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[Appications/Conclusion]

Consider multi-scale problems, something like

@)
H, = A+ £2(1 — x4) W/
for Kk — oo /

which has a use when designing optical waveguides.
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[Appications/Conclusion]

Consider multi-scale problems, something like

@)
H, = A+ £2(1 — x4) W/
for Kk — oo /

which has a use when designing optical waveguides.
Numerical methods are influenced by:

singularity when k — oo

clustering of eigenvalues ...
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Esimay
[Applications/Conclusior]
1 0 __
101 101
0 15 O |,andw =[100]"as a test vector
5 0 1+k2

Davis—Kahan’s tan 26
sin Z(w, v4(H,,)) < sin (% arctan (ﬁﬁ)) =0(1)

700 ~ 701

Mathias—Veseli¢ (and similgrly from Li’s sin © theorems)

2
sin Z(W, V1(H,,)) < \/11%11% o= 1014101<2 _ O<l>

11 (S| =

101+101,2
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[Appications/Conclusion]

EETR SRR
101
Davis—Kahan'’s tan 20
sin Z(w, v1(H,)) < sin (% arctan (ﬁﬁ)) =0(1)

700 ~ 701

Mathias—Veseli¢ (and similgrly from Li’s sin © theorems)

2
sin Z(W, V1(H,,)) < \/11%11% o= 1014101<2 _ O<l>

11 (S| =

o 0 1o
0 = 0 |,and w =10 0]*as a test vector

101+101,2

But:

Grubisi¢ nergy norm estimates



ntroduction|

Eslimated
[Applications/Conclusior]
w0 —or
0 15 O |,andw =[100]"as a test vector
5 0 1+k2

Davis—Kahan'’s tan 20
sin Z(w, v1(H,)) < sin ( arctan (Lﬁ)) =0(1)

100 101

Mathias—Veseli¢ (and S|mllgrly from Li’s sin © theorems)

sin Z(W, V1(H,,)) < \/11%11% — 101+101~ — O(l)

11 (S| =

101+101,2

But: sin/(w, vi(H,.)) = 1512 — 1oaees + O(%)
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[niroducfion]

Relative eigenvector estimates:

are a function of a residual which detects inaccuracies
(favourable)

but, the estimates are unsharp (?)
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[niroducfion]

Relative eigenvector estimates:

are a function of a residual which detects inaccuracies
(favourable)

but, the estimates are unsharp (?)

What, in fact, are we estimating and why do we care?
adapt the metric which is used (relative—energy norm)
prove that the obtained inequality is sharp

We obtain efficient adaptive estimates which are robust in
multi-scale situations.
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[niroducfion]

Want Hv = \v, H = LL* = HY/2H1/2,
X, X = span(X); X invariant & HX = XM, that is,
L'X =L""x,y=H"2x =2=H"2x.
X notinvariant,, R=HX — XM #£0
sin Z(), 2Z) = |Py — Pz|| error measure
——

Y

x xR ox) =0
F=M-12yW-12 |I[| = sint, |\ — p|/p < siny

A= pl/p < sin®2p/ :
Drmag¢, Drma¢ and Hari 1997

MV]
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[niroducfion]

Strang & Fix—Energy norm identity:
H = H* then

IHY2(u = v)|2 = Alju = V[ +p = X

where p = u*Hu, |jul| = 1 and Hv = Av, ||v|| = 1
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Strang & Fix—Energy norm identity:
H = H* then
IH2(u = )|2 = Alju = V[ +p = X
where u = u*Hu, ||ul| =1 and Hv = \v, ||v| = 1
this implies

oA _IHP - )P
N N

2 H—A
=llu-v
lu—vI?+ =
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Strang & Fix—Energy norm identity:
H = H* then
IH2(u = )|2 = Alju = V[ +p = X
where u = u*Hu, ||ul| =1 and Hv = \v, ||v| = 1
this implies

oA _IHR - )P e
xS HAP )

We need
inequality
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[niroducfion]

Strang & Fix—Energy norm identity:
H = H* then (true also when H is unbounded!)

IHY2(u = )| = Allu = V]I + 1= A

where p = u*Hu, |jul| =1 and Hv = Av, ||v|| = 1

this implies
|H'2(u—v)[? _ .
T HVRvE
We need
inequality
Schur—Complement for both and estimates.
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[niroducfion]

Cluster robust eigenvalue estimates

Let H = V} and py < -+ < umare (M) and Hv; = \v;

M

|74
Relative residual T :== M~"2VW=12 1 gapM < a <3< W
then\; ¢ o(W),j=1,...,mand

B=N < mi i - A1) IIF|
0 < 28 < min {7, sy < min { ), Gyl fE Y

11y
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[niroducfion]

Cluster robust eigenvalue estimates

Let H = [‘,\/ﬂ* VVV} and py < -+ < umare (M) and Hv; = \v;

Relative residual T :== M~"2VW=12 1 gapM < a <3< W
then\; ¢ o(W),j=1,...,mand

i . T2 . (Am r
0 < 28 < min {7, sy < min { ), Gyl fE Y

11y

If TK + pj := ufHu,,||ui|| = 1 then

IH"/2 (i — vi)?

oy O+ )2
[H72uP?

< llur = Am41 — fi
m I
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[niroducfion]

Cluster robust eigenvalue estimates

Let H = [‘,\/ﬂ* VVV} and py < -+ < umare (M) and Hv; = \v;

Relative residual T :== M~"2VW=12 1 gapM < a <3< W
then\; ¢ o(W),j=1,...,mand

i . T2 . (Am r
0< ”’T]’ < m'”{Hr”aM} < m'n{Hr“ %}
If TK + 11 := uf Huy,||ui|| = 1 then

1420 )| 2N e 0
[H'2u]2 = veat\n} (v — pi)2 1 — || Ami1 = Hi
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[niroducfion]

Cluster robust eigenvalue estimates Il

Chose )\, 1 <j < mand make a shift H — \;/.
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[niroducfion]

Cluster robust eigenvalue estimates Il

Chose )\, 1 <j < mand make a shift H — \;/.
Set

M2 0 (- xw=H='r o] [M/2 0
Heong = 0 W1/2 I - 0 0 0 wi/2

and use Schur-complement congruence to conclude
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[niroducfion]

Cluster robust eigenvalue estimates Il

Chose )\, 1 <j < mand make a shift H — \;/.
Set

o [MVE 0 T f [T AW 0] M2 0
g1 0 w2 0 0 0 Ww'?
and use Schur-complement congruence to conclude

Use |[I*(I— A\;W~")~'r|| < 1 and the standard argument to
complete the proof.

Similar techniques yield estimates for other error functions too.
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[niroducfion]

Assume A\ = A\ and go back to I =AM~ = (1 - AW=1)~'r
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[niroducfion]

Assume A\ = A\ and go back to I =AM~ = (1 - AW=1)~'r
then A < W implies

-\~ >1T (%)

This is significant for FEM refinement since

estimates on SVD of I are computable at the price of
one DDOT in PINVIT (Neymeyr 2002)
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[niroducfion]

Assume A\ = A\ and go back to I =AM~ = (1 - AW=1)~'r
then A < W implies

-\~ >1T (%)

This is significant for FEM refinement since
estimates on SVD of I are computable at the price of
one DDOT in PINVIT (Neymeyr 2002)
Temple—Kato + (*) infers

|\ — pl

F(hz,) > .

> f(h,)

where hz, describes the local mesh size
I is a basis for an efficient estimator
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1

101

1|
101
0

_k_‘o

HK: 1 100 0 2

Eigenvalues: lower estimate

1 p=MHe) _ 11 1
0151012 = m = 1017012 T Ol 7
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1
01| 0 —io
H/-c: 01 100 0 )
101 O 1+I€

Eigenvalues: lower estimate

1 p=X(Hs) _ 1 1
10110142 < m = 7077012 T o P
1 1
p=M(He) ~ To0t 101 1 1
and upper estimate i < B T RE T T < 252
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R
T

100 0
0 1+k2

|
1
p=A1(Hx) 100 - 701 1
and upper estimate i <A T ToT 01
Similarly for energy norm of eigenvectors since

B /2 2 N
B2 < H HH‘(/lév\‘\/ZH = u—v|?+ 55>

W
H,. = 0

__1
701

Eigenvalues: lower estimate

1 p=A(Hs) _ A 1
1014+101x2 = W — 107101«

\*+

1
<2},
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A history forZ)\,f min Trace(X*HX)

.. values of |||

measured and estimated errors

. relative distances




[niroducfion]

LetPe P, =land0<M<a< < W.
M VvV

v W

search for the weak solution of

To diagonalise H = [

WX — XM — XVX + V* =0

and compute
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stimates|

LetPo P, =land0O<M<a< < W.
To diagonalise H = M-V

v W
search for the weak solution of

WX — XM — XVX + V* =0

and compute

tan20(P, E(a)) < i |M~12yw=1/2)

=
S
Q

Grubisi¢
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[niroducfion]

Since sin 5 arctan 2x < x < estimate

\/7

sin©(P, E(a)) < sin % arctan ZiﬁHM‘”z vw—172|

is sharper than any of the sin © theorems!
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Since sin } arctan2x < x < —2—, estimate

i

sin©(P, E(a)) < sin % arctan ZiﬁHM‘”z vw—172|

is sharper than any of the sin © theorems!

Works also when M = 0 and no assumption on | VW~'/2|| e.g.

0 div
S= <—grad —A) '
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[niroducfion]

Since sin } arctan2x < x < —2—, estimate

i

sin©(P, E(a)) < sin % arctan ZiﬁHM‘”z vw—172|

is sharper than any of the sin © theorems!

Works also when M = 0 and no assumption on | VW~'/2|| e.g.

0 div
S= <—grad —A) '

the Stokes operator
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Error estimates are tuned for multi-scale problems.
detects well the separation of various scales
(“exploding” vs. “converging” eigenvalues)

equally sharp energy norm estimates for
eigenvectors/invariant subspaces
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[ntroduction]
[Esimates]
Applications/Conclusion|

Error estimates are tuned for multi-scale problems.

detects well the separation of various scales
(“exploding” vs. “converging” eigenvalues)

equally sharp energy norm estimates for
eigenvectors/invariant subspaces

Also: avoidance of locking when modelling thin elastic
structures e.g. Arch model

Applicable for adaptive FEM methods. The paradigm here is:

discrete H=' norm Temple—Kato and Wielandt—Hoffman
efficient estimators for

relative error %

H'-norm error in the eigenvectors
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