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* .~ Recall: randomized selection

RAND-SELECT(A, p, g, i) ©>ith smallest of A[p..q]
if p =g then return A[p]
r < RAND-PARTITION(A, p, q)

k—r—p+1 >k =rank(A[r])
if i =k then return A| r]
if i<k

then return RAND-SELECT(A, p, r— 1, 1)
else return RAND-SELECT(A, r+ 1, g, 1 — k)

< k ;
< A[r] > Alr] I
P r q
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Analysis of expected time

The analysis follows that of randomized
quicksort, but 1t’s a little different.

Throughout the analysis we assume that all array
elements are distinct.

Let 7(n) = the random variable for the running
time of RAND-SELECT on an input of size n,
assuming random numbers are independent.

Our goal: find the expectation E[T(n)].
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" Analysis (continued)

To obtain an upper bound, assume that the ith
element always falls 1n the larger side of the
partition:

C T(max {0, n—1}) + ®(n) if0:n—1 split,

T(n) << T(m:ax{ 1, n-2})+On) if 1:n-2 split,

_T(max{n—1,0}) + ©®(n) 1f n—1:0 split,

_S X, - T(max{k,n—k—1})+0O(n)

0

p—

=~
|l
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5" Review question
~ Asin the analysis of Quicksort,
fork=0,1, ..., n—1,

define the indicator random variable

1 1f PARTITION generates a k : n—k—1 split,

A= { 0 otherwise.
What 1s the expectation of X, ?

Answer: E[X, |=1/n.
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“ Calculating expectation

n—1
E|T(n)]= E{ ZXk (T (max{k,n—k—1})+O(n))
k=0

Take expectations of both sides.
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‘ Calculating expectation

n—1
E|T(n)]= E{ ZXk (T (max{k,n—k—1})+O(n))
k=0

n—1
= 3 E[X, (T (max{k,n -k —1}) + ©(m))]
k=0

Linearity of expectation.
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‘ Calculating expectation

n—1
E|[T(n)]= E{ ZXk (T (max{k,n—k—1})+O(n))
k=0

n—1
= > E|X, (T(max{k,n—k —1})+O(n))]
k=0

n—l
= Y E[X, ] E|T (max{k,n—k —1}) + O(n)]
k=0

Independence of X, from other random
choices.
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‘ Calculating expectation

n—1
E|T(n)]= E{ ZXk (T (max{k,n—k—1})+O(n))
k=0

— Z_: E| X, (T(max{k,n—k —1})+O(n))]

?\7‘

3

—Z |X, |- E[T (max{k,n—k —1}) + O(n)]
k=0

:li [T(max{kn k — 1})]+ Z@)(n)

n

Linearity of expectation; E[X, ] = 1/n.
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~ Calculating expectation

E[T(n)] = E{nl X (T (max{k,n—k—1}) + @(n))}
=Y E[X (T(max{k,n—k—1})+O(n))]
=> E[X, | E[T (max{k,n—k-1}) + ©(n)]
S E|T (max{k,n—k — 1})]+ Z@(n)
n k=0 n k=0
_1g
n

E[T(max{kn k — 1})]+®(n)
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Simplifying the expression

We will use monotonicity of 7' the fact that
E[T(n,)] < E[T(n,)] when n, < n,.
Consider two cases:

* when the split 1s OK (n/4 - k - 3n/4)

e when the split 1s not OK (the rest)

3n/4 1t n/4 < k < 3n/4,

k-1 <
max{k,n-k-1} < {n otherwise.

2/12/2007
S. Raskhodnikova and A. Smith. Based on notes by E. Demaine, C. Leiserson, M. Sudan



@ Simplifying the expression for
E [ T( n ) ]

BT~ S E[T(3—nj]+l S E[T(m)]+0(n)

N k=n/4 - N k-0<k<n/4or3n/4<k<n—1
1 3n 1
=—FE[T| — ||1+—E[T(n)]|+0O(n
5 [ ( 4j] 5 [7°(n)]+O(n)

Break the sum into two sums: the sum over
OK splits and the sum over the rest.
Substitute the bound on max.
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me Simplifying the expression for

BT~ S E[T(3—nj]+l S ET(n)]+0(n)

N i=n/4 . N k-o0<k<n/4or3n/4<k<n—1

1 3n 1
—— E[T(Ij] +—EIT(n)]+ O(n)
2E[T(n)]<E [T(%)] + E[T(n)]+0®(n)

Multiply both sides by 2.
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me Simplifying the expression for

BTl S E[T(3nj]+l S E[T(n)]+0(n)

N i=n/4 . N k-0<k<n/4or3n/4<k<n—1

1 3n 1
_EE[T( ; j]+5E[T<n>]+®<n>

DE[T (n)] < E[T( o

. j] +E[T(n)]+O(n)

E[T (n)] < E[T(ﬂ] +O(n)
Simplity.
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= Use Master Theorem

e Let F(n) denote E|T(n)].

* We get
. F(n)<F (%j +O(n)
By Master Theorem, case 2,
F(n)=0(n)

* Since RAND-PARTITION takes time €2(n),
RAND-SELECT also takes €2(n) time.

E[T(n)]=0(n)

2/12/2007
S. Raskhodnikova and A. Smith. Based on notes by E. Demaine, C. Leiserson, M. Sudan



@= Summary of randomized
© order-statistic selection

 Works fast: linear expected time.
e Excellent algorithm in practice.
 But, the worst case is very bad: ®(n?).

0. Is there an algorithm that runs in linear
time 1n the worst case”?

A. Yes, due to Blum, Floyd, Pratt, Rivest,
and Tarjan [1973].
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