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Scope of Research

o0 Eigenvalue Problem for Infinite Matrices A

x Class of our Concern

e Complex, Symmetric, Tridiagonal Matrices
e D(A) C ¢?, R(A) C *
e A or A1 is Compact

— Relation with its Truncated Matrices

0 Reformulate Special Function Problems in Ma-
trix Language
e Zeros of J,(2)[4]
e Zeros of zJ(2) + HJ,(2)[§]
e Figenvalues of Mathieu’s Equation|11]
e Figenvalues of Spheroidal Wave Equation|12]
e Zeros of Regular Coulomb Wave Function Fr(n, p)|5]
e Zeros of Whittaker Function My, ,(z) and My (2)

e Eigenvalues of Lame Equation|9] (not proved)



Whittaker Equation

d? 1k 1/4— 4?2
—w+<—+—+/ 2“>wo (1)

dz* 4z 2
Two Independent Solutions:

{ w= My ,(2)
w = Wk7u(z)

Concrete form of My, ,(2) is
My u(2) = e #2220 M(1/2 4+ — k1 +2u,2)  (2)
([1, 13.1.32]), where M (a, b, z) is Kummer’s function

az (a)yz? (a),2"
M(a,b,z) =1
(@b, 2) =1t o T o

with (a), =ala+1)(a+2)---(a+n—1), (a)g=1
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Literature

 Numerical Computation of My, ,(z) = Many
Zeros of My ,(2) = Few




The Definition of the Problems

Given 2 parameters 4 and k

4

the rest parameter satisfying
My, ,(2) =0 or M];M(z) =0

What this research covers

* for My, ,(z) =0

1 compute z # 0, given u, k

* for M];M(z) =0

2 compute z # 0, given u, k




Three-Term Relations

By [2],

2k
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20+1—2K)2u + 1+ 2k 1
- (2 )(2,LL )Mk,uH(Z) = — M ,.(2)
Bu(2p+1)"(2p + 2) 2

Mk,ﬂ—l (Z) +

Mk,u(z) (3)

The behavior of My, ,(2) (by [3])
Myp1(2) 2

= ——|1 4+ o(1)|. 4
tetls) 20 o) “
In analogy;,
, 2 —1 k
Mip(2) = 2Miea(a) = (2t = B o1
with (3),
21+ 1 k
[ (2) = - M 6
Mi(e) = (B B Y b ©
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Key Theorem on Infinite Matrices

4, Theorem 1.1 & 1.4]

o A —

o A, :

dy fo
fo do f3

0

0

f3 d3 -

dp — 0 (n — 00),
"0 # fn— 0 (n — 00)

nth principal submatrix of A

e )\ =£ (0 : a simple eigenvalue of A

o\, :

appropriate eigenvalue of Ay,

ox = [z1), 22 . )T € ¢2 . the eigenvector of
A corresponding to A and x{x #£ 0

o z(nt1) / 2" is bounded for sufficiently large n



Key Theorem on Infinite Matrices

4, Theorem 1.1 & 1.4] (continued)

4
e There Fxists {An} Such That A\, — A \
(n),.(n+1)
o)\—)\n:f”HxTx 1+ 0(1)]
X" x

\ (n — oo)./




Problem1

1 Compute the Zero z # 0 of My, ,(2),
Given k,2u # —1,—-2, ...

Mku<z)
0

0 —I—Tk”uX = —X

T Ay
Z

i du fﬁ+1 0

d
Ty, = St f“* gﬁﬂ | = £, with
p+2 Ypu42

0

2k
20+ 1)(2u + 3)°
j=/¢_@u+12@@u+1+2@
' 160(p +1)(2p + 1)

X = |, Mp41(2), Qpp1 M o, Qo Mi g3, - - -
=17  furi (n=1,2,...), o, =1

d, =

]T

Zeros of M}, ,(2) <= Compute z by the
Figenvalues of T, |,




Problem1

4 N
Theorem1 Computation of Zero of My, ()
is Equivalent to z = 1/\ where X is an Eigen-

value of Ty, |,

-

/Theorem2 One can Choose each Ay, such that\
1/An = zn — 2. And the following Error Es-
timate 1s Valid:

2 2
B 7 a“+nM M | 1
£ T Zn = T bt 2) My pnt1(2)[1 + o(1)]
2
& Zn+1 <
— 14+o(l)] =0 (n — o
ot = i o] > 0 (o 00

N

. Appropriate Eigenvalue of T( )L

An
")
k

. nth principal submatrix ot T, ,



Problem?2

2 Compute the Zero z # 0 of M;, M(z),
Given k,2u # —1, -2, ...

Recalling (6)
21+ 1 k
M, (2) = — M
D) = (B = ) Ml
(2p+1—2k)2u+ 1+ 2k)
S(p +1)(2u + 1)

k,ﬂ-l-l(z)?

S,
T RS

~

0 -F']?k;ﬂii = —X,
’ 2

— oL - -
~ jﬁ (ht jﬁ+1

fﬁ+1 du+1 fﬁ+2 '
fﬁ+2 du+2 ‘

- (7 — (%, with

0
X = [Miu(2), fuauMk,uH(z)a fﬂau+1Mk‘,M+27 S

;| QCu+1-2k)(2p+1+2k)
Ap+1)2u+1)°
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Problem?2

~

' Theorem3 Computation of Zero of Mj, (z)
is Equivalent to z = 1/A where A is an Elgen—

value of T/f,u

N

KTheoremél One can Choose each Ay, such that\
1/An = zn — 2. And the following Error Es-

timate 1s Valid:

2 2O‘2+ 1
n—
T &Zn = T M~Tu~ My jivn—1(2) My, pyn(2)
2 — Zn+1 22

1+0(1)] = 0 (n — )

Z— 2 (4n)*

.
An . Appropriate Eigenvalue of Tl(anL
( Y

. nth principal submatrix of Tk, y




New Relations

/Relationl

(e (e5) )
= (M} 1 (2) My u(2) = My, (2) My pa (2))

N 2Mz+ 1Mk‘ 1(2) My (2). (7)

/

- /

Proof Substituting p with g+ 1 in (1)

k,,u;l( ) Y / ('g ) M/g,/hLl(Z) =0 (8)
dz 4z <

Computing (1) X My, ,41(2)— (8) x My, ,(2)
)

M//c/,u(z)Mk,qul(z) — My (2 Ml::/u—l—l( z)

20+ 1
2 My (2) My (2) = 0




New Relations

'Relation2 Defining

0.
y(o) =x"x =) op M, (%),
i=0

4

y(z) = 2° (M 1 (2) Migu(2) — My ,(2) Migi1(2)) (9)

Proof { (5)+(6) } x My, ,(z)
My, (2)Miy(2) = le,u_1<z>Mk,u<z> +§M§,M<z>
2+ 1

Replacing by p+ 1, u + 2, ... & adding both sides

O
> al M (2) M i (2)
1=0

2+ 1 1 <«
i=0




Or

2 (U50) = (6] = 20() = (20 )Miy () Mg ()

Recalling (7)

/ 2u+ 1
(Ml::,uﬂ(Z)Mk,u(Z) - Ml;,u(z)Mk,uH(Z)) = 2 M (2) M i1 (2)-

Y
% B (M]::’“H(Z)Mk’“(z) - M/::,M(Z)Mk,wrl(z)) =C

From the behavior of My, ,(2), ¢ = 0.



Error Formula — Closed Form

[0 Relation2 By (9)

y(z) = 2’ (Ml::,uﬂ(Z)Mk,u(z) - Ml;,u<z)Mk,u+1(z)) :

Problem1
xx = yl(2) = 2 (=M, (2) My i (=)
(by Mk,,u(z) =0)
20+ 120 9 9
T 9 f,uz Mk,,LL—i—l(Z)

(By (6) and My ,(2) = 0, M],_(2) =
(2p+ 1= 2k)(2p + 1+ 2k)
S(p+1)(2u + 1)2 M/f,wrl(z))




Error Formula — Closed Form

[0 Relation2 By (9)

y(z) = 2’ (Ml::,uﬂ(Z)Mk,u(z) - Ml;,u<z)Mk,u+1(z)) :

Problem?2

%% = M;f (2) + fay(z)
= M () + P2ML ()M )

By differentlatmg (6) and M) N<Z> = 0:

1 2u+1)7% 2 1
M) = - ~ {< >——+—}Mk,ﬂ<z>

(2u + 1)f3 22> z 2




Error Formula(Final Form)

Problem1
2
T An T T 20‘,u+fn,~2 (10)
N
M 2 )M Z
y k,u+n . k,u+n+1 [14_0(1)].
Mk,/ﬂrl(z)
Problem?2
2u+ 1 f2a2 _
z—zn:('u )QM pn—1 (11)
M 1z )M z
« k,pu+n 1< ) k,u+n< )[1_1_0(1)].

My ()M (2)

Both Closed!




Concluding Remarks

e Zeros of My, ,(2)
— Reformulation into matrix language

o Zeros of M) /L<Z)
— Reformulation into matrix language

e Derived new formulas (e.g. (5), (9))

e Frror formulas in a closed form

(M, ,(=) and M],_,(2))
e (Properties regarding the Zeros)
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