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¥Direct-access tables

¥Resolving collisions by
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¥Choosing hash functions
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ow should the data structusde oganized?
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- \‘ Dlrect-access table

) \‘

IpEA: Suppose that the keys are drawn from
the sety/! {0, 1, E, mb1}, and keys are

distinct. Set up an arrajO . . mBD1]j

[ x If x" Kandkey[x] =k
1k =5 { NIL - otherwise.
Then, operations take(1) time.
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e 3 Dlrect-access table

) \‘

IpEA: Suppose that the keys are drawn from
the sety/! {0, 1, E, mb1l}, and keys are

distinct. Set up an arrajO . . mBD1]j

[ x If x" K andkey|[x]| = £,
1k =5 { NIL - otherwise.
Then, operations take(1) time.

Problem: The range of keys can bedat
¥64-bit numbers (which represent

18,446,744,073,709,551,6different keys),
¥character strings (even tgar!).
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¥ Two popular methods

P Chaining- This lecture
P OpenAddressing \—/

¥ Both allow Insert, Delete and Find In expec
constant time with storage(»)
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" Hash functions

\
o —

Solution: Use ahash function h to map the

universel of all keys into T
{0,1, E, mb1} 0

mbl
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" Hash functions

\
i

Solution: Use ahash function h to map the

universel of all keys Into

T

{0, 1, E, mP1}

0

h(k,)
h(ks)

h(k,) = h(ks)
h(ks)
mb1l

As each key Is inserted,maps it to a slot of.
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" Hash functions

\
i

Solution: Use ahash function h to map the

universel of all keys into T

{0,1, E, mb1} 0
h(ky)
h(ky,)

h(k,) = h(ks)

h(ks)

mbl

When a record to be inserted maps to an alreac
occupied slot 1Y, acollision occurs.
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\) chalnlng

¥Link records In the same slot into a list.

T
1 ® > >— > >—
491 | 86| | 52
Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on

Worst case:

¥Every key
hashes to the
same slot.

¥Access time-
#(n) If |S] =n

slides by E. Demaine and C.E.. Leiserson L18.6
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\) chalnlng

¥Link records In the same slot into a list.

T
] ® > -~ > -~
491 | 86| | 52
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“ chalnlng
¥ INSERT(T,x)
Insertx at head of list/h(key/x])]

¥ DELETE(T x)
Removex from list T/h(key[x])]

¥ SEARCH(T k)
Search for an element with kéyn list 7/h(key/x])]
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. y Review: Analysis of Chaining

¥ Suppose all the lists contain exaatly
elements, how long do the following
operations take?

DINSERT  O(1)

E)DELETE} (1)
DFIND |
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" .~ Average-case analysis of chaining

g
\\\‘ \‘

We make the assumption @fnple uniform
hashing:
¥Each keyt " S Is equally likely to be hashed

to any slot of tablg’, independent of where
other keys are hashed.

_et n be the number of keys in the table, and
et m be the number of slots.

Define theload factor of T'to be
$ =nlm
= average number of keys per slot.
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_— Search cost

\
)

The expected time for amsuccessful
search for a record with a given key Is
=#(1+9).
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< 4~ Search cost

The expected time for amsuccessful
search for a record with a given key Is

= # (]i$)\search

the list

apply hash function
and access slot
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W Search cost

"y

The expected time for amsuccessful search for
a record with a given key is# (1 +$).

Proof:

¥ Sayi-th list containg; elements

¥ Searching the i-th list takes(t; + 1) time (we add a 1 to
take care of the case where the list is empy  =0).

¥Because the keyis not already in the tablé(k) is
equally likely to be any value

¥We can compute the overall expected time (next slide)

Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on slides by E. Demaine and C.E.. Leiserson L18.12
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The expected time for amsuccessful search for
a record with a given key is# (1 +$).

Proof, continued:

E(time for unsuccessful search)

| m

_ Pr[h(k) = i] a(time to search list T'[7])

1=1 V a | ™
| ™ 1 | t; =n

1 i =
= — O(l+1t;) = — ; -
~ O +t)=0(—(m+ ) iy
i=1 i=1 since total
n
- O(l+—)=06(1+!) ATILET O
m elements i
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~ 4~ Search cost

The expected time for amsuccessful
search for a record with a given key Is

= # (]<$)\S€arch

the list

apply hash function
and access slot

Expected search time# (1) if $ = O(1),
or equivalentlyif » = O(m).
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= 4~ Search cost

The expected time for amsuccessful
search for a record with a given key Is

=#(1 +%* search
(]\ 9\the list
apply hash function
and access slot

Expected search time# (1) if $ = O(1),
or equivalentlyif » = O(m).
A successful search has same asymptotic

bound, but a rigorousgumment is a little
more complicated. (See textbook.)
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The assumption of simple uniform hashing
IS hard to guarantee, but several common
techniques tend to work well in practice as
long as their deficiencies can be avoided.

Desiderata:

¥A good hash function should distribute the
keys uniformly into the slots of the table.

¥Regqularity in the key distribution should
not afect this uniformity
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The remaining material in
these notes was not covered in
the lecture.
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= 4~ Division method

\
i

Assume all keys are integers, and define
h(k) = k modm.

Deficiency: Don®pick anm that has a small
divisord. A preponderance of keys that are

congruent modul@ can adversely &dct
uniformity.
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- \‘ Division method

) \‘

Assume all keys are integers, and define
h(k) = k modm.

Deficiency: Don®pick anm that has a small
divisord. A preponderance of keys that are
congruent modul@ can adversely &dct
uniformity.

Extreme deficiency: If m = 2, then the hash

doesnteven depend on all the bits/of

¥If £ =101100011011010, andr = 6, then/
(k) = 011010, .
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e Y Division method

) \‘

Assume all keys are integers, and define
h(k) = k modm.

Deficiency: Don®pick anm that has a small
divisord. A preponderance of keys that are
congruent modul@ can adversely &dct
uniformity.

Extreme deficiency: If m = 2, then the hash

doesnteven depend on all the bits/of

¥If £ =1011000111011010, andr = 6, then/
(k) =011010Q,.  p(k)
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h(k) = k modm.

Pickm to be a prime not too close to a power
of 2 or 10 and not otherwise used prominently
In the computing environment.

Annoyance:

¥Sometimes, making the table size a prime Is
Inconvenient.

But, this method Is populaalthough the next
method weOll see is usually superior
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< Multlpllcatlon method

: \‘\‘

Assume that all keys are integers:= 2, and our
computer has-bit words. Define

h(k) = (4-k mod 2) rsh v Br),

wherershis the Obitwise right-shiftO operator an
A1s an odd integer in the range’1< 4 < 2,

¥Don®pick 4 too close t@"P1or 2.

¥Multiplication modulo2 is fast compared to
division.

¥Thershoperator Is fast.

Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on slides by E. Demaine and C.E.. Leiserson L18.20



\‘ Multiplication method
- example

h(k) = (4k mod 2) rsh v Dr)

Suppose that: = 8 = Z and that our computer
hasw = /-bit words:

1011001 ,
% 1101011,

100101®M110011
——
h(k)

Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on slides by E. Demaine and C.E.. Leiserson L18.21
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-'Q Multiplication method
~3 - example

h(k) = (4k mod 2) rsh v Dr)
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=== Resolving collisions by open

i,

w2 addressing

No storage Is used outside of the hash table itsel

¥Insertion systematically probes the table until ar
empty slot is found.

¥The hash function depends on both the key anc
probe number:

h:U%{0, 1, E, mP1}& {0, 1, E, mP1}.
¥The probe sequence(k,0), i(k,1), E, h(k,mD1)
should be a permutation @i, 1, E, mb1}

¥The table may fill up, and deletion isficult (but
not iImpossible).

Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on slides by E. Demaine and C.E.. Leiserson L18.22



;“ Example of open addressing

Insert keyk = 496

0
586
133
204
481
mb1l

Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on slides by E. Demaine and C.E.. Leiserson L18.23



ALGORITHMS

"’“‘7'““'1

Insert keyk = 496

0. Probe/(496,0)

586

133

204

481

- Example of open addressing

collision

mbl
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- Example of open addressing

Insert keyk = 496

0. Probe(496,0) ’
586
133
204
481
mb1l
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7‘ Example of open addressing

AN
Y o

Insert keyk = 496 T

0. Probe/(496,0) S
1. Probe(496,1) S8EL| collision
204
481
mbl
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~~ Example of open addressing
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Insert keyk = 496

T
0. Probe(496,0) ’
1. Proben(496,1) igg
204
481
mb1l
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\‘ Example of open addressing

Insert keyk = 496

T
0. Probe/(496,0) ’
1. Proben(496,1) ?gg
2. Probei(496,2)
\ 42183 insertion
481
mb1l
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Search for key = 496

586

133

204

496

Search uses the same probe

481

seguence, terminating suc-

cessfully If it finds the key

mbl

and unsuccessfully if it encounters an empty slo
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Search for key = 496
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Search for key = 496
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Search for key = 496

0. Probe/(496,0)

1. Proben(496,1)

586
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seguence, terminating suc-

cessfully If it finds the key

< Example of open addressing

mbl

and unsuccessfully if it encounters an empty slo
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Search for key = 496
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Search for key = 496

0. Pro
1.Pro
2. Pro

T
0e1(496,0)
ne/(496,1) —
0eh(496,2)
204
Search uses the same probg zs1

sequence, terminating suc-
cessfully If it finds the key

< Example of open addressing

mbl

and unsuccessfully if it encounters an empty slo
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| ‘«‘ Probing strategies
Linear probing:

Given an ordinary hash functian %), linear
probing uses the hash function

h(k,i) = (h)(k) + i) modm.

This method, though simple, $eifs fromprimary

clustering, where long runs of occupied slots buil
up, increasing the average search time. Moreov
the long runs of occupied slots tend to get longe!

Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on slides by E. Demaine and C.E.. Leiserson L18.27
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< Problng strategies

-
Y \‘

Double hashing

Given two ordinary hash functions(k) and/,(k),
double hashing uses the hash function

h(k,i) = (hy(K) + i* h,(k)) modm.

This method generally produces excellent result:
but/,(k) must be relatively prime ta. One way
IS to maken a power o2 and desigr, (k) to

produce only odd numbers.

Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on slides by E. Demaine and C.E.. Leiserson L18.28
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We make the assumption @kiform hashing:

¥Each key is equally likely to have any one of
them! permutations as Its probe sequence.

Feb. 28 2007 S. Raskhodnikova and A. Smith. Based on slides by E. Demaine and C.E.. Leiserson L18.29
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< Analys1s of open addressing

i
Y \‘

We make the assumption @kiform hashing:

¥Each key is equally likely to have any one of
them! permutations as Its probe sequence.

Theorem. Given an open-addressed hash
table with load factot = n/m < 1, the

expected number of probes in an unsuccessful
search is at most/(1£5).
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| Implications of the theorem

R
e R
e saL
-
«
L ‘

¥If $ 1s constant, then accessing an open-
addressed hash table takes constant time.

¥If the table is half full, then the expected
number of probes i8/(1D0.5) = 2

¥If the table 190%full, then the expected
number of probes 1§/(150.9) = 10
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