Lecture # 4
Matrix Norms, Orthogonality, and Least Squares

Matrix Norms
We will also need norms for matrices.

Definition 1 A norm in R™" is a function || - || mapping
R™ ™ into R satisfying the following three azioms

1. | X = 05
|X]|| =0 if and only if X =0, X € R™*"

2. [leX| = [/l X]] X € R™", aeR
X +Y[ < [IX[[+ Y] X, ¥ e R™™.

The one-norm formula is

X[y = max Z [4]-

1<5<n

If jimae 1s the index of a column such that
m
XM =D [ e |
i=1

then y* = e;,,.., the corresponding column of the identity matrix.
The oo-norm formula is

| Xl = max Z |$u|

1<i<m

If 4,42 is the index of a row such that

n

||X||OO = Z |ximaw’j

Jj=1

then the vector y* = (y7,...,y;)" with components

Y; = sign(Tipg, j)



is a vector that achieves the maximum. Note that || X||o = || XT||;.
The one-norm and the oo-norm share two inequalities similar to the
Cauchy—Schwarz inequality.

<yl < Iyl
X'yl < lixlleliylls,

but these do not lead to any reasonable definition of angle between vectors.
The matrix two-norm does not have a formula like (1) or (2). Moreover,
computing the vector y* is a nontrivial task that we will discuss later.
The Frobenius norm defined by

o 1/2
1Xlr = (Z 33%) (3)

i=1j=1

is isomorphic to the two-norm on R™".

The induced norms have a convenient property that is important in un-
derstanding matrix computations. For X € R™*™ and Y € R"*® consider
| XY ||o. We have that

XY la < [[XlallY]la- (4)

A norm || -||4 (or really family of norms) that satisfies the property (4) is said
to be consistent. Since they are induced norms the two-norm, one-norm, and
the co-norm are all consistent. The Frobenius norm also satisfies (4).

Example 1 Consider

3 -2 1
X=| 10 0 -16
-3 25 1
1t is easily verified that
0
||X||1 = 27: yT:eZZ 1 )
0
-1
| X]|lw = 29. yi = 1 ,
1



IX|[r = =31.70, ||X||» = 25.46,
0.1894

y; = | —0.9726
—0.1351

Some inequalities for matrix norms (which we will not prove).

_1
(mn)~ 3 (IX 11X Nloo)™ < 1X 2 < (IX TN X o) (5)
11
max | e X1 < 1X1l2 < 11Xl (6)
XY e < [[X|lY]|F, (7)
XYz < [ X|#[IY |2 (8)

An example of a matrix norm that is not consistent is given below.
Example 2 Consider the norm || - ||g on R™*" given by

| X |p = max |z;;].
(4,5)

This is stmply the co-norm applied to X written out as vector in R™". For

m=n =2, consider
11
X—Y—<1 1).

2 2
xr=(33)

and thus || XY||g =2 > || X||5||Y |l = 1. Clearly, || - ||s is not consistent.

Note that

Henceforth, we use only consistent norms.
Also, for any diagonal matrix

A0 0
0 A 0
A= - e ’
)\n,1 0
0 M



we have
[All, = max | Al

1<i<n

Of course,

n 1/2
IALe = (2 w) .
=1

Effects of Orthogonality
First, for any left orthogonal (or orthogonal) matrix U € R™*",

1Ux[l2 = [lx[l2-

This properties extends to the matrix two-norm and to the Frobenius
norm as stated in the following lemma.

Lemma 1 Let X € R™", Y € R™* andy € R*. Let U € R™™ and
V e R™™ be orthogonal matrices, and let Z € R™*™ be a left orthogonal
matrix. Then

Vyllz = llyll,  1Zyll2 = [l¥ll2, (9)
[UXV ]2 = [|X]l2, [[UXV]lr=[X]lr, (10)
12Ylla = [I¥ll2,  12Y]lr = IY]lF, (11)
1Ull2 = [IV]le = 1Z]l2 = 1, (12)

1Ulle =vm,  IVIle = 12]lr = Vn. (13)

The properties (9)—(11) are called orthogonal invariance.

Least Squares Problems Let X € R™*",m > n be such that rank(X) =
n. That is,
Xy=0, iffy=0.

Assume that X has a Q-R decomposition, that is,



where (Q € R™ " is orthogonal and R € R™*" is upper triangular and
nonsingular. We show later how to compute this, but, for now, we just want
to understand WHY we should compute it! An upper triangular matrix is
just one such

7"11 7”12 ... . e . Tl'n,
0 7”22 ... . e . ’,‘2n
0 0 o Tp—in—1 Tn-1n
o o -- 0 Tnn

thus equations of the form
Ry =c

may be solved with back substitution.
We want to solve

. _ 2
min [Ib - Xyl (149)
We use orthogonal invariance to solve this problem.
b —Xyl; = [1Q"(b—Xy)l
= Q" (b - Xy)|3
= 1@ - QT Xyl)3
If we let
- n C1 AT
= m-n <c2> =@'b,
then
b —Xyl; = [1Q"b-Q" Xyl

— (e )- ()
(e

= lles — Ryllz + llea|l3

The value of y has no influence on the second term. The first term is clearly
minimized by the solution to

Ryrs = ci.

5



Moreover (this is an exercise for you),

Co

0
TLSZb—XYLs=Q< )



