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Ordinary Differential Equations
Again we consider the initial value problem (IVP)

x' = f(t,x(t))

X(to) = Xy

where ¢ is usually time, and x(t) is a vector valued function.
The following theorem discusses the existence and uniqueness of a solution
to the IVP (1)—(1).

Theorem 1 Let f(t,x) be defined and continuous for all (t,x) € D where
D= {(t,x) : 1 € [a, 0], [|Ix]| < oo}

for finite a and b. Let there exist a constant L such that
1, x1) — £t x2)|| < Lllx1 — x2l2 (1)

for all (t,x1), (t,x2) € D. Then for any xq there exists a unique solution x(t)
which s continous and differentiable.

Equation (1) is called a Lipschitz condition. It is stronger than continuity.
The constant L is important. It determines how difficult the problem is to

solve.
If f is differentiable, then a bound for L is

b= s o )

Example 1



Here of
_ [ %2 oo (0 1
wo-(5) E+(43)

1%
ox "'

Thus,
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A more sophisticated example requires us to restrict the domain D further
than the theorem does.

Example 2
7 = 0.25z1 — 0.01z1 29
3;'2 = —z1 4+ 0.01z129
Here
£(t x) = 0.2529 — 0.0121 29 g [ 0.25 - 0.01z, —0.012,
T\ =21 +0.01z12 ox 0.01z; —14+0.01z; /-

To bound this, we have to bound x1 and x5 tn a certain region. Suppose
that
0 S T1,T2 S 200.

For that region the bound s

of 1.75 2
5l <1 (15 3 ) o =375

Now back to some methods. For now, we talk about single equations.
For such single equations

ZTn = x(ty), t,=ty+nh
fo = f(tn, v0) = f(tn, x(tn))

Euler’s method is
Tni1 = T+ hfn =z + hf(tn, z,).

This method only captures the first term of the Taylor series.



Runge-Kutta methods capture more of the Taylor series by evaluating
the function f at more points. Note that

.’E(t() + h) = .T(t()) + h.’El(t()) + h;.f”(to) =+ O(hg)

We have that
@' (to) = f(to, x(to))-

Using a forward difference approximation

&' (to + ah) — ' (t)

"(to) = O(h
/' (to) 2T o)
4 h, z(t h))— f(t
_ [(to+ah,x(to + ah)) — f(to, 7o) +O(h)
ah
We need to use computed values. To do that, first let
k1 = f(to, 7o)

and then note that from the Lipschitz condition (yes, it really is useful!)
|f (to+ah, z(tg+ah))— f (to+ah, To+ahk,)| < L|z(to+ah)—zo—ahk,| = O(h?).

So we have that

f(t() + Odh, X + ahkl) — f(to, iE())
ah

2" (to) = +O(h).

Let
kg = f(to + CMh, Ty + Ckhk‘l)
then

h2 f(t() + Oéh, To + thk‘l) — f(t(), xo)

$(t0+h) = $0+hf(t0,$0)+5( oh )+O(h3)

= o+ hk‘l + g(kz - kl)/(ah)
= 2o+ hlki (1 —1/(2a) + ks /(2a)].

More generally, this the method

kl = f(tn, xn)
kg = f(tn + th,, T, + O!h,kl)
Tni1 = Zn+ hlki(1—1/2a) + ka/(2a)]
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This a two—stage Runge-Kutta method of order 2. Different values of «
yield different methods.
o = 0.5 The Midpoint Rule

Tpnyr = Tn+ hko

a = 1 Modified Euler Method

kg = f(tn + h, Ty + hkl)

h
Tp+1 = Tp + §(k51 + kz)

a = 2/3 Heun’s Method

h
Tpt1 = Tp + Z(/ﬁ + 3/€2)

This is a second order method. That essentially means that it has the
same order of accuracy as taking up to the second dervative term of the
Taylor series.

More function evaluations allow to increase the order further. A popular
fourth order method is

ki = f(tn,7n)

ky = f(tn+h/2,3, + hk1/2)
ks = f(tn+h/2, 2, + hko/2)
ky = f(t,+ h,z, + hks)

h
Tpn+1 = Tp + g(k/‘l + 2(]62 + k3) + k4)

Next time, I’ll give a more sophisticated method.



