Computer Science/Mathematics 455
Lecture Notes
Lecture # 22

Finite Differences and Interpolation

Your book gives a simplified version of Newton divided differences for
evenly spaced points. I prefer not to.

We have covered the interpolation problem

where
Pn(T) =ao + a1z + ...+ apx™.

This leads to the Vandermonde system and we showed the solution ex-
ists and is unique if the points zg, z1,...,, are distinct. To get a better
algorithm we write the polynomial differently.

p(z) =co+c1(x — ) + oz —xp)(x—21) 4+ ...+ en(z—20) - (T — 2 1)-
We compute the coefficients
Ci,i: 0,...,7'1,.

Again, let us start with n = 2 and the points xy, 1, 5. The interpolation
problem may be written as

p2(z0) =co = yo = f(x0)
p2(21) = co + c1(w1 — 20) =y = f(21)
P2(22) = co + c1(x2 — To) + c2(22 — o) (T2 — 1) = y2 = f(22)

This is the same as solving the lower triangular system

1 0 0 Co Yo f(ﬂ?())
1 21—z 0 4] = (1 = f(371)
1 2o —x9 (22— 20)(22 — 1) Co Y2 f(z2)



In fact, it simplifies much more than this! We get

co = fzo) =" flzo]
f(xl) - f(xO) def

f[x()axl]
Tr1 — X

f(x2) — f(z0) flwo, 2]

@ = (352 - 1'1)($2 - 330) a Tog —T1
f[372, 330] - f[an $1] def

= = f[.TQ,.’L']_,.TQ].
To — I

cT =

The ordering of the points does not matter. So a more useful definition
for the second order divided difference is

flz1, 7] = f[xO;xl]'

To — Xo

flzo, x1, m2] =

We then have the following expression for the quadratic interpolation
polynomial.

pa(z) = flo]] + (7 — m0) f[wo, 71] + (7 — T0) (x — 1) f 20, 71, T2].

Example 1
flx)=cos z, zy=0,2;=7/4,20=7/2.

flwol = f(zo) =1, flm] = f(1) = V2/2,  flws] = f(x2) = 0.
The first order divided differences are

o V2/2-1 B
flz1, 2] = ) 0.37292

_0-v2/2
flz1, 0] = GO 0.90032.

The second order divided difference is

[lzo, 21, 20) = flor, wal = flwo, 1] _ —0.33575.
To — X

Thus the expression for the polynomial s

po(z) =1 —0.37282x — 0.33575x(x — 7/4).
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The Vandermonde solution is
p2(z) =1 —0.10923z — 0.33575z%.

Ezxcept for rounding errors these are both the same polynomial. In fact, we
can construct the interpolation polynomial in a number of ways from these
divided differences.

We set up a divided difference table.

zi  flo]l flri vl fla, T, Tl

0 1 -0.37292  -0.33575
7/4 \J1/2 -0.090032
/2 0

Any route through the table yields an expression for the polynomial. For
the first case, we took the route xqy,r1,Ts.

Here are two other paths.

ZT1,To,T2.

pa(z) = flz]+ (@ —21) flzo, 2] + (x — 21)(x — 20) [0, 1, o]
= \/1/2 - 0.37202(z — w/4) — 0.33575(z — 7/4)z

p2(z) = floi] + (& — @) flze, 2] + (2 — 21)(z — 2) 20, 71, 7]
= /1/2 - 0.90032(z — 7/4) — 0.33575(z — 7/4)(z — 7/2)

In general

pn(z) = flzo]l+(x—120) flz0, 1]+ (x—120) (2—21) f[T0, 1, T2]+- - -+ (x—20) - - - (=2 _1) f|T0, T1, - . -

Coeflicients are computed by the recurrance

_ Slzin] = [l
fli, wia] = pap—
flwo, ..o, 2n) = f[‘”h---’xrﬂn—_fg[jxoo,...,xn1]'
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If we have, say, the interpolation polynomial

p2(z) = flwo] + (z — x0) f[@o, 21] + (x — o) (x — 21) f[T0, 71, T2]

it is fairly easy to “add a point” x5 and produce the interpolation polynomial

p3(z) = po(z) + (z — o) (z — 1) (x — x2) f[®0, 1, T2, T3]

provided that we have the divided difference table

T f[ﬂﬁz] f[xz', $i+1] f[sz', Tit1, 9Cz'+2]

zo  flzo] flwo, 1] flzo, 1, 7]

z1 flra]  flag, oo

Ty flzo]

We simply use f[z3] to produce f[zy, z3], f[1, 2o, 23] and f[zo, 21, T2, T3]

by the recurrances. Then we have the new table

Z; f[ﬂfz] f[fﬂz', IL"i+1] f[fUz', Tit1, $i+2]

zo  flzo]  flwo, z1] flzo, 21, 22] f[xo,x1, X2, X3]
1 fle]  flz, 2o f[x1,x2, x3]

Ty flza] flx2,xs]

x3 f[xs]

The new diagonal in boldface is all that needs to be stored if we wish to
add more points.

Lastly, an important connection between divided differences and deriva-
tives.

Theorem 1 If f(z;) = y;, fori=0,...,n is n times continuously differen-
tiable and
¢ = min r;, b= max x;
0<i<n 0<i<n
then for some & € (a,b)
i)
f[l‘()aa:la"'axn]: 1
n!

Proof: Let
r(z) = f(z) — pa(2).

Note that r(z;) = 0,4 =0,...,n at n+1 points. Thus if we take n derivatives

r™(z) = [ (z) - p{ () = 0



for at least one point z = £ that is strictly between a and b above. It is
straightforward to show that
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