
Computer S
ien
e/Mathemati
s 555Final ExamDue 17 De
ember 2003No Extensions Please!1. 16.22. 16.83. Show that the matrix M =  G ATA 0 !with G 2 Rn�n and A 2 Rm�n; m � n is nonsingular if and only ifRank(A) = m and for a null basis matrix Z 2 Rn�(n�m) we have thatZTGZ is nonsingular.[Hint: Consider the 
ase whereMz = 0; z =  x� ! : (1)Note that M is singular if and only this holds for some z 6= 0. For onedire
tion, show that if ZTGZ is singular, the problem (1) a nonzerosolution with a nonzero x of the form x = Zw (also use the fa
tthe null(A) is orthogonal to range(AT ), and that if Rank(A) < m,(1) will have a solution with nonzero multipliers �. For the otherdire
tion, suppose (1) has a nonzero solution, if x is nonzero then ZTGZis singular, and if � 6= 0, then Rank(A) < m.℄4. Consider the problem wheremin 12xTGx+ xT
 (2)subje
t to Ax = b: (3)Assume that G is positive de�nite and A has full row rank. Supposewe use the penalty method minx2Rn f(x; �)1



f(x; �) = 12xTGx+ xT
+ 12�kAx� bk22:Show that the �rst order 
ondition rxf(x; �) = 0 be
omes G ���1ATA I ! x(�)r(�) ! =  �
b ! :Use this fa
t to show that as � ! 0, x(�) approa
hes the solution of(2){(3).5. Starting with x = (x1; x2)T = (0; 0)T , use the a
tive set method tosolve min x21 � x1x2 + x22 � 3x1subje
t to x1 � 0; x2 � 0; �x1 � x2 � �2:Try to solve the problem graphi
ally �rst, does that tell you whi
h
onstraints will be a
tive at the solution. [Hint: Formulate this problemin the standard form with (2) with 
onstraints Ax � b. ℄
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