time
quantum computation to be described by a polynomial size circuit.

We will not describe operations by matrices, since they can get very large, and
which bits they operate on must be specified in some way. Instead we will continue to use
the other notation |v) N Ulv). We will give some more examples of efficient operations,
and any sequence of at most a polynomial in them will also be efficient.

Notice that because the gates can act on at most two bits at a time, computation
is local in some sense. One can imagine being at one of the computational basis states |i)
and being allowed to perform an operation of the type “if the first bit is one, then do...,
otherwise do nothing.” We will now give some more examples of operations that can be

efficiently implemented.
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Example 3.5 Controlled-rotation. Here we have a more complicated version than before.
It is possible to implement the map |z) — w®/P |z), where z and p are positive integers.
Note that this would require a matrix much larger than the previous example, because it

conditions on all n bits instead of just two. [ |

Example 3.6 Controlled-U. Fix some value y, and define the map |y) — Uly), and

|z) — |z) if z # . |

Example 3.7 The Fourier transform over the group Z%. As mentioned before, the Fourier
transform over any group is a unitary operator. We want to describe it in terms of a small
circuit. Since Fzp = ®?:_01 F>, we can refer to the previous example, and just apply the
Hadamard transform to each bit. Given a basis state |i) = i1 ---14,), where the i; are the

bits of 4, we have

n—1 RF nfl 2n—1
. 2 I
i) = |15) = Z]|'LJ>) Z (=1)"le),
7=0 ]:0 c=0
where i - ¢ is the inner product mod 2 of the bits of ¢ and c. [ |

A more complicated, but still relatively simple example, is the Fourier transform
over Zgn. The algorithm is as easy to understand as it is in the classical case [17]. The
most confusing thing is to index everything properly, also as it is in the classical case. The
quantum algorithm only takes about (logn)? steps, unlike the classical FFT, which takes
O(nlogn). The advantage a quantum computer has is that in the recursion step, it can

simultaneously compute all the recursive calls at once.

Example 3.8 The Fourier transform Fbs». The ability to compute this kind of function

is exactly why quantum computation gets a speedup over classical computation. Instead



17

of listing the algorithm, we will try to illustrate why the algorithm is so much faster by
showing how it differs from the classical algorithm.

We will first describe the classical algorithm, taken from [17]. We will use ket
notation for the vectors for ease of translation. Assume the algorithm is called on |a) =
Zf:_ol a;|1), where p is a power of 2. Similarly, |3) will be the vector returned. Before listing
the code we first illustrate how the recursion step works in both cases.

First rewrite the vector as follows, separating the even and odd coefficients, and

then recursively compute the Fourier transform:

(o7)) 620 \

(6] ag

ay FL/2> Oy
ap,g ) \ (/l\p72

o3 ) ai

a3 &3

(673 Fi? aS
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Now we use the results from the recursion step to form the answer:

A 0~
Bo Qo wp Qi
B ay wy s
+
B2
~ p/2—1~
Ozp_2 Wp Oép_l
B ( a \ wla
B a wlia
p/2—|—1 2 D 3
~ p/2—1~
Bp—1 Qp—2 wp/ Qap—1

Algorithm 3.1 (Recursive-FFT(|a),p) (assume p is the length of |a)))

1. if p=1, return |a)

2.1:=0
p/2-1 p/2—1
3. Z 0i2;|21) := Recursive-FFT( Z ;1)) ; Recurse on even coefficients
i=0 1=0
p/2—1 p/2—1
4. Z 02i+1|2i+1) := Recursive-FFT( Z a2i41|7)) ; Recurse on odd coefficients

5. fork=0top/2—1

(a) B = Qop + wplopt1
(b) Bripj2 = Oz — Whlok41

(c) t:=t+1

6. return |3)
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The recursion tree has depth log p and width p. This algorithm should be compared

with the following, which is the recursive step in the quantum algorithm.

p—1 p/2—1 p/2—1
ZOA,‘Z) = Z O521' ‘O Z 0421—1—1' |1 (31)
=0 =0
Fu p/2—1 p/2—1 B
=5 ayli)[0) + Y amirali)1) (3.2)
=0 =0
/2—1 p/2—1
c-R@t) ?
—7 > ali)[0) + Z whdigi1]6)|1) (3.3)
1=0
. p/2—1 p/2—1
=Y (@i + whtaig)[D]0) + D (@i — whdair)i)1)  (3.4)
i=0 1=0

In (3.1) the equation is rewritten to emphasize that the vector lies in two different
subspaces. In (3.2) the Fourier transform is recursively computed on the the first n — 1 bits.
Notice that this simultaneously computes the Fourier transform on both subspaces at once!
In (3.3) the phase is added, and in (3.4) the results from the two subspaces are combined.
One more minor step must be taken that we did not write, which is to reorder the bits by
making the least significant bit the most significant bit. The recursion tree has depth log p,

but only has width one.

Example 3.9 F,, where p is a prime. It was first shown how to e-approximate this in [36].

In Chapter 5 we will give a faster and simpler algorithm. [

The Fourier transform over an arbitrary abelian group can be computed efficiently

since it is a tensor product of the Fourier transform over the cyclic factors.
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Chapter 4

Fourier Sampling and the HSP

In this chapter we will discuss the problems that can be efficiently solved by
quantum computers but cannot be solved efficiently by classical probabilistic algorithms.
The main primitive is Fourier sampling, which is the process of computing the Fourier
transform over a group G and measuring. It will be the main step in the algorithm below.
Along with providing background, this chapter will motivate the contributions of this thesis,

which start in the next chapter.

4.1 The Hidden Subgroup Problem

Definition 4.1 (The Hidden Subgroup Problem (HSP)) Given a finite group G, and
a function f : G — S that is constant and distinct on cosets of some unknown subgroup H

of G, where S is any set. Find a set of generators for H.

The main transformation in the algorithm for the HSP is the quantum Fourier

transform, which can be efficiently computed over any abelian group. The Fourier transform
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is a change of basis of C%l from the basis indexed by group elements {|g) : g € G}, to the
basis indexed by the characters of the group {|x) : x € é} The group of characters is the
group G = {x : G — C*}, where |x) = >-gec X(9)g). The algorithm for solving the HSP
uses two known properties [47] of the Fourier transform over G. The first is that a state
that is uniform on a subgroup H is mapped to the perp subgroup H+ = {x : H C ker x}.

That is, we have the map

NI R ys == D2

heH xeHL

Fourier sampling a subgroup state would give a uniform distribution over the perp group,
from which we could compute H. The second property is that the Fourier transform of the

“x” of two vectors is the pointwise product “e” of the Fourier transform of each

convolution
vector. Strictly speaking, this is only true without the normalization factors, which we will

now leave out. Consider a coset state ), |gh):

Ylghy =1y« S TS [ S x@h) || ] =Y x@h-

heH heH x€G x€EHL x€EHL

Therefore, Fourier sampling treats all coset states the same, i.e. the identity of the
coset does not matter. We can now describe the algorithm. In the algorithm M; denotes
a measurement of the i*" register. In particular, My measures the value of f(g), and M;

measures the character name.

Algorithm 4.1 (Abelian Hidden Subgroup Problem Algorithm)
Input: A group G, a function f that is constant and distinct on cosets of unknown H.

Output: A set of generators for H.

1. Repeat k = poly(log |G|) times:
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(a) Create a random coset state ),y |gh):

heH

G, U 2
0) =% Ja 2l = g Xles) = lohs (o)

(b) Fourier sample the coset state:

J 2 lon) T e 3 xoh) )

heH xeH+

2. Classically compute H = ﬂ;:ol ker x;

Since we are sampling from a uniform distribution on the subgroup H=, a poly-
nomial number of samples is enough to know H~, and then the intersection of the kernels
can be efficiently computed from the set of modular linear equations they define.

Simon [46] gave the first example of such a problem. The instance given is G = Z7,
and a function satisfying the HSP, and the problem is to decide whether the hidden subgroup
is trivial or has order two.

One problem that is not directly an instance of the HSP, but still uses the same
properties, is the recursive Fourier sampling problem of Bernstein and Vazirani [8]. The
recursive Fourier sampling problem is the only known example of a problem that is not in
NP that can be efficiently solved by a quantum computer. In one level of the recursion, a
function fs : Z% — {0,1} is given such that fs(z) = (z,s) mod 2, the inner product mod 2
of z and s. The goal is to find s. The quantum algorithm is to Fourier sample the state

with f in the phases:

S (1)@ ).

z€{0,1}

Notice that this step can be viewed as the HSP algorithm in reverse, where |s) is the coset

state and the subgroup is trivial.
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4.2 The General HSP

In the General HSP, less information is given. The input in this case is a function
f:7Z*F — S and integers g1, . ..q;. The guarantee is that the hidden subgroup is contained
in a finite size group contained in Z*, and that the values g; are estimates of the size of the
group in each component. We cannot immediately apply the HSP algorithm in this case
since we do not know the group.

This variant arises in Shor’s algorithm for factoring. In the algorithm, the idea
is to reduce factoring to the HSP over a cyclic group, but in this case the group size is
necessarily unknown. Using ad hoc techniques, he showed that it is possible to Fourier
sample over a group of a different size and still reconstruct the subgroup. We will now
outline the algorithm: given an odd integer N to factor, suppose for the moment that we
can find the order of z € Zpy, i.e., the least r such that 2" = 1 mod N. The following
algorithm factors N. Choose a random = € Zy, and find its order r. If r is even then
compute ged(z'/2 — 1, N), otherwise try a new z. Since with probability at least 1/2, the
order 7 is even, and z'/? # +1 mod N [38], we get a factor of N.

We will now show how to find r. Note that the order of z mod N divides ¢(N),
where ¢(N) is Euler’s phi function, since the exponent of z acts as addition mod ¢(IV).
Define the function f : Zyn) — Zn by f(z) = 2" mod N. This is an instance of the
HSP. The problem is that ¢(N) is unknown, and indeed it could not be known since the
factors of N can be computed in polynomial time from knowledge of ¢(N). Shor showed
that nevertheless Fourier sampling over a larger size group Z,, where ¢ > ¢(N), results in

a distribution similar to the original, and r can be found using continued fractions.
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In Chapter 5 we give new results generalizing Shor’s ideas to arbitrary quantum
states and arbitrary abelian groups. In Chapter 5 we characterize the behavior of the
Fourier transform over different cyclic groups for arbitrary input vectors. The conclusion is
that this process is possible in general for abelian groups whose decomposition into cyclic
groups has at most a constant number of such factors. We also extend these results to
all abelian groups. We first show that repeating the input superposition, combined with
computing the Fourier transform over a larger modulus, leads to a new Fourier transform
algorithm over abelian groups. The algorithm is asymptotically faster than the previous
one, and is extremely simple. Due to the simplicity of the algorithm, we can conclude a
new Fourier sampling theorem that works for all abelian groups.

Boneh and Lipton [11] solve a variant of the HSP in certain cases where the
function is not distinct on all cosets. We solve this in general, and give necessary and
sufficient conditions describing when this is possible.

Kitaev [36] defines the Abelian Stabilizer problem, which seems quite general. It is
defined as follows: given positive integers k and n, an element a € {0,1}", and a blackbox
F defining an action of G = Z* on the set M C {0,1}", find the stabilizer of a. The
stabilizer of a is the subset of G that fixes a under the action, and is a subgroup of G. This
problem includes factoring and discrete log, and if the group is nonabelian, then it also
includes graph isomorphism. It is not clear if the problem is equivalent to the HSP, but it
does reduce to the General HSP, by defining the function f by f(g) = F(g,a). Then f is
an instance of the hidden subgroup problem, the hidden subgroup being the stabilizer.

There is another approach to efficient quantum algorithms that involves eigenvalue
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estimation [36]. However, a link has been found between that method and the HSP algo-
rithm presented here [14], and there are no known problems that it can solve that cannot

be solved using Fourier sampling.

4.3 The Nonabelian HSP

Ettinger and Hoyer [24] give an algorithm for the HSP for the dihedral group.
Their algorithm is close to the HSP algorithm, except they Fourier sample over a different
group. While the dihedral group is the semi-direct product Z y X Zo, their algorithm Fourier
samples over the abelian group Zy X Zs. They show that a polynomial number of queries
(i.e. samples in the HSP algorithm) is enough to reconstruct the hidden subgroup, with
exponential classical post-processing time.

In [23, 22, 25], they address the question of whether or not any algorithm is possible
at all. They show that the tensor products of coset states for different subgroups are almost
orthogonal. This shows a polynomial query complexity, but requires an exponential number
of samples (quantum measurements) from the quantum step.

Rotteler and Beth [44] give an example of a nonabelian group where the HSP can
be solved. Zalka [51] has shown how to solve the problem using the HSP algorithm over Z5.

In this thesis we give the first characterization of the distribution sampled in the
HSP algorithm for nonabelian groups. We use this to show that for normal subgroups
the distribution has a particularly nice form, and that a polynomial number of samples is
enough to reconstruct hidden normal subgroups. We then analyze the reduction of graph

isomorphism to the HSP over S,, and show that the HSP algorithm does not work, by
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showing that the trivial subgroup cannot be distinguished from order two subgroups.

Our result about S,, is based on only sampling the group representation p, and
not the rows and columns of the matrices (group representations are homomorphisms into
matrix groups). Independently, Grigni, Schulman, and Vazirani [28] have shown that this
approach does not work, and in addition show that measuring the row of the matrix in

addition does not work.
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Chapter 5

Fourier Sampling over Abelian

Groups

5.1 Introduction

In this chapter we analyze the relationship between the Fourier transform over the
cyclic group Z, and the Fourier transform over the cyclic group Z,, where ¢ > p. Since any
abelian group is a direct product of cyclic groups, there is a natural extension of the results
to general abelian groups. The two main results are a Fourier sampling theorem, showing
that Fourier sampling is robust under group change, and a new quantum Fourier transform
algorithm that is the most efficient known to date.

The Fourier transform over the group Zj, is a map from C to 7. Recall that
Fourier sampling is a map from C? to RP, where given a state |v), we get a probability

distribution Dz . We wish to study how the Fourier transform and how Fourier sampling,
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with respect to Z,, carried out on the state |v), relates to the respective operations over
Zyp. To do this we must first say how to map the state |v) over Z, to a state over Z,. We
must also specify how to map back from Z, to Z, after the Fourier transform. Below we
define several maps for each direction. The choice of map is quite crucial in determining
how closely the Fourier transforms approximate each other.

We define two maps on the state |v) from Z, to Z,. The first is the inclusion map
t: €@ — C7 which just identifies CP with a subspace of C? and maps |v) to itself. The
second map R, repeats the vector to have g coefficients. On a vector |v) = Zf:_ol v;li) € CP,
Rylv) =c- Zg:_& Vimodp|?), where ¢ is the appropriate normalization factor.

After we compute the Fourier transform over Z,, we have three possible ways of
mapping back to Z, to approximate Fourier sampling. A natural map is to divide [0,¢q — 1]
into p equal intervals, and map all integer points in the j* interval to j. This gives us the
bucket distribution Dﬁ”(i) = Y ier [Us;+4/*, where T' = {—L%] +1,... ,[%1}. Another
possibility is to use only the midpoint of each interval (i.e. the closest integer to the
midpoint). First we define the map s(z) = L%ﬂ. Let s; = s(7). The inverse of this map, the
projection map P : C? — (P, is then defined as

|i) if s; = j for some i € {0,... ,p — 1}

Plj) =

0 otherwise

Let |&) be the result of the Fourier transform over Z,. The midpoint distribution D is
defined by Dll\fl) (i) = ¢2 - Dyy(ss) where the normalization factor is ¢* = E:f:_ol D3y (si)-
There are cases where we must Fourier sample and p is unknown, but an upper-

bound 7 is known. In this case, we define the map from Z, to Q, such that ¢ is mapped to the

best rational approximation of /g with denominator at most n (this is found by continued
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fractions). This induced distribution D, is called the continued fractions distribution.

In Section 5.2 we show that by zero-filling and using the midpoint distribution
DM, we can approximate Fourier sampling over Z,. The intuitive reason that this works is
as follows: the Fourier transform over Z, can be obtained by regarding |v) as a vector over
Z, taking the inverse Fourier transform with respect to the circle group to get a continuous
function, and then restricting to its values at p evenly spaced points. Using the midpoint
distribution is wasteful in terms of sample complexity, and it is natural to try to use the
bucket distribution. However, we give a counterexample showing that using buckets does
not even work for cyclic groups.

In Section 5.3 we show that repeating the vector via R, and using the bucket
distribution gives extremely good approximations to Fourier sampling over Z,. This is
based on some results discovered independently in the context of eigenvalue estimation.
Since this technique is more efficient in its use of samples, it extends to abelian groups.

In Section 5.4 we show that by combining the two methods of repeating the vector
and then zero-filling, and adding another ingredient to map back to Z,, we get a very fast

quantum algorithm for the Fourier transform over Z,.
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5.2 Zero-Filling

5.2.1 The Main Theorem

The main theorem of this section may be regarded as showing that the diagram

¢ —- @
L TVap
LN

“commutes approximately” when ¢ is sufficiently large compared to p. By “commutes
approximately” we mean that for all v € C?, |Fp|v) — \/gPFqL|'U>| < €. In the context of

quantum computation, this allows us to Fourier sample over Z, instead of Z,,.

Theorem 5.1 For all s >0 and |v) € CP, if ¢ > (24-s-1np) - p, then

[} ]
8s

[Fplv) = /3 PEglv)|| <

The setup is illustrated with an example in Figure 5.1.

5.2.2 Application to the Quantum Case

We will now apply Theorem 5.1 to the quantum case to prove that Fourier sampling
over different group sizes works. Let |v) be a quantum state, |0) = F},|v), and |a) = Fy|v).
Let Djgy : {0,...,p — 1} — [0,1) and Djgy : {0,... ,¢ — 1} — [0,1) be the probability
distributions induced by measuring |9) and |4), respectively. Let ng) : {0,...,p—1} —
[0,1) be the distribution defined by Dfé) (i) = ¢™2-Dygy(s;) where the normalization factor is
= Zf:_ol D)4 (s:). The distribution D% can be thought of as induced by the experiment

where |4) is measured, and if the value returned is not s; for some i € {0,... ,p — 1},
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Figure 5.1: Graphs of magnitudes of amplitudes of four vectors.

throw it out and repeat. For this reason it is also important to have a lower bound on the

probability of measuring some s;.

Corollary 5.1 If ¢ > (24 - s-1Inp) - p , then |’D‘1‘1”1> — Dyl < 1 and Pr[see some s;, i €

S

{0,....p-1}]>2(1-3).

For the same reason as the lower bound, the probability of seeing some s; is at
most % (1 + %) Note that this implies that as g gets larger relative to p, the chance of
actually measuring some s; decreases, and that there is always at least a m factor loss.
Proof: (Corollary) Let |§) = [P|u |9) and |8") = ¢- P|i) — |0) (see Figure 5.2). The
bound for |¢') follows from the fact that |||6')]| < ||[6)]] + |I|0") — [8)] < 2|[|9)]], since |8") — |d)

cannot be longer than |§). By Theorem 5.1, |||0)] < so [[|6")]| < 4. The bound in the

85’
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corollary follows from the following lemma:

ey opld)

Figure 5.2: The notation used in the proof of Theorem 5.1. P|u) = ZZ 0 Us;|1), and ¢ - U is
P|4) normalized to unit length.

Lemma 5.1 ([8],Lemma 3.2.6) Let |¢) and |9) be two unit length vectors with |||¢) —
|¥)|| < €. Then the total variation distance between the probability distributions resulting

from measurements of |¢) and |v) is at most 4e.

Since Pr[see some s;, i € {0,... ,p—1}] = ||P|a)|?* and 1—||\/gP|ﬁ)|| < ||\/gP|ﬂ)—
)| < g by Theorem 5.1, we have || P|d)| > \/% , and the bound follows. ]

This method only extends to abelian groups with a constant number of factors.
An arbitrary abelian group A is a direct product of cyclic groups Z,, X --- X Zy,, and we
could try a Fourier sampling approach using D™ by using a larger cyclic group for each
factor. That is, we would compute the Fourier transform Far = F,) @ --- @ Fyy,,, where
k

S

i, ), where s/ rounds according to m; and

mj > n; for all 7 and pick points s; = (s}l, cee
nj. The problem is that we know that for each j, a factor of n;/m; is introduced, and this
makes the probability of seeing a point s; too small, unless the group only has a constant

number of factors. For example, if n;/m; is only 1/2, then the probability of seeing a point

s; drops below 1/2*.
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Figure 5.3: |0) = |2) and ¢ = 100 in |@). Buckets are marked off with dotted lines.

5.2.3 The Continuous Picture

In this section we will give the intuition behind the main theorem. We will show
that the Fourier transform over Z, can be obtained as follows: regard the input vector |v)
as a vector over Z, compute the inverse Fourier transform with respect to the circle group
to get a continuous function, and then evaluate the function at p evenly spaced points to
get the Fourier transform over Z,.

More formally, the Hilbert space 2 is the space of complex-valued sequences {a;|i €
Z} such that >, |a;|* < oo, with inner product (a,b) = Y, a;b;. The Hilbert space L? is
the space of complex-valued functions f on [0,1) such that fol |f(z)|?dz < oo, with inner

product (f,g) = [ f(z)g(z) dz. The inverse Fourier transform is an isometry (a vector space

o0 nx

isomorphism preserving inner products) from % to L?, defined by f(z) = Y.0° __ anw"®,
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where {a,} € [?. See Conway [15] for more details. Terras [47] points out the connection
between the continuous and discrete case, as we are discussing here.

Map a vector [v) € CP to the sequence {u;} € I?, where u; = v; for 0 < i < p
and u; = 0 otherwise. The inverse Fourier transform of this sequence is f(z) = Zf;ol ;W™
xz € [0,1). A coefficient 9; of |0) is 0; = ﬁf(%) and similarly for |4). If ¢ is a multiple of
p, |@) will contain the exact same p amplitudes of |0) at multiples of ]%, up to a \/g factor.
When g is not a multiple of p our goal is similar: pick p amplitudes in |4) that approximate
the amplitudes in [0). In particular, we match o; with u,, for all ¢ € {0,... ,p — 1}. The
reason this works can be seen in Figure 5.4. Ideally, we match 9; with ﬂ% ;» but we must
round %72 to the nearest integer. As ¢ gets larger, the interval becomes more and more

1 e

populated with evenly spaced points, so \/%ﬂsi = —pf(% + 5) approaches %f(%) (in the

Figure, scaling |4) to the width of |9), %si =1+ %(—: approaches 7).

5.2.4 Limitations of Zero-Filling

Our approach of Fourier sampling over a larger group and looking for points s;

may seem wasteful since we throw out much of the distribution, but unfortunately using

M

all the points will not work. To see this, rather than using ’D|ﬁ> we will use the bucket

distribution Dy : {0,...p — 1} — [0,1], defined by DJ}, (1) = Yyer [Us,44[?, where T' =
{- [%] +1,..., [%] }. This uses all points in the distribution by counting any point in the
interval {s; — L%] +1,...,8 + [%1} as i (see Figure 5.3). Just by looking at Figure 5.4
it does not seem like this should work. The curve f is moving slowly between each integer

point (it does for example not hit zero), so the bucket boundary probably represents some

function of the two neighboring points. We now give a more formal argument.
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Figure 5.4: Scaled versions of f overlayed on [9) (from Figure 5.1), and on |4) for two
different values of ¢q. f,(z) = %f(px) and f,(z) = ﬁf(qx). Points s; are marked with

circles.

We will show that this method does not even work for a delta function. Given
any g and any interval I = [a/q,b/q] C [0,1] with a, b € Z, we have Pr[see i s.t. i/q € I] =
%Z?:a |f (§)|2 We can now let the point spacing get arbitrarily small while keeping the

interval the same, and we have lim,, niq Z?:bm |f(niq)|2 = f://;l |f(x)|? dz. If f is nonzero

outside of I, then the integral over I is less than one since f is continuous. If |0) =

|0), then f(z) = Lp 1;;01 w™, and this is only zero for multiples of 11—). So for any g,

Dy (0) — Dﬁ‘}) (0)|1 > ¢, for ¢ a nonzero constant.

In the next section we will take an existing algorithm and show how to convert it

into a Fourier sampling theorem where this problem does not occur.
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5.2.5 Proof of Theorem 5.1

Proof: (Theorem 5.1). We will use [35] to improve the theorem statement in [31] and

give a simpler proof.

Recall that we need to show that |||o) — \/ng)H < ‘”;8)”. Let |0) = \/gPM) — o)
be the vector between the two vectors. We will start by computing a coefficient §;. For a
given j, we can use the linearity of the Fourier transform and write |4) = ;(F,F, (7)) +

doetj @C(Fqu‘l\c)). Now we only have Fqu‘l of delta functions. Figure 5.5 and Lemma 5.2

describe this case.

F10 v =e,
1 T
0.5 B
0 i i i i i i i i
0 1 2 3 4 5 6 7 8 9 10
F v
37
T
0.4 B
0.2 B
o¢
0 5 10 15 20 25 30 35
F v
71
0.3 B
0.2 i
"l WMWM
oc¢
0 10 20 30 40 50 60 70

Figure 5.5: |0) = |2), |&) = FyF,'|2) for two values of ¢, the underlying continuous function,
and points s; marked with circles.

Lemma 5.2 Fora fized j € {0,... ,p—1}, let |9) = |7) and |4) = Fqu_1|’F;). Lete = Sj—%j.

Then:
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° Uy, = \/7 pr and Re(us;) > \/g (1 — 5%’;)
122 iGoerzo
o Forc#j, Usc—\/;pigwp and |USC|§\/;\jfc|pq
3=

zmodp if0<zmodp<p/2
where |z|, =
—z mod p otherwise
The lemma states that when |0) is a delta function, |a) is relatively large at s; and

falls off as inverse distance at points s., ¢ # j, as shown in Figure 5.5.

So for a given j, |4) = 0;(FF, 7)) + D et be(FyF;!c)), and by Lemma 5.2 we

p—1 -1
o [P1S e i(j—k+20)
Us; =’Uj\/j— E wp ? + \/> E wp .
ap 1=0 c#j =0

Now we bound J;:

165 = ‘\[us] i = ( Zwé —1)+Zvc( prg c+pe))

c#£j 1=0
Zw;. 1+ Jiel |- Zw/ “*ad S
c#j

have

IN

|9,
c#j c|p q

icP
where if @ = 1 Ep 0 w;eq the last inequality follows from |1—a|? = (1—Re(a))? +Im(a)?

2(1 — Re(e)) and Lemma 5.2.

We can now bound the length of |§):

2 2
A\ 112 1

M < o 4p+ B E P 111 Y PYIR  SR

J q lj—clpg

c#]J pd g J 7 g
R :
S|+ Zamg| < I (3200)" 57 0= (52 )
p a4 p q j
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The second inequality follows from the following observation. The left hand side can be
viewed as the squared length of a matrix-vector product Mwv, where the matrix and vector
satisfy M;; = 4 s Mje = = Gy C| q, and v, = |0.|. An upper bound is the operator norm of the
matrix times the length of |9). Since the matrix is symmetric, the norm is the magnitude

of the largest eigenvalue. As the matrix is circulant, the eigenvalues are all of the form

Do w,i,j M;; for some j. Since the values of M are positive and real this is maximized when

j = 0. Therefore the left hand side is maximized when |;| = ”'j%” for all j. n
We end this section by proving Lemma 5.2.
Proof: (Lemma 5.2) The first bound is established as follows:

121 1=
ﬂsj = \/_ Z 7 ;mw i(ja/p+e) _ % Z —pw;zjwwwze \/7 sze

=0
Since |¢| < %, for s; we have Re ( P w“p/q) > cos(2mep/q) > I—M >1-5(p/q)?.

For the second bound we use the fact that the sum is a geometric series:

2
~ _ [P i(k—j+ep/q) — 1_#
=21 z i
2 2
= ‘2 (1 — oS (27re§))‘ < (27‘(’6%) < (wg) . In the

)

p
P
In the numerator we have ‘1 — w4

denominator we have:

()

k— j+€
‘1—(;),,

k—3j 4 k—3j 2
> 23in(7r—'7>‘—£>2 sm(w—g)‘——7T
p q p q
2m
> k= jlp—
| lp .

The last inequality follows from the fact that sin(z) is at least wi/z when z € [0,7/2] and is

at least 2 — % when z € [/2,].
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So

P
q

€
oy oo Y TR
qp‘l wk—Hé%‘_ g4k —jlp— "2 = Valk—jlpq

\/g

151
- Z w;(k—jﬁp/ q)
P o

W

5.3 Repeating the Vector

In this section we cast results of Kitaev [36] and Cleve, Ekert, Macchiavello and
Mosca [14] into our framework and derive another solution to Fourier sampling. Kitaev
gives an algorithm for estimating the eigenvalue of a vector. In [14] they show that the
quantum circuits for this algorithm and Shor’s algorithm are the same. Using this we can
take the power from Kitaev’s algorithm and use it for our problem. In particular, from
our point of view, the power essentially comes from taking the given superposition and
repeating it. Given a superposition |v) = 5;01 v;]4), first compute |u) = Ry|v). Then we

have:
Theorem 5.2 If g = Q(p3/e) then |’D|%> ~ Dyl <.

This method immediately works for any abelian group by taking e¢ small enough.
In the next section we will give a Fourier sampling theorem where ¢ is smaller.
Proof: As shown in [36] and [14], given an eigenvector Z?:_& w™?i) (for the map |i) —
|i 4+ 1)), computing the Fourier transform results in a state that is highly concentrated near

the basis state |q~$), where </~> is translated as the bits in the binary expansion of ¢. We have

Lemma 5.3 ([39]) Pr[|2 —¢| < %] >1 - 5.



40

As usual, we are interested in understanding the delta function case |9) = |¢) and then

using the linearity of the Fourier transform. So we must examine Fy R, F, Yie), where R,

9
2p?

repeats the state up to g. We now apply the theorem with ¢ = ¢/p and k = and we
have D|Bc>(c) >1-— %, when ¢ > 2p. We now use the linearity of the Fourier transform
to show the same holds for any |9). First examine the value of D3 (c) for some c. It has
probability at least 1 — p/q minus the p/q that can interfere from each of the other p — 1
delta functions. So there is at most p?/q probability loss at each delta function, and we
have >, |Dﬁ1) (i) — D3y (9)] < p*/q, and choosing g = Q(p?®/€) proves the theorem. |
Repeating the given vector first in this way causes the superposition to be much
more concentrated in the buckets. In fact, when ¢ is an exact multiple of p it is easy to see the
exact effect by looking at the underlying continuous function. In particular, if the original
superposition is Zf;ol v;|i), then repeating first results in the state % Zj-;(l) ?;01 vi|ip+1),
and the Fourier transform has the associated continuous function
f(z) = 1 SZ:I pz—:l HowPTIT — 1 SE:I wire (pz_:l @.wiz>
- ‘/gjzo i=0 z - \/gjzo i=0 Z .

Notice that the right factor is exactly the continuous function for the Fourier

transform of the original state |v), and the effect of repeating can be factored out into the

s—1

left scaling factor g(z) = (== diz0 wIPT). Figure 5.6 shows how the functions g(z) works

VG

for different values of s. Note that if z is a multiple of 1/p, then g(z) = /s, and if z is not

a multiple of 1/p but is a multiple of 1/ps, then g(z) = 0.
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p=10, s=5
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Figure 5.6: A graph of the function g(z) = % S, Wb
5.4 Repeating and Zero-Filling

5.4.1 The Main Theorem

In this section we will combine zero-filling and repeating the vector to get a better
Fourier transform algorithm and a better Fourier sampling theorem. The main theorem of
this section may be regarded as showing that the diagram

c I oo

LRy Ls
orstr Ty e
“commutes approximately” when s is sufficiently large compared to p, and ¢ = ps + r is

sufficiently large compared to ps, where s is the number of copies of CP: CP° = EBZ‘-:& e,
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R, = Zf;& 1; is the repeat map, where ¢; is the inclusion map of CP into the i* copy
of @ in CP%, and S is a map similar to s, and will be described below. By “commutes
approximately” we mean that for all v € CP, |SE,|v) — FyRys|v)| < e. We will then apply
this to the quantum situation to achieve a new Fourier transform algorithm and a new
Fourier sampling theorem.

Define T'= {—|gq/2p] +1,... ,|q/2p]} to index the consecutive basis vectors, and
define the map S : C — C? by S|i) = > ,cr ct|si +t). We will spell out the normalization
constants ¢; in the body of the proof — for now, we just point out that these constants are
highly concentrated at the center of the interval.

Notice what this map does on an arbitrary vector: we have

p—1 p—1
Sloy = D @Sy =Y %Y cilsi+1)
=0

=0 teT

= > (z_: Byls; + t))

teT =0

So S|v) contains |T'| copies of |0), each weighted by some c¢;. Furthermore, each copy is
more or less evenly spread out in the interval {0,... ,q — 1}. We can now state the main

theorem of this section.
Theorem 5.3 For any |v) € CP,
4dps 4lnp
IEBple) = SBIobl < (224 202) )

We can now apply this to the quantum case to get an algorithm for the Fourier

transform.
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Algorithm 5.1 (Approximate Fourier Transform)
S s
Input: |v) =) "7, vil4)

Output: An approzimation of |0) = Fy,|v).

1. Repeat the state s times:

. 1 s—1 p—1 1 s—1p—1
lv) — 7 Z 17) Z%’W) — ﬁzzvdjp‘w)
j=0 =0 §j=0 i=0
2. Compute the Fourier transform over Zg:
s—1p—1 1 qg—1 [s—1p—-1

%szlbp-m,)iﬁz ZZviw(gij)d \d)

§=0 i=0 d=0 \j=0 i=0

3. Identify which copy of |0) each d is in:
|d)y — e, 1),

where d = ch—‘ﬂ +t. Call the resulting superposition Y . \/Pt|Ut)|t), where p; is the

probability of measuring t.

4. Measure the second register resulting in |u;)|t) with probability py.

€

Corollary 5.2 Let |u;) be as in Algorithm 5.1. For any ¢ > 0, if s = Q (loﬁg?—p) and

q = (%), then with probability 1 — * over choices of t, |||8) — [@y)]| < e.

Proof: We apply a standard averaging argument to conclude the bound. By Theorem 5.3
we have Y, ||l\/pe|ts)|t) — ci|6)[t)]|? < €*. Let B denote the set of bad ¢, where t € B if
@) — ce/+/Pe|)]|* > €. Suppose the probability of getting a bad t is at least €. Then

we have 35,cp [|v/piltin)|t) — ctl0)[D)* = Yieppielllie) — co/ prd)|? > € Xeppe > €

contradicting Theorem 5.3.
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Now assume we are in the good case when ||[@;) — ¢;/\/pt|9)||* < €®. Then by
the triangle inequality we have |[|u;) — [9)|| < [[[uz) — ci/\/Pe)O)| + |lee//PelD) — [9)]] <
€+ |1 —ct/\/pt| < 2¢. The bound on 1 — ¢;/,/p; follows from the fact that c;/,/p¢|9) is at

most € away from the unit vector |u;). [

Corollary 5.3 For any € and positive integer p, let n = logp. Then Algorithm 5.1 e-

approzimates the quantum Fourier transform over Z, and runs in time O(n lognloglogn +

log? L.

The previous algorithm [36] for computing the Fourier transform for an arbitrary
p takes time O(n?), so Algorithm 5.1 is strictly faster for polynomial approximations.
Proof: Coppersmith [16] gives an algorithm to e-approximate the Fourier transform over
Zan in time O(nlog(%)), so choose s and ¢ to be powers of two. Step 3 requires multiplying

two n bit numbers which takes time n logn loglogn. [

5.4.2 A Better Fourier Sampling Theorem

Theorem 5.3 can also be applied to achieve a better Fourier sampling theorem

than in the last section.

Algorithm 5.2 (Fourier Sampling, p known)
Input: |v) = Y7 vili)

Output: A sample from a distribution that closely approzimates D g

1. Repeat the state s times:

s—1p—1

)= 2= S oulip +)

j:O =0
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2. Compute the Fourier transform over Zg:

I
—

s—1p 1 s—1p—1

q
VODNEELESSTD N DR Sl ITEIT

S
75 420 \j=0 i=0

=01

Il
)

3. Measure.
4. Round according to Dﬁl)'

Recall from the last chapter that D)3 is the distribution induced by measuring |0),

and the bucket distribution DB

@)

:{0,...p—1} — [0,1] is defined by ’DE‘)(Z') =Y er [Usie]%

li
where T = {—[5L]1+1,...,[551}. This uses all points in the distribution by counting any

point in the interval {s; — |1 +1,...,s; + |1} as i (see Figure 5.3).
Corollary 5.4 Let |4) be as in Algorithm 5.2. If s = Q (1054) and g = Q (2) then

Djs) — Dfy

1< e

Proof: Follows from Lemma 5.1 and Theorem 5.3. [ |

In some of the most interesting quantum algorithms which use Fourier sampling
neither p nor |v) are known. However, it is often possible to generate a superposition of a
chosen length ¢ that consists of repetitions of |v), where ¢ is not necessarily a multiple of

p. That is, for an arbitrary integer ¢ we assume we are given the superposition

-1

c Z 'U(z'modp)|i>a

=0

where c is a normalization constant and [I/p] = s. Given this state as input, we will try to
approximate D)y as in Algorithm 5.2. This is not exactly possible though because we use
the continued fractions algorithm, and that algorithm returns fractions in reduced terms.

We will now define the new distribution we will be close to.
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Let p be the unknown period of |v). Define the reduced fractions distribution D‘l}}; :
{0,... ,p—1}2 = [0,1] by Dﬁ;(c, 1) = D}y (cl) if rl = p. This distribution can be thought of
as sampling some i from D|;y and making c/r the output, where ¢/r (= i/p) is i/p in reduced
terms. For example, if p = 6 and D4y is the uniform distribution over {0,1,2,3,4,5}, then
D‘r}f; is a uniform distribution over {0, (1,6), (1,3),(1,2),(2,3),(5,6)}. The distributions
are basically the same, except some information is lost because the fractions are reduced.

Of course, if p is prime, then nothing reduces and the distributions are just the same

information-wise. The following algorithm approximates D‘l}ﬁ.

Algorithm 5.3 (Fourier Sampling, p unknown)

Input: |v) = Zg;& V(imodp)|?), an upper bound t on p

Output: A sample from a distribution that closely approzimates D‘Rg

1. Compute the Fourier transform over Zg:

[ay

l

|
-
<

q 1

U(imodp)' ) (]

-1
(ZU zmodp)w ) |d> i )

=0

~.
Il
o
m.
Il

0

2. Measure, see d.

3. Use continued fractions on d/q and get c/r, which is i/p in reduced terms.

Given an upper bound ¢ on p, let the continued fractions distribution ’Dﬁg :

{0,... ,t —1}2 — [0,1] be defined by Dﬁf)(c,r) = Prc/r is output by Algorithm 5.3]. The
continued fractions algorithm used in Step 3 takes integers q and d with d < ¢, and a guar-
i

antee that |d — cq| < 5. In return it gives the unique fraction 5 where p < ¢, in reduced

terms in polynomial time.
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Corollary 5.5 Let |4) be as in Algorithm 5.3 and let [I/p] = s be the number of repetitions.

If s =Q (%) and g = Q (%), then

DRy — Dagh

We may get a bogus value back from the continued fractions algorithm if the
guarantee is not met, but notice that this corollary implies that the probability of this
happening is less than e.

Proof: The notation here is defined at the beginning of the proof of Theorem 5.3. In
addition let |6}®) be the inner bucket, i.e. |65) restricted to integers between —q/2t> and

q/2t?. We will show that [||68) — [6B)]|? < :f)—z, i.e. almost all the weight is close to the

midpoint of the bucket. Then using Theorem 5.3 and the triangle inequality we have |||4) —

1. 1. 1. 1. 4 41
S o) | < M) — 300 wuldR )+ 1 300 6ul6) — S o | < 42 Ay L
The corollary then follows from Lemma 5.1.
There is one technical point, which is that |4) is not exactly as stated in Theo-
rem 5.3 because it is not necessarily an exact multiple of p. This does not change the bound,

though. The distance between |4) and the same state repeated to the next multiple of p is

at most 1/4/s, and adding a 1/4/s to the sum 4%8 + 4\1;1—;” + f does not change the bound.
We now bound [||68) — |6i2)]|. Let a = [¢/2t?] and b = |g/2p]. By Equation 5.5

we have

b b b+l 2 42
q 1 q 1 qg 2t t
155) = I <2 31087 <305l < o [ Gr< <

so [I163) — 166°)I| < —&- u

Notice that this is easily applied to the factoring algorithm. A function is given

with period p along with an upper bound ¢ = N, the number trying to be factored. In this
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case some order r of a periodic function must be found. Since this corresponds to |v) = |c)
for some ¢ € {0,... ,r — 1}, the distribution D}; will be uniform. Using Algorithm 5.3

CF

allows us to sample from D\@)’ which is e-close to DF}J};. As soon as we measure some i

relatively prime to r, we are done. We will give another application in Chapter 7.

5.4.3 Application: Many-to-One Periodic Functions

We will now give an application of the Fourier sampling theorem due to Hales [32].
We wish to generalize the period finding example by allowing a function to be many-to-one
in its fundamental domain. That is, if the function has period p, it is not necessary that
the function have distinct values in the domain {0,... ,p — 1}. By Corollary 5.5, we know
that a starting point is to understand the distribution D|P5§’ however as we will see in the
algorithm below, there will be one additional complication.

We will first define a class of functions C /4, that contains a function f if one
must change at least a 1/d(n) fraction of its values to reduce its period. Such an f can
be viewed as being 1/d(n) robust with respect to its period. We will then show that for a
given polynomial d(n) there is an efficient algorithm finding the period of any f € Cy/4(n)-

More formally, let f : Z — {0,... ,2" —1} and g : Z — {0, ...2" — 1} be functions
with periods p; and p,, respectively, each of length at most 2". Define D(f,g) to be the
fraction of points in {0,... ,pspy — 1} where f and g differ. Let Cy q¢,) = {f|Vg with p; <

pfaD(fag) > 1/d(n)}
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Algorithm 5.4 (Many-to-One Period Finding)
Input: f

Output: The period p of f.
1. Repeat the following k = poly(logp) times:

(a) Create the periodic state, measuring the second register:

Y li)la)

i:f(i)=a

-

LS
— Dl f(@)) —
Vi

(b) Run Algorithm 5.3 to get a value c;/T;.

2. Output the least common multiple of the denominators ri,... , 7.

By the definition of f and g we have an upper bound on the period as required in
Algorithm 5.3. Define the skewed distribution DJ‘? :{0,...,p—1}2 = [0,1] by D}?(c, r) =
Pr[c/r is output by Algorithm 5.4]. This distribution is similar to Dl(?j;;’ except that the

repeated version of |v) changes depending on the outcome of Step la.

22n
=

Theorem 5.4 Let € = 1/d3(n), s = Q(£5), ¢ = UE), and by k = 20d*(n)logn. Then

Algorithm 5.4 outputs the period of f with probability at least 3/4.

Proof: The main problem is that we do not have a uniform superposition over {0,... ,p—
1}, so we may never get a value i/p with ged(i,p) = 1 (i.e. we may never get a value
r = p). However, even though each denominator returned might never be p, the lem of the
denominators will be. The only way the lcm is missing some factor [ of p is if every value
returned is of the form ¢l /rl, where rl = p. The next lemma says that this does not happen

with high probability.
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Lemma 5.4 ([32]) Suppose that f € Cy/q(n) has period p. Then for every prime | dividing

b,

1
Prll divides i1 < 1 —
r[l divides j] < S’

where the j are distributed according to D}g .

By Corollary 5.3 and by choosing € = 1/d3(n) we know that with probability at
least 1 —te > 1 — 20/d(n) the condition for the continued fraction algorithm is met, so
all of the fractions have a valid form (i.e. r; divides p). By Lemma 5.4, Pr[l divides j] <
1 —1/8d%(n) + € < 1—1/9d%(n). The probability that some prime divisor [ of p occurs in
every fraction i/p measured is at most n(1 — 1/9d(n))* < 1/7, since there are at most n
different possible primes dividing p. The lcm of the denominators therefore returns p with
probability at least 3/4. |

The probability of success can be amplified because the answer can be tested. This

restriction to functions in C/4(,), for d(n) a polynomial is also necessary:

Theorem 5.5 ([32]) Let d(n) = o(2") be given. Suppose that A is a quantum algorithm
which correctly computes the period of any f € Cyq(n) with probability at least 3/4. Then

A has worst-case run-time Q(+/d(n)).
We finish this chapter by proving Theorem 5.3.

5.4.4 Proof of Theorem 5.3

Proof: We wish to show that ||S|9) — |4)|| < e. Recall that |4) = FyR,s|v), so |4) =

FyRysF,t6). We will use this fact to relate the two vectors. First we examine what
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happens when |0) is some delta function |7), and then we combine the results using the
linearity of the maps. We will define S in terms of the case when |9) = |0).

Let |6;) = FyRpsF, i), let the bucket part of the vector be [67) = 37, Ui, 4¢|5i +
t), and let the tail part of the vector be [6;") = ;o7 Us, 1¢|si + t), which implies that |d;) =
16;7) +16;). Define |05 ;) to be |7) shifted to s;, and define S by S|i) = [6g,;). Writing the
two vectors we are interested in in terms of these functions we have S|o) = > -2—, L 6eS|e) =
52620 9el08c) and |) = 2020 0 FyRpsFy te) = 255 belde) = S22 06l82) + o 0eld7)-

Using these we have:

116) — la)]] = AR (5.1)
c=0
p—1 p—

< Z@c(|5g,c>—|53 Zvc|5T (5.2)
—0

< 4f”m )+ 4jgp|||v>||. (5.3)

(5.4)

The left summand of Equation 5.3 follows from Lemma 5.5 and the fact that the vectors
in the set {|02)} are pairwise orthogonal. The right summand of Equation 5.3 follows from
Lemma 5.6.

The following lemma expresses the fact that excluding the tails, the vectors are

close.

Lemma 5.5 [|(|67,) — |62))]| < %

Proof: We will give an upper bound for |[|do,c) — [dc)||, which is at least ||[d5.) — |6¢)]|-

For convenience we will compute the difference in the Fourier basis.
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ps—1

ldoe) = 162 = 5 o) — F Z\ i _ i
ps—1 5

f e < (%)

1 ps—1
= o Dl P = Y
|

ps 1=0
The following lemma expresses the fact that the tails are small and so will not

interfere too much with the bound in the theorem

1 . < 4l
Lemma 5.6 HZ’C’ 0 Deldd) JlngW)H
Proof: Recall that
1 qg—1ps—1 Q,C
w q

|0c) = FyRps B, ) =
P3 420 io

We have
1 ps—1 i 1 1—w psd/q q 9
5:))4l = WG| < < JL__= 5.5
(0l = | 755 2 e S 69
since |1 — WD) | = 2|sin(n-(d—j1))| > q|d ]q|q, which can be seen using the half angle

formula and the fact that sin(z) > 2z /7, when z € [0,1/2]

Expanding the expression we have
2
p—1 2 -1 p-1 ¢ = p—1 1
> o) > o5 4—2 S b,
=0 d=0| =0 d=0| =0 Ipla
J#ldp/ql #ldp/q]

We apply Lemma 5.7 to pull 9; out of the sum. The bound on the inner sum follows from

4plnp

the fact that |d — jq/pls > q/2p. We have
L _ WP 1 Il
< — <—)> -<—(lnp+1)<
; |d—yq|q Z ;1, % qz_:oj—F% qu_jlj q

#ldp/q]
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Therefore,

1)

p—1 2 q q—1
Doalin)| < %IHUHIQZ
c=0

4plnp‘ 161n%p

d=0 q
| |
Lemma 5.7 For any vector x € ]Rgo’
2 2
ik ”2‘:1 @i 4|2 2 ”i 1
7, 7,
7=0 o |d — 57'|q P = im0 |d — 57'|q
i#[dp/q] i#[dp/q]

Proof: Let C be the matrix such that ||Cz|> = Y4} (Zz 0t Lp/a] T d__zq>2 ie.
Cai = m. Our goal is to find the vector zg that maximizes the sum and factor it out.
If C was circulant, we could use the usual argument (which we will use below) and conclude
that the maximizing vector is parallel to the vector £ where x; = 1 for all . The matrix
C is close to being circulant, however, and we will choose another matrix M and use it to
achieve the bound.

We will compare ||Cz||? with the sum

2
def [a/p]-1 [a/p]—1p-1 p—1 -
M 2 M.TZ— —Z
= 3 el = >0 3 Y mre
i#(dp/q]

First we will show that the vector parallel to the vector satisfying z; = 1 for
all ¢ maximizes the length of the vector Mx. Notice that for a fixed ¢, M; has entries

My = and is circulant, i.e., My ; = My g11441- As the matrix is circulant, all

i+ ( —1)lq

its eigenvalues are of the form ), w,i,j My, ; for some j. Since the values of M; are positive

and real this is maximized when j = 0. Therefore Mz is maximized when |z;| = % for all
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2
Now observe that % < %g < 2. This follows from the fact that for some

sequence we have ) 2—%2 <> which implies >, £ <23, 2

i L+1

L
T ;410
Let 7o maximize ||Mz||? over all vectors z. Then for any z we have |Cz|? <

2| Mz||? < 2| Mzo|* < 4]|Co>. u
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Chapter 6

Fourier Sampling Coset States of

Nonabelian Groups

In this chapter we analyze the HSP algorithm over nonabelian groups. The mo-
tivation is a reduction of graph isomorphism, a long standing open problem, to the HSP
over the symmetric group S,. In particular, we will analyze Fourier sampling coset states
when the group is nonabelian. We show that Fourier sampling a polynomial number of
coset states is enough to reconstruct hidden normal subgroups. This is just a generalization
of the abelian case, since all subgroups of abelian groups are normal. There are two issues
that we cannot address in general as we did in the abelian case. One is whether or not the
quantum Fourier transform can be computed efficiently, and the other is whether or not
we can efficiently compute the intersections of kernels of the group homomorphisms. These
two questions must be answered on a group by group basis. We are basically analyzing

what the Fourier transform can accomplish as a change of basis. We also show that Fourier
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sampling a polynomial number of coset states is not enough to distinguish trivial from non-
trivial subgroups of the symmetric group, a problem motivated by the graph isomorphism
problem.

The algorithm for finding normal subgroups is as follows. Recall that M; is a

measurement of register 3.

Algorithm 6.1

1. Repeat the following k = poly(log(|G|)) times:

a. Create a random coset state |cH):

Fe. 1 U 1 2 _ 1
=5 Ja Ll = i 3 lo S PR

heH
b. Fourier sample |cH) and get a group homomorphism p. Call this distribution D.
F, & M
ﬁ}zeZHIch) Le, ‘/%L',JEXH:L ”221 10,3, ) 25 |p)

2. Classically compute the intersection: H = ﬂle ker p;.

To define the Fourier transform over nonabelian groups we need some represen-
tation theory of groups. The rest of the chapter is organized as follows. In Section 6.1
some background on the representations of groups is given. In Section 6.2 a general formula
is given for the distribution over representations when Fourier sampling coset states. In
Section 6.3 it is shown that Fourier sampling coset states is enough to find normal hidden
subgroups. In Section 6.4 it is shown that Fourier sampling a polynomial number of coset

states is not enough to distinguish trivial from nontrivial subgroups in the symmetric group.
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6.1 Representation Theory Background

The main tool used by polynomial time quantum algorithms is the Fourier trans-
form. To define the Fourier transform (over a group) we require the basic elements of

representation theory, defined below. See [34, 47] for more details.

Representation. A representation p of a group G is a homomorphism p : G — GL(V),
where V' is vector space over C. Fixing a basis for V, each p(g) may be realized as
a d X d matrix over C, where d is the dimension of V. As p is a homomorphism, for
any g,h € G, p(gh) = p(g)p(h). The dimension d, of the representation p is d, the

dimension of V.

A representation provides a means for investigating a group by homomorphically
mapping it into a family of matrices. With this realization, the group operation
is matrix multiplication and tools from linear algebra can be applied to study the
group. We shall be concerned with complex-valued functions on a group G; the
representations of the group are relevant to this study, as they give rise to the Fourier

transform for such functions.

Irreducibility. We say that a subspace W is an invariant subspace of a representation p
if p(g)W C W for all g € G. We assume, without loss of generality, that every p(g) is
unitary, and, in particular, diagonalizable. Hence there are many subspaces fixed by
an individual matrix p(g). In order for W to be an invariant subspace for p, it must

be simultaneously fixed under all p(g).

The zero subspace and the subspace V are always invariant. If no nonzero proper
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subspaces are invariant, the representation is said to be irreducible.

Decomposition. When a representation does have a nonzero proper invariant subspace
V1 C V, it is always possible to find a complementary subspace V5 (so that V = V1&V;)
which is also invariant. Since p(g) fixes Vi, we may let p;(g) be the linear map on V;
given by p(g). It is not hard to see that p; : G — GL(V7) is in fact a representation.
Similarly, define p2(g) to be p(g) restricted to V5. Since V = Vi @ V3, the linear map
p(g) is completely determined by p1(g) and p2(g), and in this case we write p = p1 D po.
In this case there is a basis for V' so that each matrix p(g) is block diagonal with two

blocks.

Complete Reducibility. Repeating the process described above, any representation p
may be written as p = p1 @ pa®- - -Dpg, where each p; is irreducible. In particular, there
is a basis in which every matrix p(g) is block diagonal, the ith block corresponding to

the 7th representation in the decomposition.

Characters. The character x, : G — C of a representation p is defined by x,(9) =
Tr(p(g)), the trace of the map. It is independent of the basis, and, as it turns out,

completely determines the representation p.

Orthogonality of Characters. For two functions f; and fo on a group G, there is a
natural inner product: (fi, fo)¢ given by ﬁ >.g f1(9)f2(g9)*. The useful fact is the
following: given the character x, of any representation p and the character x; of any
irreducible representation p;, the inner product (x,,x;) is precisely the number of

times the representation p; appears in the decomposition of p. Since each p is unitary,
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the inner product of two characters simplifies slightly:

<Xpa Xz ‘G| Z Xp Xz 1
geG

Restriction. A representation p of a group G is also automatically a representation of any
subgroup H. We refer to this restricted representation on H as Respp. Note that

even representations which are irreducible over G may be reducible when restricted

to H.

Up to isomorphism, a finite group has a finite number of irreducible representa-
tions. For a group G, we let G denote this finite collection of irreducible representations.

As mentioned above, any representation may be decomposed into a sum of representations

N

in G.

Example 6.1 Fix a group G and a representation p. Let p1,...,pr be the irreducible

representations of G. Desiring to know how p decomposes in these p;, we compute

n; = <Xpa Xi>

foreach i =1,... ,k. Then p=mn1p1 & -+ ® ngpg, and after a unitary change of basis, the
diagonal of the matrix p(g) consists of n, copies of pi(g), followed by ns copies of pa(g),

and so on. m
There are two representations that every group has:

The Trivial Representation. The trivial representation 15 maps every group element

g € G to the 1 by 1 matrix (1). One feature of the trivial representation is that
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>-¢ 1c(g) is the 1 x 1 matrix (|G|); this sum is the zero matrix for any other irreducible

representation.

The Regular Representation. We take a vector space V with a basis vector e, for every
element g € G. The regular representation reg; : G — GL(V) is defined by regq(g) :
ez — egq for any z € G. It has dimension |G|. With the basis above, for any g € G,

reg;(g) is a permutation matrix.

An important fact about the regular representation is that it contains every irreducible
representation of G. In particular, if p1,... , p; are the irreducible representations of

G with dimensions d, ... ,dg, then

Preg = dlpl D--- dkpka

that is, the regular representation contains each irreducible representation p; exactly

d; times. Counting dimensions,
G| =) d. (6.1)
i

The main tool in quantum polynomial time algorithms is the Fourier transform.

Definition 6.1 Let f : G — C. The Fourier transform of f at the irreducible representation

p is the d, x d, matriz

~ dp
F6) =/ D flg)elg).

geaG

We refer to the collection of matrices (f () e as the Fourier transform of f.
Thus f is mapped into |G| matrices of different dimensions. The total number of entries in

these matrices is ) d2 = |G|, by equation 6.1 above. The Fourier transform is linear in f;
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with the constant used above (i.e. 1/d,/|G]) it is in fact unitary, taking the |G| complex
numbers (f(g))4eq to |G| complex numbers organized into matrices.

A familiar case in computer science is when the group is cyclic of order n. Then
the linear transformation (i.e. the Fourier transform) is a Vandermonde matrix with n-th
roots of unity and the matrices are 1-by-1.

In the quantum setting we identify the superposition } . fglg) with the function
f+ G — Cdefined by f(g) = f4. In this notation, }_ . f(g)|g) is mapped under the Fourier

transform to ) f(p)i,j|p, i,7). We remind the reader that f(p),-,j is a complex

p€G,1<i,j<d,

number. When the first portion of this triple is measured, we observe p € G with probability

2 N 2
f(p)H

> ‘f(ﬂ)i,j

1<i,j<d,

where || A|| is the natural norm given by ||A||* = TrA*A.

Let f be the indicator function of a left coset of H in G, i.e. for some ¢ € G,

—L_ ifgecH

flg) = vir

0 otherwise.

Our goal is to understand the Fourier transform of f. As mentioned above, the probability of
~ 2 A

observing p is Hf(p)H =i |(f(p))i,j|*>- Our choice to measure only the representation p

(and not the matrix indices) depends on the following key fact about the Fourier transform,

also relevant to the abelian solution:

Claim 6.1 The probability of observing p is independent of the coset.
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Proof: f(p) = \/%ﬁ Yonem P(ch) = p(c)y/ ‘%’]ﬁ > nhem P(h) and, since p(c) is a unitary

matrix,
2
2
= ||(e)y/ i D () :

heH

2
o) - HV%% > olh)

heH

[ ]
Given this, we may assume that our function f is positive on the subgroup H

itself, and zero elsewhere.

6.2 The Probability Distribution over Representations

The primary question is that of the probability of observing p. We have seen that
this is determined by >, p(h) which, being a sum of the linear transformations p(h), is

a linear transformation. We begin by showing that it is a projection:
Claim 6.2 f(p) is a projection.

It is actually a scalar multiple of a projection, but we will ignore factors for now.
With the right basis, then, f (p) will be diagonal, and the diagonal entries will consist of ones
and zeros. The probability of observing a particular representation p will then correspond
to the number of ones appearing on the diagonal (i.e., on the dimension of the image of
f(p))-

Given an irreducible representation p of G, we are interested in the sum of the
matrices p(h) for all h € H. Since we only evaluate p on H, we can instead consider
Resyp without changing anything. As mentioned before, though p is irreducible (over G),

Resgp may not be irreducible on H. We may, however, decompose Resgp into irreducible
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representations over H. Then the Fourier transform of f at p is comprised of blocks, each

corresponding to a representation in the decomposition of Resgp. In particular, the matrix

2 nem P(R) Is:

>hem o1(h) 0 0
U ’ Znen 72(h) - ’ U (6.2)
L 0 0 ZheH ot(h) ]

for some unitary transformation U and some irreducible representations o; of H (with possi-
ble repetitions). We know that the sum is nonzero only when the irreducible representation

is trivial, in which case it is |H|. Then the probability of observing p is

2

: 2 d, 1 d, 1

|| = H,/ LS W) = e H X )n
ENr Gl ]
H
= %dp<xp7X1H>H-
We have proved:
L2
Theorem 6.1 For any subgroup H < G, f(p)H = %%(XWXIH)H.

Observe that one consequence of the theorem is that the probability of observing
a representation p depends only on the character of p. It turns out that characters are
class functions, i.e. x(g) = x(hgh ') for any character x and h,g € G. Hence conju-
gate subgroups (gHg~! for some g € G is a conjugate subgroup of H) produce exactly
the same distribution; this rules out using the paradigm of Algorithm 6.1 with measuring
representations alone to solve the HSP for any group containing a subgroup that is not

normal.
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6.3 A Positive Result: Normal Subgroups

In this section we show that Fourier sampling a polynomial number of coset states
suffices to reconstruct normal subgroups. Using Theorem 6.1, which describes the probabil-
ity of measuring a representation, the main point is that when the subgroup is normal, the
Fourier transform at each representation takes a nice form. Namely, it is basically either

the identity or zero, depending on whether or not H is in the kernel' of p:

. c-1 if H C ker p, where ¢ = %dp.
Lemma 6.1 Let H QG. Then f(p) =

0 matriz otherwise

Proof: The lemma follows from a simple application of Schur’s lemma [47]. We will give
the whole proof. Two alternative proofs are in [33]. If H C ker p then the value of ¢ follows
from the discussion in the previous section.

Suppose H € ker p. We will show that f(p) must be the zero map. Let V =
W1 € Wy, where H fixes Wi and kills Wy. Since p is irreducible over G, we can choose a
vector w] € Wi and g € G such that p,w] = w1 + wo, with w; € W;, and wy # 0. Since H
fixes W1 we have

1 1 1
_ ! ! ! o
w1 + w2 = PgWi = Pg ‘H' E PrwW1 = |H| E PhPgW1 = |H| E Ph('wl + w?) = wy,
heH heH heH

since H is normal in G. This is a contradiction unless ),z pp is the zero map. ]
We need one more fact to prove the theorem, which is that each time we sample
we have a good chance of getting closer to H. Let H; = ﬂj’:l ker p;, the normal subgroup

defined by the first ¢ samples.

!We remind the reader that a representation o is a homomorphism o : G — GL(V). The kernel of p is
the set ker(o) = {g € Glo(g) = 1v} and is a normal subgroup of G, which we write kero < G.
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Claim 6.3 If HZ ;é H then Pr (Hi—l—l = Hz) <

bl

N | —

Proof: By Lemma 6.1, Theorem 6.1 and Equation 6.1 we have:

|H| H| |H| |G 1
Pr(H; Ckerpiy1) = E Pr(p) = E c dz = Kl Z d,Z, — Gl < .
e ¢ — i
HingkC:r 14 Hipgekce;r P pEG/H’L

where changing the sum follows from the fact that representations of G that map H; to the
identity can be identified with representations of G/ H;. [ |

We now apply a Martingale Bound [40] to prove the theorem.

Theorem 6.2 Let py,... ,pr be independent random wvariables distributed according to D

with k = 4log, |G|. Then

Pr[H # () ker p;] < 2™ 1082/61/8,

2

Proof: For each i € {1,...,k}, let X; be the indicator random variable taking value 1
if H; = H or H;y1 # H;, and zero otherwise. The random variables X1i,... , X} are not
necessarily independent, but by the previous claim, Pr[X; = 0| X1,... ,X;_1] < 3, and we
can use a martingale bound. The function “sum” satisfies the Lipschitz condition, so we can
apply Azuma’s Inequality to conclude that ), X; does not deviate much from its expected
value, which is at least g In particular, we have Pr[| Y, X, — §| > ] < 2¢ */2k 50 with
X = log,(|G|) we have Pr [zf;g X; < log2(|G|)] < 2¢~ 1082(IGI)/8 n

It is also easy to see how the algorithm works when H is not normal.

Theorem 6.3 For any subgroup H of G, Algorithm 6.1 returns the largest subgroup of H

that is normal in G.
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Proof: This proof is due to Vazirani [50]. Let N be the intersection of the kernels so
far. Let r, be the rank of f(p), ie., Tp = (Xp>Xtr)- When N ¢ H, we will show that the
probability of N being contained in the kernel of the next representation we measure is at

|H'd o < NOH] which is at most 1/2 when N ¢ H.

most 1/2, by showing that 3 ycyer,, a7 CINT

If the hidden subgroup had been HN, Theorem 6.1 would imply Zp e fN]\('d =1,

where r;) is the number of times the trivial representation of HN appears in p. Note

that r, = 7, when N C ker p, since [H N N|Y";cyny p(1) = QO pen p(h) (O pen p(n)), and

p(n) is the identity. Since |[HN|-|H N N| = |H|-|N|, we have that 3, ycier, G1dprh <

2o peé ||g“ dyry, < ‘IT;I‘W, as desired.

Once N C H, the process stops. First, there is a unique largest subgroup H' of H
that is normal in G since if there are two, their product is in H and is normal. Second, we
measure representations p such that H' C ker p. Let C be a set of coset representatives for

H'in H. We have ), .z p(h) = (3 .cc p(€)) (D phen p(R)), so by Lemma 6.1 we only see p

if 3, g p(h) is a multiple of the identity, i.e. only if H' C ker p. [ ]

6.4 A Negative Result: Determining Triviality in the Sym-

metric Group

In this section we analyze the HSP algorithm when the group is the symmetric
group S,. We show that Fourier sampling a polynomial number of coset states is insufficient
to distinguish the trivial subgroup from an order two subgroup. This implies that this

algorithm cannot solve graph isomorphism.
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Example 6.2 Reducing graph isomorphism to the HSP over the symmetric
group [37]

Given two graphs G1 = (V1, E1) and Gy = (Va, E2) on vertex sets of size n/2,
let G = G1 x Gy where Vi = {1,... ,n/2} and Vo = {n/2 +1,... ,n}. Without loss of
generality, assume the graphs are connected (otherwise looking at the complement of the
graph suffices). G; and Gy are isomorphic iff there exists a map ¢ : Vi — V5 such that
(i,7) € Ev iff (4(i), ¢(4)) € Eo.

Now define a function f : S,, — T for aset T by f(7w) = 7G. f is an instance of the
HSP. The hidden subgroup H is Aut(G), the set of isomorphisms from G to G, called the
automorphisms of the graph. We can write S, as a sum of left cosets: S, = >, o;Aut(G).
Then for any « € S,,, we have m = 0;¢ for some 7 and ¢ € H. m and w5 are in the same

coset iff they have the same set of edge violations. [

We will now show that a special case of this problem cannot even be solved by
Fourier sampling coset states. Consider the case when G; and G2 are both rigid, that is, Gy
and G4 have trivial automorphism groups. If G; and G are not isomorphic, Aut(G) = {e},
and if they are isomorphic, Aut(G) = {e, 7} where 7 swaps the vertices of G; and G in
some way, and so 7 is a product of n/2 disjoint 2-cycles. Let Dy and Dy denote the two
distributions induced by these two cases. It is enough to decide whether or not Aut(G) is
trivial or nontrivial. We show that even for this particular case of graph isomorphism (and

Graph Automorphism) the algorithm fails.

Theorem 6.4 |D; — Dy|; < 279,
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Proof: We present the proof from [28]. An alternative proof appears in [33]. When
2
G1 # Go, H = {e}, so Dn(p) = % by Theorem 6.1. When G; ~ G2, and G; and G, are

both connected and rigid, H = {e, 7}. By Theorem 6.1

|H|

Di(p) = @dp <X15XP>H

H has only two elements, e and 7, hence

(1 Xobir = 5 060(€) + x,(7) = 5(dp + Xp(7)).

That is, Dy(p) = %(d,, + x,(7)) and so,

3" [Dr(e) - Da(o)] = %delxp(f)lSé\/zd%\/zm(f)l?ﬁﬁ 3 o)
p p p p p

by the Cauchy-Schwartz Inequality and Equation 6.1.

To bound }:, Ix,(7)|?> we use the fact that the character table with the right
normalization factors is a unitary matrix indexed by conjugacy classes and representations.
In particular, the row for the conjugacy class of 7, {7}, has normalization factor y/|{7}|/|Sn|.

The inner product of this row with itself is one, so we have:

2/ (n2)!

1 1 Cs, (T —Qn
= S = =[Gl R g,

where Cs, (1) = {0 € Sp|To0 = o7} is the centralizer of 7. ]
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Chapter 7

Efficient Quantum Algorithms for
Shifted Quadratic Character

Problems

In this chapter we give efficient quantum algorithms for the Shifted Legendre Sym-
bol Problem (SLSP) and its variants. There is some evidence that this is an intractable
problem classically, and a closely related problem has been proposed as a cryptographic
primitive [18]. In Section 7.1 we give an overview of the problems and related work. I