
Use-Based Inference of Reference Polymorphism

Dave King and John Hannan

Pennsylvania State University, University Park PA 16802, USA

Abstract

Polymorphism is an important language feature, allowing generic code to operate
on many different types. However, adding mutable state to a language places many
constraints on how polymorphism interacts with references. Current solutions either
restrict references to be used monomorphically or require explicit type declaration
and thus limit the polymorphism of data retrieved from the store. We present a type
system and type inference algorithm which allows the safe polymorphic use of data
in a mutable store, as well as functions which take and return such references to the
store. We refer to this language feature asreference polymorphism.

1 INTRODUCTION

Combining polymorphism with mutable state is a long-studied problem. Polymor-
phic code can be written generically once and then later instantiated to operate on
many different types. A mutable store allows programmers to create references
to values that can change throughout the execution of the problem. However, the
naive way to extend polymorphism to operate on reference values violates lan-
guage soundness. Existing solutions restrict polymorphism on data retrieved from
the store in various ways.

The first class of solutions treats references to polymorphic objects as second-class
types; they allow creating a reference to a polymorphic value, but they do not
allow retrieving a polymorphic value from that reference [12, 8, 13, 14, 11, 5]. The
goal in this line of research has been on restoring soundness to the language rather
than enabling polymorphism of the store. Wright’s value restriction, which limits
polymorphism to syntactic values, is a critical key in many of these systems.

The second class of solutions allows the creation of references to polymorphic val-
ues that can be used polymorphically, but require explicitly declaring the type of
the reference [3]. For larger values and complicated objects, this can be prohibitive
for the programmer. Additionally, the presence of the value restriction limits how
polymorphic data retrieved from the store can be use. Using semi-explicit poly-
morphism, it is not always possible to restore polymorphism to data retrieved from
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the store usingη-expansion. This is the case when the data retrieved is a record of
methods, as in functional object encodings.

Both classes of solutions restrict references to polymorphic values in severe ways.
Either we cannot treat the data in the store as polymorphic at all, or we cannot
treat the reference to that polymorphic data like any other data. By focusing on
inferring the types of references and adding polymorphism to the imperative subset
of the language, we can gain more expressivity. In this paper, we present a type
system that allows references to polymorphic values to be created, dereferenced,
and updated. Polymorphic behavior of references is inferred based on how they are
used; specifically, the types of values stored and retrieved in the store. Finally, we
present an algorithm for automatic type inference.

Throughout the paper, we refer to a reference that can be used polymorphically as a
polymorphic reference; this is distinct from past systems combining polymorphism
with references, where the terminology is used to describe references to polymor-
phic values that become monomorphic when accessed through the reference.

1.1 Motivating Examples

We will work within the framework of the ML language. Each of the existing
solutions combining references and polymorphism does not completely infer the
behavior of code creating and dereferencing polymorphic references. Consider the
following code in a dialect of ML extended with operations for creating, derefer-
encing, and assigning polymorphic references.

let val rK = polyref (fn x => fn y => x)
in

(polyderef rK) 3 4;
(polyderef rK) true false;
polyasgn rK := (fn x => fn y => y);
(polyderef rK) [1,3,7] [4,8,6];
(polyderef rK) (fn n => n * n) (fn n => n + 1)

end

The above code gives a very simple example of how a reference can be safely used
polymorphically in our system. Here, the polymorphicK-combinator is stored in
a cell that is bound to the variablerK. We use the syntaxpolyref to indicate
that the value being created is a polymorphic reference; similarly, polymorphic
assignment (polyasgn) and polymorphic dereference (polyderef) operators here
work on polymorphic references1. Next, we userK at the typesint→int→int and

1If a language supports both traditional ML references and polymorphic references, it is
important each have their own creation, assignment, and dereference primitives. Otherwise, the type
inference algorithm is no longer syntax-directed.
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bool→bool→bool. Later,rK is updated to a combinator that takes two arguments
and returns the second. The value stored in the reference is then again used at the
two types:

int list→int list→int list

(int→int)→(int→int)→(int→int)

We can see that the reference whichrK is bound to is used in a safe way: at any
time, the types of values which are retrieved from it using dereference are instances
of the types stored in it through assignment or reference creation. As our inference
procedure keeps track of what polymorphic types are stored in and retrieved from
reference cells, we refer to it asuse-based.

In order to check the safety of code using polymorphic references, we check the
spots at which the reference is used, separating each into two categories: storage
and retrieval. If all of the types of values stored in a reference can be instantiated
to all of the types of values retrieved from a reference, then that reference is used
consistently. For example, if we store a value with most general type∀α.α→α, it is
consistent to later retrieve a value of typeint→int from it. On the other hand, if we
were to store a value of typebool→bool in a reference, it would not be consistent to
later retrieve a value of typeint→int from that same reference. Using this intuition,
we can see that the referencerK is used consistently in the above code.

In order to keep track of polymorphic references, we type them to the distinct type
M pref. Here,M is an alias by which we can keep track of how that reference is
used [10]. We use capital lettersM,N,S,T, . . . to indicate distinct aliases. There
is a 1-1 correspondence between reference statements and aliases; each new refer-
ence statement is represented by a different alias. In the above example, letrK be
assigned typeM pref.

The way that code uses a reference with an alias type is given by constraintsc.
There are two types of constraints in our system: storage constraints, writtenσ �
M, and retrieval constraints, writtenM � τ. A storage constraintσ � M indicates
that a value with polymorphic typeσ is stored in the reference cell with typeM pref.
A retrieval constraintM � τ indicates that a value with typeτ has been retrieved
from a reference with typeM pref. The constraints on the above code are thus:

C = { M � int→int→int,M � bool→bool→bool,
M � int list→int list→int list,
M � (int→int)→(int→int)→(int→int)
∀αβ.α→β→α �M,∀αβ.α→β→β �M }

One can verify that each of the storage constraints onM instantiates to each of the
retrieval constraints onM. If, for example,C included the constraintint list � M,
indicating that anint list was stored inside a reference with the aliasM, thenC
would be inconsistent since we also retrieve a functional type fromM. The above
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example would thus not type correctly. Formal definitions for the above are given
in Section 2.

1.2 Alias Polymorphism

Functions which take and return references require some additional machinery in
order to incorporate polymorphism over aliases. For example, consider the follow-
ing code:

let val choose_first = polyref (fn x => fn y => x)
val choose_second = polyref (fn x => fn y => y)
val do_choose = fn (r,x,y) => (polyderef r) x y

in
do_choose (choose_first,3,4);
do_choose (choose_second,true,false)

end

In order for the functiondo choose to be fully polymorphic, it should be able to
accept eitherchoose first orchoose second as arguments. Therefore, we must
have some way to abstract away the alias in the type of the functiondo choose ,
similar to the abstraction of type variables in traditional ML let-polymorphism.

Suppose the variabler is assigned typeNpref. Before generalization, the function
do choose has the most general type:Npref→α→α→α. This type is read as
follows: given the reference to a polymorphic function to choose between two
values of the same type, we return one of those values.

However, we cannot generalizeα without also generalizing the aliasN used for
typingdo choose. In order to generalize the alias in this function, we use a form of
bounded polymorphism which places the constraints on a polymorphic reference
in the polymorphic type of the function. The only constraint which the function
do choose requires isN � α→α→α, i.e. all thatdo choose does is retrieve a
value of typeα→α→α from N. We can only abstractN and generalizeα if this
constraint is discharged into the polymorphic type of the function. With this idea,
the functiondo choose is given the polymorphic type

∀α.∀N:{N � α→α→α}.Npref→α→α→α

The above polymorphic type is read as follows: for all type variablesβ, aliasesP,
and constraint setsSsuch thatSsatisfies the constraintP� β→β→β, the function
do choose can take on the typePpref→β→β→β.

We encode constraint sets inside polytypes in this way in order to force the propa-
gation of how polymorphic references are used inside polymorphic functions. For
example, consider the following code:
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let val f = fn x => polyref x
in

f [1,2,3]; f true
end

At the time of generalization,f is given the polymorphic type∀α∀M:{α�M}.α→M pref.
In order for this polymorphic type to be instantiated to operate on an integer list and
a boolean, there must be aliasesO,P such that the top-level environment satisfies
bothint list �O andbool � P.

To avoid inference complications, we restrict the types of values that can be stored
and retrieved from polymorphic references to not contain polymorphic references
of their own. So while we can create polymorphic references to the identity func-
tion and other first-class polymorphic functions, we cannot create a polymorphic
reference to the polymorphic assignment function. This tradeoff simplifies the pre-
sentation of our system and prevents the system from allowing higher-order poly-
morphism through polymorphic references, while restricting the class of typeable
programs. We believe that this encompasses most of the cases where reference
polymorphism is needed.

1.3 Generalization of Values and Expressions

The value restriction is an important tool to ensure soundness in the presence of
side effects. It should be no surprise that the value restriction is essential to sound-
ness in our system as well. We are free to generalize both type variables and aliases
in syntactic values, which do not cause side effects when evaluated. For other ex-
pressions, we can only generalize type variables not free in the context and con-
straint set; we are not allowed to generalize aliases. For example, consider the
following code:

let a = (fn x => polyref x)
let r = a (fn y => y)
let c = (fn x => fn y => r) 3
in

...
end

In the above code,a is given the type∀α.M:{α � M}α→M pref. The variabler
must be given a monomorphic type; otherwise, the body of the let expression could
assignr to two different types, creating a 0 reference at run-time. By restricting
alias polymorphism to values, we avoid unsoundness. Finally, because type vari-
ables not appearing free in the constraint set or context are generalizable, we can
givec the polymorphic type∀β.β→M pref.
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Locations l :: = l0, l1, . . .
Variables x :: = x,y,z, . . .
Values v :: = l | λx.e | ()
Expressions e :: = x | v | e1 e2 | polyref e | polyderef e | polyasgn e1 := e2

FIGURE 1. Syntax for ML extended with polymorphic references

1.4 Structure of the Paper

We present the formal semantics and typing rules for our system in Section 2,
while an algorithm for automatic type inference is given in Section 3. We provide
comments about this method’s application to other languages along with related
and future work in Section 4.

2 TYPE SYSTEM

In this section we present the typing judgment for our system. We work within a
fragment of the ML language containing let-polymorphism, function abstraction,
application, and new operations to operate on references containing polymorphic
values.

2.1 Abstract Syntax and Types

ML expressions and values are represented bye andv, respectively. The language
syntax is given in Figure 1. Note that the expressions that manipulate references
are designed to only work with references that can be used polymorphically. If
traditional ML-style references are desired in the language, then to maintain the
syntax-directed nature of ML inference, we need separate syntax for both sorts of
references. How a reference is created thus affects how the type system treats it.

We next define the syntax for constraints, polytypes, and types. This is given in
Figure 2. We use the notationFV(τ) to represent the free type variables appearing
in a type. We overload this notation to represent the free variables of a polytype, a
constraint, a constraint set, a context, and so on. Similarly, the notationFA(τ) rep-
resents the free aliases appearing in a type,FA(σ) the free aliases in a polytype (that
are not bound by a quantifier), and so on. In order to ensure that our constraints do
not include polymorphic types that contain their own constraints, we introduce the
notion of a simple type, a simple polytype, and a simple constraint. We say that a
type issimpleif it does not contain any types of the formM pref. Similarly, a poly-
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Type Variables α :: = α,β, . . .
Aliases M :: = M,N,S,T, . . .
Types τ :: = α | τ1→τ2 | unit | M pref
Polymorphic Types σ :: = τ | ∀α.σ | ∀M:C.σ
Constraints c :: = σ �M | M � σ
Constraint Sets C :: = {c0, . . . ,cl}

FIGURE 2. Type Syntax

morphic type is simple if it contains no polytypes of form∀M:C.σ. A constraintc
is simple if the types and polymorphic types occurring in it are all simple. Finally,
a constraint setC is simple if it contains only simple constraints. In this paper, we
only consider simple constraint sets.

We have extended the notion of what a type and a polytype mean, so we must now
extend the notion of what instantiation of a polytype to another polytype means.
Constraints occuring inside polymorphic types set act as guards based on how they
can be instantiated. Therefore, instantiation is done under a constraint context. The
instantiation judgmentC ` σ � σ′ has the following meaning: under constraint set
C, polytypeσ instantiates to polytypeσ′. The intutition for this judgment is that
constraints are generalize inσ must be satisfied byC before instantiation. We
simultaneously define the judgmentC ⊃ c: under constraint setC, constraintc
holds. We writeC ⊃C0 to mean that for allc′ ∈C0, C ⊃ c; for every constraint
c ∈ C0, eitherc ∈ C or c is implied by a more general constraintc′ in C. These
judgments are given in the full paper.

2.2 Consistency of Constraints

Type judgments for expressions are conducted under a set of constraintsC, a vari-
able contextγ that maps variables to polytypes, and a location-alias mappingρ that
maps locations to aliases. It is important that the constraint setC beconsistent: the
storage and retrieval constraints must match up.

Definition 2.1 (Consistency).A constraint set C is consistent if for all pairs of
storage and retrieval constraints(σ � M,M � σ′) such that C⊃ σ � M and C⊃
M � σ′, then C` σ � σ′.

Intuitively, C is consistent if the uses ofC behave as if there is some polymorphic
typeσM for each aliasM and everywhere thatM is used,σM could have been used
instead2.2The reason that we choose a constraint-based approach rather than a direct mapping from
aliases to polytypes is to ensure that functions such asλx.polyderef x have a principal type. It is not
possible to know what a reference’s type should ultimately be at reference creation. Constraints
avoid this difficulty by only keeping track of what types are put in or taken out of an alias.
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(TP-UNIT) C;γ;ρ ` () : unit (TP-VAR) γ(x) = σ
C;γ;ρ ` x : σ

(TP-LOC) l ∈ dom(ρ)
C;γ;ρ ` l : ρ(l)pref

(TP-LAM ) C;γ[x : τ1];ρ ` e : τ2

C;γ;ρ ` λx.e : τ1→τ2

(TP-APP) C;γ;ρ ` e1 : τ1→τ C;γ;ρ ` e2 : τ1

C;γ;ρ ` e1 e2 : τ

(TP-LET) C;γ;ρ ` e1 : σ1 C;γ[x:σ1];ρ ` e2 : σ
C;γ;ρ ` let x = e1 in e2 : σ

(TP-POLYREF) C;γ;ρ ` e : σ C⊃ σ �M
C;γ;ρ ` polyref e : M pref

(TP-POLYASGN) C;γ;ρ ` e1 : M pref C;γ;ρ ` e2 : σ C⊃ σ �M
C;γ;ρ ` polyasgn e1 := e2 : unit

(TP-POLYDEREF) C;γ;ρ ` e : M pref C⊃M � σ
C;γ;ρ ` polyderef e : σ

(TP-GEN-TVAR) C;γ;ρ ` e : σ α 6∈ FV(γ)∪FV(C)
C;γ;ρ ` e : ∀α.σ

(TP-GEN-ALIAS)
C∪C0;γ;ρ ` v : σ M 6∈ dom(C)∪FA(γ)∪ range(ρ)

dom(C0) = {M}
C;γ;ρ ` v : ∀M:C0.σ

(TP-INST) C;γ;ρ ` v : σ C ` σ � σ′

C;γ;ρ ` v : σ′

FIGURE 3. Typing Rules for an extension of ML with Reference Polymorphism

2.3 Type System and Theorems

We give the typing rules for our system in Figure 3. The location-label mapping
ρ provides a map from locationsl to aliasesM, and allows us to type locations.
The constraint setC and the location label mapρ fulfill the role of the typically
monomorphic store typingλ from the literature.

The standard properties all apply to type judgments in our system: it is preserved
under weakening, substitution on types and aliases, and substitution of values for
variables.

2.4 Soundness

The operational semantics for polymorphic references are identical to the opera-
tional semantics for traditional references. We use the evaluation judgmentµ `
e ↪→ v,µ′: “under storeµ, expressioneevaluates to valuev with modified storeµ′.”
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We omit full presentation of the rules here.

We now connect the type judgment for our language to the operational semantics.
We first need a notion saying that a store and a constraint set are related: the facts in
the constraint set should correspond to the values contained in the store. Soundness
of any language with references depends on the type system accurately capturing
what values in the store can do once they. To this end, we need the retrieval con-
straints to match up with the values in the storeµ.

Definition 2.2 (Typing a Store). We say that under alias-location mappingρ, store
µ satisfies constraint set C, writtenρ ` µ : C, if:

1. dom(ρ) = dom(µ)

2. For each retrieval constraint M� σ ∈C, then for all l such thatρ(l) = M,
C;ρ ` µ(l) : σ.

We are now ready to state the semantic consistency result, which connects the
operational semantics with the typing judgment. It requires that there be a typing
of the expressioneunder a consistent constraint setC.

Theorem 2.3 (Semantic Consistency).Let C be consistent and suppose C;ρ `
e : σ, µ` e ↪→ v,µ′, andρ ` µ : C. Then there existsρ′ ⊇ ρ such that C;ρ′ ` v : σ
andρ′ ` µ′ : C.

Proof. Proof proceeds by induction on the structure of the typing judgmentC;ρ `
e : σ.

Soundness of our language system is a direct correlation of the previous semantic
consistency result.

3 TYPE INFERENCE

We present our algorithm for automatic type inference in the full paper. Our in-
ference algorithm takes an expressione and a contextγ and returns a typeτ, a
substitution on aliases and type variablesφ, and a consistent constraint setC.

The key difficulty in our use-based inference approach is in combining constraints
from multiple branches of the inference algorithm. For example, in the application
expression, we infer information about howe1 ande2 both use polymorphic ref-
erences. Ifγ(x) = M pref, we must ensure that bothe1 ande2 usex (through the
aliasM) in a consistent way; we cannot havee1 assigningx to an integer ande2 re-
trieving a boolean fromx. In this case, we call the inference algorithm recursively
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on bothe1 ande2 and then use UNIFYCONSTRAINTS, a constraint unification pro-
cedure, to combine the constraint sets returned by these recursive calls. We then
perform the traditional actions of theW inference algorithm, i.e. ensuring thate1

has a function type that matches the type ofe2.

4 DISCUSSION

In the full paper, we discuss the application of use-based inference to languages
other than ML.

4.1 Conclusion

In this paper we have investigated reference polymorphism, a language feature
where polymorphic data in the store can be created, updated, and then derefer-
enced and used polymorphically in that context. We have given a proof of the
type soundness of our approach in a superset of ML extended with new language
features to manipulate polymorphic references. In the full paper, we will give our
automatic type inference algorithm and discuss some applications of a use-based
inference approach to other languages.
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