CSE/Math 455
Lecture # 12

Matrix Norms and Condition Numbers
Last time we defined the notion of a matrix norm. Three examples of
matrix norms are

. 1/2
IAllr = (Z > afj) ,  The Frobenius Norm

A, = lg]asxnzmiﬂ, The One-Norm

* .
X = €. Jmaez Max column
n

Al = 11%1%)7%; la;;|,  The Infinity-Norm

xt = (2f,...,2%)7,

) »bn .’L‘; = Sign(a’imam,j)'

In the last equation %,,,; is the “maximum row” for the co-norm. In MAT-
LAB these are norm(A, fro’), norm(A4, 1), and norm(A," inf").
The last two norms are operator norms. An operator norm is defined by

[Alla = max |l Ax]|a
e =1

for some corresponding vector norm || - ||,. One important property of oper-
ator norms is that

|| =1, I identity matrix .

Since ||I||r = v/n, the Frobenius is not an operator norm for n > 1.
We have not mentioned the matrix two-norm yet. Well, it is

[A[l2 = max [|Ax]]>. (1)

[Ixll2=1

That’s it! In MATLAB is is norm(A) or norm(A,2). There is no closed
form expression for either ||A||2 or its “magic” vector x3 such that

[A%5[l2 = [[All2,  [Ix3ll2 = 1.



There is an important mathematical equivalence, however.
Take

IAll} = max [|Ax]f3
Jxll2=1

= max (Ax)"(Ax)

lIx[[2=1

= max x' AT Ax.
[Ixl2=1

Since M = AT A is a symmetric matrix (M = M7T), by a well known theorem
(Fisher (1905)),

Amaz (AT A) = max xTAT Ax

ell2=1
= |14l

Here Aoz (M) = Ao (AT A) is largest eigenvalue of M and x} is the as-
sociated eigenvector. Since there are good techniques to compute the largest

eigenvalue of a matrix, we a way to compute ||Al|2 = \/Amaz (AT A).
Other properties of the two norm include

1All2 = [[A]]..

It satisfies the following bounds with the other norms.

1
W\/”AHIHAHOO < [[Allz < VIl All

(mn

1
< <
oyl <Dl < 1Al

Why do we need matrix norms? It turns out that operator norms are
particularly useful. For those we have

[[Ax]| < [LA]}{}]l-

This allows us to “quantify” the effect of a matrix.
In fact, A € R™*",B € R"*P implies

[AB]| < [[A[llIB]- (2)
The property (2) is called consistency. Some textbooks list (2) as the fourth
axiom for a matrix norm. The reason we do not is semantic, as this is actually
a relationship among three different norms (on the spaces R™*", R"*? and
Rmxp).
The following is an example of a norm that is not consistent.
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Example 1 Consider the norm || - || on R™*™ given by

| Allg = max |ay;|.
(4,9)

This is simply the co-norm applied to A written out as vector in R™". For

m=n = 2, consider
11
amp=(11).

2 2
o-(31)

and thus ||AB||g = 2 > ||A||s||Bllg = 1. Clearly, ||-||g norm is not consistent.

Note that

For almost every application of a matrix norm that I know of, it is wise
to stay with consistent norms, and we shall always do so. All of the norms
we have discussed (including the Frobenius norm) are consistent.

The Frobenius norm also satisfies a consistency property with the two-
norm given below.

IAB][r
IAB]|

[All2|| Bl

<
< [ All#lIBll2

Now we know what norms are, let’s make some use of them.
Back to
Ax=Db

where A~! exists. The solution from Gaussian elimination with partial piv-
oting satisfies
(A+ E)x=b+r.

Except for pathological cases (discussed in the previous lecture), for any
operator norm, we may assume that

1E] < ellAl,

el < elibll < [JA][[Ix]-
Here e = f(n)ey where f(n) is “modest” function (e.g. a polynomial). Later

we will use the one-norm, but any operator norm works in the following
derivation.



First, I will simplify to the case where £ = 0. Thus we have

AxXx = b+r,

Ax = b.
Subtracting, we get

AXx—x) =r.

Using the assumption that A~! exists

*x—x=A"r.

So
Ix—x|| = [|A7'r|
< [ Al
< efA7M 1Al
Therefore,
% — x| 1
XX < efja= 4] = en(4)
[l
where

de _
r(A) E a4

is called the condition number of A. It is a bound on how sensitive a linear
system is to perturbation. Often, it is a very good bound.

Example 2

1 1/2 1/3 1/4
1/2 1/3 1/4 1/5
1/3 1/4 1/5 1/6
1/4 1/5 1/6 1)7

A=

This is the Hilbert matriz of size 4. The Hilbert matriz of dimension n is
generated by the MATLAB command hilb(n).
Its inverse is generated by the command invhilb(n) ( there are formulas

for it).



For this case,

16 —120 240 —140
—120 1200 —-2700 1680
240 2700 6480 —4200
—400 1680 —4200 2800

ATl =

We have ||A|l; = 1+1/2+1/3 +1/4 ~ 2.0833 (absolute sum of the first
column), and ||A71||; = 13620 (absolute sum of the third column).
Thus
ki(A) = ||AY1]| Al = 2.8374 x 10™.

If I take
b= AXO
where
1
1
Xo = .
1
and then solve
Ax=Db

by Gaussian elimination with partial pivoting, then

l|lx — xol|1

= 5.5750 x 10 3.
||X0||1

Now we have that
e - k1(A) = 6.3005 x 102,

so the condition number gives us a good idea of how well we can expect to
solve this system.

The condition numbers of the Hilbert matrices increase exponentially with
the dimension. The Hilbert matriz of dimension 12 is singular in IEEE
double precision.

Back to
(A+E)x = b+r (3)
1B < ellAll (4)
[xll < elfbll < [lA][x]l (5)
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Essentially, the bound on |[x — x|| is given in the following theorem (its
proof requires another lecture).

Theorem 1 Assume that X satisfies (3)—(5) and and that A™' exists. If
n=|A'E| <1, then (A+ E)™" exists and

K(4)
1—-n

[Ix — x|

< 2e

(6)

[l

In practice, n should be much smaller than 1. Note that
n=[|ATE| < [JAT[|E]| < ex(A).

Since ¢ =~ ey, if K(A)epy < 1, the matrix A is considered nonsingular to
machine precision. If kK(A)epy ~ O(1), it is considered singular to machine
precision.

MATLAB uses an estimate of k;(A4). If you attempt

z = A\b.

MATLAB sends out a warning if k1 (A)ep > 1. (For instance, take A to be
the Hilbert matrix of size 15.)

In some cases, the bound (6) is very pessimistic. For instance, if A is a
diagonal matrix, say

1 0 0
A= 0 10" 0
0 0 10

Even though the condition number of A in the 1,2 and oo norms is 10%°, you
should expect to get very accurate results when solving linear systems with
it.



