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Counting step-lineswith arearestriction
We havea gaph with nodes at points, () such thati, j integer 0<i<m,
0<j<n. We haveedges of the formi(j) - (i+1,j)and (, ) - (i, ] +1).
We want to find the number of paths from (0, 0) to, Q) such that the

area under the path is equalAo We define this quantity to b&(m, n, A)
and we can easily find rules that allto compute it:

for A<O and A>mn we hare N(m, n, A) = 0 (no such paths);

for A=0 and A=mn we hare N(m, n, A) = 1 (exactly one such path);
this covers the cases when=0or n =0;

when we want to fintN(m+1,n+1, A), we hae wo cases:

the last step is verticalm(+ 1,n) - (m+1,n+1), and the area under the
path did not change,
this contributedN(m+ 1, n, A) possible paths;

the last step is horizontaln(n+1) - (m,n+ 1), and the area under the
path increased by,
this contributedN(m, n+ 1, A - n) possible paths;

sowe geN(m+1,n+1,A)=N(m+1,n,A)+N(mn+1,A-n)

These rules do not define an efficient resgrgrogram, but we the num-
ber of distinct recurse alls is limited: there are three arguments, and when
we male a @ll, the arguments in the call are the same or smalleus the
number of calls made by (m, n, A) is O(mnA). If n=m, only A<n? require
computation so we ka O(n*) subproblems.

In practice, this leads to a running time that can be reasonalsierfdhe
range of seeral hundreds.If we can perform 1Doperations per second, and
we can operate for $&econds we can fa (L0?)* operations. Theperations
are not so elementary here, but we just change our estimate of the runni
time from 1000 seconds to, sagveal days. But we cannot use ¥®mem-
ory, so we reed to think he to use less.
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Transitive closure and War shall algorithm

We havean nxn zero-one matrixA such thati(, j) is an @lge in our graph if
and only if A;; = 1 — the adjacencmatrix of our graph.

We want to compute the trans#i dosure, which is zero-one matri
such thaR; = 1 if and only if there is a path fromto .

A recursve lution is obtained if we definexea matrices, such that
Ri'j =1 if and only if there is a path fromto j. in which intermediate nodes
are in the set {0, -k—1}. In this way, R} = A; || [ = j], andR} = R;. So
we knav how to obtain the initial matrixR®, and R" is the matrix we need.
The recurrence is:

R{}*l = Ri'j | RS, && Rtj

This gives O(n®) agorithm: computeR® in O(n?) steps, and then for
k=1,---,n computeR¥ using the recurrence.
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We @an sa&e memory with a very simple observation: when we compute
R*'! from R¥, we @n tolerate if entries dR* are larger if we kne that the
are not larger than the entries Rf How is the recurrence arking: a path
fromi to j with intermediate nodes in {0, -, k} exists if either there is a path
that does not udeas an intermediate node, or there is a path frtmk and a
path fromk to j, and these tw paths do not neekl as an intermediate node.

If R¥is “too large”, we allow, perhaps, more intermediate nodes on paths
from i to k and fromk to j, but such a pair of paths still shows aid path
fromi to j, so no farm is done. This idea translates to the following pseudo-
code:

/| initial matrix R°
for (i =0; | <n; 1i++)
for (j =0; | <n; |+4)
REiPTLI] = AT
for (i =0; | <n; 1i++)

|
RIiFJLD = 1,

for (k =0; k <n; k++)
/ | compute matrix that is at leaRf™
for (I =0; 1 <n; |++)
for (j =0; J <n; j++)

REFTTI] [I= RTTIK] && REK][]];
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All-pairsshortest paths and Flloyd algorithm

In transitve dosure we learn wheather a path exists or Mie an ask
for more: if a path exists, what is the length of the shortest path.

We will assume thaC;; is the length of the edge, (), and if there is no
such edgeC;; = oo Whereoo is a very large number.

Identical ideas applyexcept for a n& corvention: we need some &
numberco so R; = co means we hee ro path fromi to j. Then it is the same
operation to find a shorter path than before and to find a path when we did r
know any.

We @n restrict paths to kia intermediate nodes {0, -,k — 1}, or more pre-
cisely, compute paths which are at least as good as the best pathswvihat h:
that restriction.

We @an easily find best paths thatvvkao intermediate nodes.

We @an easily check if a meintermediate nodg& allows to create a path that
Is shorter than before: we checks k - j. This ideas translate to the fol-
lowing pseudo-code:

/ | initial matrix R
for (I =0; 1 <n; |i++)
for (j =0; | <n; j++)
RiiJ[)] =di]ljls;
for (i =0; 1 <n; 1++)

|
REEI[E] = 0;

for (k = 0; k <n; k++)
/ | compute matrix that is at moRt**
for (1 =0; 1 <n; 1i++4)
for (j =0; j <n; j++)
it (d=RIi][kI+RK][j], d < Ri][]]
RETT[IT = d;
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Optimal binary search trees

We havean ordered set ofelys a, - - -, a,-1 and we vant to store a set of
objects with thosedys. Theset is fixed and we will ve a sream of requests
“find the object with the leastl éove x” (or the largest &y dove x), and
key a; provides the answer with probabilipy.

We want to construct a binary search tree that will minimize tteeage
length of the searchA search terminates at a node @fyla, with probability
pi, and under that condition, it has the lengtf), which is the number of
nodes on the path from the root to the node that sere$hus the aerage
costis

S d(i)p: = cost(0,n)
i=0

Designing the binary seach tree & - - -, a,,-; can be viewed recuxaly:
pick the roota,
design a tree foa,, - - -, a,1
if d'(i) is defined in that tree, the true valuadig) = d'(i) + 1
design a tree foa,_1,- - -, &,
if d'(i) is defined in that tree, the true valueadig) = d'(i) + 1

What do the subtrees contributectsst (0, n)?

r-1
The left subtree contniltescost(0,r) + sump;. The right subtree contrib-
i=0
n-1
utescost(r + 1,n) + sump,. The root contributeg, .

i=r+1

n-1
Togetheywe getcost(0,r) + cost(r + 1,n) + sump;.
i=0

1=
Crucial observation: the design of the left and right subtree is independe
SO we can try to compute it before. General conditional recurrence

b-1
cost(a, b) = cost(a,r) + cost(r +1,b) + sump;. But how to chooser?
I=a
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Choose the best one!
Correct recurrence:

[]
Mifa=Db
cost(a, b) = (p1 b-1
02 b+ min cost(a, r) + cost(r +1,b)

=2



