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Lecture Notes
Lecture # 34

The Adams Methods
We are still considering the initial value problem (IVP)

X(t) = f(tx(t)

x(t)) = =X

where ¢ is time, and x(t) is a vector valued function.
We construct an approximate solution

X, & x(ty)

£, = f(ty,x,) =x'(t,).
Use the fact that
tn+1
E(tns) — z(ty) = / &' (t)dt.
tn

Let h=1,41 —t, and let t =%, + sh. Then

tne1 1 N
/t 2/ (t)dt = h/o ' (tn + sh)ds = b B fri1—i-
n =0

If By # 0, we get the implicit Adams—Moulton methods. If 5, = 0, we get
the explicit Adams—Bashforth methods.

For the 3-step third order Adams-Bashforth method we create the exact
matching integral formula for F(t) = 1,¢, % such that

/01 F(t)dt = 51F(0) + BZF(_l) + 52F(—2)_

We solve the Vandermonde system

11 1 B 1
0 —1 —2 B | =1 1/2 |.
) ()-(2)

1



The solution is

By =23/12, By=—4/3, f3=5/12,

so that we have

h
Xnp+1 = Xp + E(23fn - 16fn_1 + 5fn_2).

To get the implicit Adams—Moulton third order method, we fit

[ @i = foF (1) + iF(©) + o (-1)

and make it exact matching for F(¢t) = 1,¢,¢*. ( I derived this in the last
lecture using numerical differentiation formulas and Taylor series).
We obtain the Vandermonde system

11 1 Bo 1
10 -1 B | =1 1/2
10 1 5, 1/3

The solution is By = 5/12,31 = 2/3, and By = —1/12. This is the method

h
Xpt1l = Xp+ E(5fn—|—1 + an - fn—l)

h
= Xp + E(5f(tn+17 Xn—H) + 8fn - fn—l) (1)
Explicit methods are easy to evaluate, but implicit methods are necessary
to produce stable solutions. So we pair them together to get a predictor—
corrector method. The following is the Adams—Bashforth-Moulton third
order pair.
The predictor step obtains an initial guess to the solution of (1) for the
Adams—Bashforth explicit method.
h
x9 =x, + 15 (236, = 1661 + 5, ).
Subsequent guesses are obtained from the applying the Adams-Moulton
method again and again.

h
xFHD = x, + E(5f(tn+1, xF )+ 8, — £,1) (2)



for k=0,1,2,---.

The question here is how many steps do we need to take. We would prefer
as few as possible.

First, both the predictor (explicit Adams—Bashforth) and the corrector
(implicit Adams—Moulton) are third order. If we use our local truncation
error model (scalar version)

() = f(t z(t))

zZn(tn) = 1y
then
n(tnst) — 21 = a2z (8Bt + O(hP).

And the solution to the Adams—Moulton implicit equation satisfies
Zn(tng1) = Tog1 = ag2t (t,) R 4+ O(BP)

where |G4| < |ag|. We would like this equation to be satisfied as closely as
possible.
We note that if we subtract (2) from (1) then

(k+1) 5h

Tnt1 — Tpg1” =

= 2 sty 2s1) = (b, o).

From the Lipschitz condition in the existence theorem (yes, this really is
useful!),

k k
|f(tn+1,33n+1) - f(tn+1, 33;421” < L|33n+1 - $51421|
thus
[Tng1 — Tpy1 | < = |Tng1 — st-l . (3)

Thus if % < 1, then

()

lim z = Tpt1-
Ey00 n+1 n+

However, in numerical analysis, more convergence is not enough, fast con-
vergence is necessary!
We note that

Tagt = Tihy = (04 — Ga) 28 (ba) B + O ()



so from (3)
5 A
[ns1 = 2| < o — dal |20 (t) |° + O(R).
Thus

(tng1) = Tpga| + |Tng1 — xﬁﬂ

IN
By
3

‘Zn(tn+1) o mstl—l)—l‘
o .
< fon(tne1) = Tnp] + S5lou — dul20) (ta) B + O(h)
= |zn(tas1) = nsa| + O(h%) = |Guzl? (ta) | A" + O(R?).
Thus xgll has the same first order local error term as z,;. That means

we can get away with just one iteration.
Thus we have the following simple third order method.

Predictor
x0 =%, + %(Qan — 16f,_; + 5F,_).
Corrector
x\1y =%, + %(5f(tn+17 x\V11) + 8f, — 1)

Do one function evaluation for future steps.

fn+1 = f(thrl; Xv(zl—f)-l)'

Next time, we compare and contrast Adams and Runge-Kutta methods.



