Lecture # 18
Iterative Methods for Large Linear Systems: Part II

We wish to solve
Ax=Db
where A € R"*" is nonsingular. We then of n are being VERY LARGE, say,
n = 10% or n = 10”. Usually, the matrix is also sparse (mostly zeros) and
Gaussian elimination is not feasible.
To start, let
A=D+L+U

where
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That is, we split A into a diagonal matrix D , a strictly lower triangular
matrix L , and a strictly upper triangular matrix U.
To get a good iterative method, we need two things.

1. The sequence {x*)} is easy to compute.
2.

lim x®)
k—o0

=X



Neither the Jacobi nor the Gauss—Seidel iterations converge for all nonsin-
gular matrices A, but they do satisfy the first criterion.

The general form of this iterations comes from writing A as the difference
of two matrices M and N, thus

A=M-N

and we get an iteration

Mx#D = Nx®) 4 b, (1)
For instance, the Jacobi iteration is

M=D, N=—(L+U).
The Gauss—Seidel iteration is
M=D+L, N=-U.
If we let e®) =x — x(*¥) then
Me*+) = Ne®),

Assume that M is nonsingular (otherwise we could not solve for x*+1) at

each step. Then
e(k+1) — M*lNe(k) (2)

Using norms, we have that
le® V)| < (|7 N l[|e™].

Thus
le®]| < [|M~IN|F|le].

SO

lim |le®] =0
k—o00

if || M~IN|| in any induced matrix norm!
Let G = M~IN be called the iteration matrix, then note that (2) may be

written
ekt — e

which is just the power iteration. Thus the direction of e¥) should converge to
that of the eigenvector associated with the eigenvalue of largest magnitude of
(. This initution leads to a theorem I will not prove—called the fundamental
theorem of stationary iterative methods.
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Theorem 1 Let
Mx®) = Nx®) 4 p

describe an iterative method to solve Ax = b. Then the sequence x*) con-
verges to x as k — oo for any initial guess X0 if and only p(G) < 1 where

p(G) = max |A;(G)]

1<i<n
and A\ (G), ..., A\(G) are the eigenvalues of G. Moreover,

P sl |
koo [x — xB)||

= p(G)
mn any vector norm.

One method that is used to accelorate Jacobi and Gauss—Seidel is the
successive overrelaxation (SOR) method. First, we conpute a Gauss—Seidel
step. Fori=1,...,n we let

i—1 n
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mEkH) = (1- w)xgk) + wxng/Q)
The parameter w is from the interval (0,2), but is usually chosen from the
interval (1,2). If A is symmetric and positive definite, the iteration con-
verges for all w € (0,2). For certain matrices that arise in partial differential
equations (the set of conditions is a bit complicated), the best choice for w is

2
Wopt =
"+ T - p2())

where p(J) is the spectral radius of the Jacobi iteration matrix. In practice,
this is estimated by doing about 3 or 4 Jacobi iterations and computing

D — xO,
sy X=X,
X — x]

The SOR method is significantly faster than Jacobi or Gauss—Seidel. If
this class were held forty years ago, we would have spent more time on it. Its



implementation is simple and straightforward, but its success depends upon
choosing the parameter w correctly.

The SSOR method was developed for symmetric positive definite systems.
It does two SOR sweeps, a forward one and a backward one. The algorithm
is as follows.

fori=1,...,n
i—1
ng(1c+1/3) _ (_ Zaij$§-k+l/2 Z a” /au
j=1 j=i+1
x§k+1/2) - _w)ngk) +wx§k+1/3)
for 2 = n,..., 1 backwards
i—1
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j=1 j=1+1
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We note that A is symmetric, so U = LT
In matrix form, it is

(D +wL)x* /2 = [(1 —w)D — wL']x® + wb
(D +wID)x®+D) = [(1 —w)D — wL]x**+/? 4 yb
The splitting is
A=M-N

where

M= (w2-w) " (D+wL)D™'(D+ wL").

The matrix M is symmetric positive definite if A is. The SSOR method is
insensitive to the choice of w, so it is common to choose w = 1, yielding

M=(D+L)D*D+L"), N=LD'L".



