Computer Science/Mathematics 455
Lecture Notes
Lecture # 23

Finite Difference Interpolation

The Newton divided difference formula is that for the points xg, x1, . . . , T,
if
pn(w:) = f(2:)
pu(z) = flxo] + (x — zo) flxo, 1] + ... +
(‘/E - .7)0) U (.7) - xn—l)f[anxla s axn]'

This is a simple elegant formula, but we can simplify it even further when
the points are evenly spaced.
For that let,
Ty :$0+kh,k:0,1,2,....

The book allows negative indicies, but for now we will not get into that.
Forward Differences

Af(zg) = flogy) — flag)
APf(xr) = Af(zga) — Af(xx) = f(@242) = 2f (@e11) + f(x)
A"f(zr) = A" f(zpg1) — A" f ()

For example

A f(x0) = f(x3) — 3f (z2) + 3f (1) — f(0).

An induction argument yields the following expression.
n ¢ j n
A g = 317 (1) Fanen)
§=0 J
As before we set up a table. For instance

z f Af A A
05 2 1 1 1

0.0 3 2 2
05 5 4
1.0 9



How to construct the polynomial. Essentially,

A" f(x
f[xka$k+la---:xk+n]:#“

We invent the shorthand
fe = flz), A"f(zx) = A" fy.

We then let x = xq + sh ,thus

p(x) = pu(z+ sh) def Pn(s)

Afo S(S — 1)h2A2f0

R s
s(s—1)---(s—n+1)A"A"f,
+
nlhn
. Afos(s—1)A%f,
s(s=1)---(s=n—+1)A"f,
+ o

This is a much easier expression to work with.
For instance, for the example above, the resulting polynomial is

Po(s) = po(xo + 0.5 % s) = fo + sAfy + 52 fo.

s(s—1)
2!
Error in Interpolation

The error in interpolation is best expressed using the Newton formula.
Let p,(z) be the polynomial such that p, interpolates f at zg,x1,...,Z,.

To find f(t) — pn(t) for a point ¢t # xg,z1,...,Zn, let p,y1(x) be the
polynomial that interpolates f at xg,x1,...,x,,t, that is, add ¢ as an extra
point. Then

Pni1(2) = pu(z) + (x — 20) - - - (& — ) @0, 21, - - -, Ty T

Since
f(t) = pnsa(t),

we have that
f@) = pa(t) = (t —x0) -+ - (t — zn) fw0, 1, - - -, Tnr, E]-
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If we use the fact that for some & € (a,b) where
a = max{maxz;,t}, b= min{minux;,t}
I3 13

then
f(n+1)(§)

R
f[x07$1a y L ] (n+1)|

and we obtain the formula

(t = @0) -+~ (t = za) ")

n!

f(t) = palt) =

Third and Last Form — Lagrange Form
Problem, find the polynomial p,(z) such that

pn(xi):yi, 'LZO,,TL

Start with the interpolation problem

or={8 12

First ¢;(z) is a polynomial with n roots
Ty -5 Ti1y Titly -« -5 Tn-

So for some constant c,

li(z) = clz—x0) (¢ — 2i1)(@ — Ti1) - (& — @)

= c[lz -2

JFi

Now we need only determine c. We have that

bi(z;) = c[[(zi —2;) =1

JFi
thus
c=1/]](z — ;).
VE
Therefore

.IZ'—SIJ]'



Then the interpolation polynomial may be written as
=Y yili(z)
i=0

Since

Pn(5) = y;t;(5) = yj-
Incidentally, this is another proof of existence and uniqueness.
A quick example.

Example 1 The same problem again.
f(.I):COS €, -T0:0,$1=7T/4,.1‘2=7r/2,

We have that

_ (:v—7r/4)(:v—7r/2)_§7T Vg —
60(37) - ( —7'('/4)(0—71’/2) _71'2( /4 )( /2)
_ zlz—w/2) 16 19—
b@) = e = w2 )

8
lH(z) = Px(x—w/él).
Taking yo = 1,51 = +/1/2, yo = 0, we have

po(w) = (/4= )(x — 7/2) +/1/2 g (/2 ~ 7).

This is an explicit formula. If we add points, there is no easy way to do it.

On the other hand, if I want the interpolation function for sin x on the
same points, I can just change the y; values to yo = 0, y, = \/m and y, = 1.
In that case,

pa(z) = 1/2%95(#/2 — )+ %x(x —7/4).

Thus it is easier to produce another interpolation function on the same points
than with the divided difference formulas.



