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Lecture Notes
Lecture # 25

Cubic Splines
The cubic spline interpolation problem takes a set of points (called knots
or nodes) such that
a=x0 <21 <...<xp =0
Find
so(x)  x € [mo,x1]
si(z) € [m1,x9]

S(x) - : :
Sn1(2) T € [z), Tpyq]

where sg(x) is a cubic polynomial and

S(xlc):f(xk):fka k:()a"'an

and s,s', and s” are continous.
We take si(z) to have the form

sp(2) = ag + be(r — 1) + cp(r — 1p)% + di(z — 24)°.

Thus we must solve for 4n coefficients.
The first two derivatives of s;, are

si(z) = by +2ck(x — x1) + 3dp(z — 21)°
sp(x) = 2¢; + 6dg(z — zy).

We have that
sp(@r) = 2¢k.

By continuity of s”
Sp(Tr1) = 2¢, + 6dphy = S (Ths1) = 2Ck41-

where hy = xry 1 — Tk is the spacing between points.



Solving for dj, yields

di = (ck41 — ck)/(3hy). (1)

We have that
Sk(iﬁk) =a, = [

and
sk(Tht1) = fer1 = fr + behw + cehi + (Crer — o)y /3
SO
be = 0k — (2ck + k1) hi/3, Ok = (fir1 — Si)/ k- (2)
Thus we need only solve for the c,. For that, we use first derivative
continuity!

We have that
! _ 2 _ —
sk(xk+1) = bk + QCkhk -+ Sdkhk = Sk+1 (IEk_H) = bk—|—1-

Using the expressions (2) for by and (1) for dj in terms of ¢, and ¢y and
the definition of ¢ in (2) we obtain

h h
5k o _k(ck+1 + QCk) + zckhk + (Ck;+1 — Ck)hk = 5](:-1—1 — ﬂ(

3 3 Cht2 + Cht1)-

After some algebra we get
hick + 2(hg + Pgy1)Chs1 + PrgrChyo = 3(0pp1 — 0k), k=0,...,n—2 (3)

This is n — 1 linear equations in the n + 1 variables cg, cq, ..., ¢, necessary
to construct the spline.

We need two more conditions, called endpoint conditions.

The simplest are for natural or variational splines. Here we set

§"(zo) = 2¢y = 8" (xn) = 2¢, = 0.

This leads to a tridiagonal system of equations. The following is the version
for 7 knots. It is 5 x 5.

Tc=b (4)



where

2(ho + hy) hy 0 0 0
hy 2(hy + hy) ho 0 0
T = 0 ho 2(hy + hs) hs 0
0 0 hs 2(hs + ha) hy
0 0 0 Ry 2(hy + hs)
o 51 = &
62 by — 0
c= 62 ., b=3]| 65—0
03 84 — 03
! 85 — 04
Cs

This assumes that ¢y = ¢g = 0. This is a particularly nice linear system. It is
diagonally dominant and tridiagonal (zero except for the main diagonal, the
superdiagonal, and the subdiagonal). It does require pivoting in Gaussian
elimination and can be solved in O(n) operations where n is the number of
knots in the spline.

Other endpoint conditions lead to slightly different systems.

For instance, first derivative conditions lead to complete splines. These
specify that

s'(wo) = f'(x0), §'(wn) = f'(an)-

If we have first derivative information at the endpoints, these lead to better
approximations than do the natural splines.
Since
SI(CC()) = b() = 50 — (260 + Cl)h0/3 = fl(xo),
Sl(xn) = bn—l + 2Cn—lhn—l + 3dn—1h%_1 = f,(xn)

Use of (2) and (1) and some algebra yields the two extra conditions

(200 -+ Cl)h0/3 = 50 — f’(JT()),
(QCn + Cn—l)h0/3 = f,(iﬂn) - 6n_1



Thus for the 7 node example we obtain (4) with

2hyg ho 0 0 0 0
ho  2(ho + h1) hy 0 0 0 0
0 hy 2(hy + hg) ho 0 0 0
T= 0 0 ho 2(hg + h3) hs 0 0
0 0 0 hs 2(hs + hy) hy 0
0 0 0 0 hy 2(hy + hs)  hs
0 0 0 0 0 hs 2hs
0 0o — f'(ﬂﬁo)
C1
o 51—
‘ 5 — 0,
c= 62 , b=3 85 — 05
“ b1 — b
Ci /55 N
Co f'(@n) — 05
Example 1

f(z) =cos z, z€l0,7/2]

Let x, = 7 * k/12 giving us 7 knots as above. For the natural splines we get
Then

T=m/12

O OO
OO o
O = = O
—_ s = OO
=~ = O O O

Some computations yield

—0.7543
—0.6763
b= —0.5522
—0.3905
—0.2021




and thus we get
—0.6205
—0.3994
c=| —0.3652
—0.2489
—0.1308

For the complete splines we get

T=m/12

SO OO O+~ IN
SO OO =
O OO - kB =O
O O - = OO
S = k= OOO
o= O O OO
N = OO o OO

and
—0.3905

—0.7543
—0.6763
b= | —0.5522
—0.3905
—0.2021
—0.0342

The solution is
—0.5029

—0.4857
—0.4355
c=| —0.3556
—0.2514
—0.1301
—0.0002

Both the natural and complete splines have the following property.

Theorem 1 Let f be any twice continuously differentiable function such that
f satisfies the interpolation condtion and

[ (@o) = f"(zn) = 0. (5)

5



Then if s is the cubic spline satisfying the same conditions then

b b
[ 1" @) fde > [ 15" (@)Pde.
The same conclusion holds if the condition
f(x0) = yo,  f'(w0) = v,
is substituted for (5).

This theorem account for the “smooth” interpolation property of splines.

Other interesting endpoint conditions include second derivative condi-
tions.

S”(.’L'O) — fl/(xo)’ Sll(xn) — f/l(xn)‘

Again these assume some knowledge of the second derivative. That knowl-
edge is often not available.

A useful spline if no endpoint information is available is the not-a-knot
spline assumption. This assumes third derivative continuity near the bound-
ary. This assumption is just

so (21) = 87 (21), sy _o(@n—1) = 551 (Tn-1)-



