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1. Linear Equations — Iterative Methods.
Consider the linear system

2 1 T —1
14 1 z | | 2
1 4 1 s | T | =2
12 T4 1

(a) Do one iteration of Gauss-Seidel with x(®) =

OO OO

(b) Construct the Jacobi iteration matrix
G=-DYL+U).
Compute ||G||; and determine if the Jacobi iteration converges.

(a) A Gauss—Seidel iteration goes as follows

) = (h—a)/2=(-1-0)/2=—-1/2

o) = (-2t —af’)/a=(2-(-1/2)-0)/4=5/8
) = (by—at) —2)/a= (-2 -5/8-0)/4=—21/32
o) = (bs—af)/2=(1- (-21/32))/2 = 53/64

(b) The iteration matrix G for the Jacobi iteration is

-1

2 0

_ o
o =



0 —1/2
~1/4 0 —1/4
~1/4 0 —1/4
~1/4 0

The absolute column sums of G are
{1/4,3/4,3/4,1/4}

SO
Gl = max |Gell. = 3/4.

Since |G|, = 3/4 < 1. the Jacobi iteration converges.
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. Nonlinear Equations. Consider the nonlinear equation
flz)=a?—2=0 (1)
with roots z = ++/2.

(a) Show that Newton’s method for the finding the roots of (1) yields
the iteration

1
Tpy1 = 5(3:” +2/x,).
(b) If & = /2 show that

1
Tyl — O = E(xn —a)’.

[Hint: Use the formulation z,1 = =, — f(x,)/f'(x,), note that
fl@)=2"-2=(z-a)(z+a),
and use some algebra.|
(a) Since f'(x) = 2, simply use

Tp+1 = Tp — f(xn)/fl(xn)
= 2n— (25 — 2)/(22,)

1
= z,—1/22,+1/x, = 5(33” +2/z,)

(b) T’ give a different derivation from the one I gave in class, more like
the one most folks did. We have that

—_

Tpi1 — Q@ = é(a:n—i-Q/xn)—a
= i(aﬁi +2 - 2z,0)
= i(wi +a® — 27,0)
— 5= af
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. Numerical Integration. !Consider the integral

I= /_11 f(z)dz.

Let
L(f) = wof(=3/4) + w1 f(0) +waf(3/4).

Find the weights wp, wy, we such that I(f) is exact for polynomials of
degree two or less.

Answer: The weight are the solution to the Vandermonde system

1 1 1 wo [ ldx 2
-3/4 0 3/4 wy | =] [flizdz | =| 0
9/16 0 9/16 Wy [1 2?dx 2/3

One can straightforwardly do Gaussian elimination (which I will demon-
strate later) or observe that the middle equation is

—3/4wy + 3/4w, = 0
implying that wy = ws. Substituting this into the third equation yields
18/16wy = 2/3

yielding
Wy = Wy = 16/27

The third weight w; is recovered from the first equation by

’1111:2—’(1]0—’(1}2:22/27

If, however, you are in a more virtuous mood, you can do Gaussian elim-
ination with partial pivoting. Here goes. It turns out that you never
pivot— so I won’t bother with the permutation vector p = (1,2,3)%.
The first elimination (multipliers in bold face) is

1 1 1
—-3/4 3/4 3/2
9/16 —9/16 0



The second one yields
1 1 1
-3/4 3/4 3/2
9/16 —-3/4 9/8

Thus A = LU where

1 1 1 1
L=| -3/4 1 , U= 3/4 3/2 |.
9/16 -3/4 1 9/8
Forward substitution

Ly=b
yields

yo= 2
Yo = 0—(=3/4)y =3/2
ys = 2/3—(9/16)y1 — (—=3/4)y. =2/3 — (9/16)2 — (—3/4)(3/2) = 2/3

Back substituion
Uw =y

yields

Wo = Y1 — W — Wy = 16/27
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4. Splines. Determine whether the following function is a quadratic
spline
2242 -1<z<0
s(r) =4 —x?+2 0<z<1
2?/2-2x+4+5/2 1<z<2.

Is it a cubic spline? Explain briefly.
Answer: You need the two derivatives

2z -1<x<0
sr)y=¢ -2z 0O0<z<l
r—2 1l<x<?2.

and
2 -1<x<0

s'"z)=¢ =2 0<z<1
1 1<z <2

It is clearly not a cubic spline, since the second derviative is not contin-
uous. To see if it is a quadratic spline, we check continuity of the function
and of the first derivative at the knots.

We have that

50(0) = s1(0)
s1(1) = s2(1)

Il
— o

we have that



