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T Review questons

 How long does Merge Sort take on a sorted
Input?
(Answer: Q(n log n). The exact input only affects the constants in
the running time of the merge operation.)

e Trueor Fase
—n? + 5n + 4.65 = W(nd) (False)

— If f(n)=Q(h(n)) and g(n)=0Q(h(n)) (True.)
then 1(n) + g(n) = Q(h(n))
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Thedivide-and-conquer
3 des gn paradigm

1. Divide the problem (instance)
Into subproblems.

2. Conquer the subproblems
by solving them recursively.

3. Combine subproblem solutions.
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T Binary search

Find an element in a sorted array:

1. Divide: Check middle element.
2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

Example: Find 9
3 5 7 8 9 12 15

S. Raskhodnikova and A. Smith. Based on notes by E. Demaine and C. Leiserson



1/26/2007

T Binary search

Find an element in a sorted array:

1. Divide: Check middle element.
2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

Example: Find 9
3 5 7 8 9 12 15

S. Raskhodnikova and A. Smith. Based on notes by E. Demaine and C. Leiserson



1/26/2007

T Binary search

Find an element in a sorted array:

1. Divide: Check middle element.
2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

Example: Find 9
3 5 7 8 9 12 15

S. Raskhodnikova and A. Smith. Based on notes by E. Demaine and C. Leiserson



1/26/2007

T Binary search

Find an element in a sorted array:

1. Divide: Check middle element.
2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

Example: Find 9
3 5 7 8 9 12 15

S. Raskhodnikova and A. Smith. Based on notes by E. Demaine and C. Leiserson



1/26/2007

T Binary search

Find an element in a sorted array:

1. Divide: Check middle element.
2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

Example: Find 9
3 5 7 8 9 12 15

S. Raskhodnikova and A. Smith. Based on notes by E. Demaine and C. Leiserson



1/26/2007

T Binary search

Find an element in a sorted array:

1. Divide: Check middle element.
2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

Example: Find 9
3 5 7 8 9 12 15

S. Raskhodnikova and A. Smith. Based on notes by E. Demaine and C. Leiserson



ALGORITHMS

Binary Search

BINARYSEARCH(D, A[1..n]) findbinsorted array A

. If n=0 then return “not found”
. If Al n/2 ] =Dbthenreturn n/2

1
2
3. If Al n/2 ] <Dbthen

4.  return BINARYSEARCH(A[L1.. n/2 ])
5

6

. Else
return n/2 + BINARYSEARCH(A[ n/2 +1 .. n])
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~=* Recurrencefor binary search

T(n) =1T(n/2) +Q(1)

\
# subproblems work dividing
subproblem size and combining
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~a~ Recurrencefor binary search

T(n) =1T(n/2) +Q(1)

\
# subproblems work dividing
subproblem size and combining

T(nN)=T(n/2) +c= T(n/4) + 2c

=c logn =Q(lgn) .
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T Exponentiation

Problem: Compute a®, whereb /  isn bitslong
Question: How many multiplications?

Naive algorithm: Q(b) = Q(2") (exponential

In the input length!)
Divide-and-conquer algorithm:
b = ab2x gh'2 if biseven;
- | a®D2x a®-D2x g if bisodd.

T(b)=T(b/i2) + Q(1)  T(b) = Q(logh) =Q(n) .
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=~ Multiplying largeintegers

» Given n-bit integers a, b (in binary), compute

c=ab
» Naive (grade-school) algorithm: St oz
: L bn-l bn-2 bO
— Writea,b in binary ot
— Compute n intermediate - bi:s = 0
products
— Do n additions

n bits 00 0

— Tota work: Q(n?)

2n bit output
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'~ Multiplying largeintegers

* Divideand Conguer (Attempt #1):
—Write a=A; 272+ A,
b=B,2"?+ B,
—Wewant ab = AB, 2" + (A;B, + B;Ay) 2"2 + A B,
— Multiply n/2 —bit integers recursively
— T(n) =4T(n/2) + Q(n)

— Alas! thisisstill Q(n?) .
(Exercise: write out the recursion tree.)
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Multiplying largeintegers

* Divideand Conguer (Attempt #1):

— Write a=A, 2"+ A,

b=B,2"?+B,
— Wewant ab = A;B, 2" + (A,B, + B,A,) 272 + AB,
— Consider the expression
(AgtAy) (By + By) = AgBy + AB, + (AB; + B,A))
— We can get away with 3 multiplications! (in yellow)
X=AB; Y=Ad, Z= (AgtA1)(By+By)

— Now we use ab = A;B, 2" + (A,B, + B,A,) 2V? + AB,

X 2" + (zXx=y)2"2+ vy
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ALGORITHMS

Multiplying largeintegers

MuLTipLY (N, &, D)

a and b are n-bit integers

Assume n is a power of 2 for simplicity

1. Ifn 2then use grade-school agorithm else

A, a div2"2 - B, b div2"?2;
A, amod2"2  ; B, bmod2"2.
X MuLTirLy(n/2, A, B))
y  MuLTipLY(n/2, A, Bp)
z MuLtipLy(n/2, Ai+A,, B,+By)
Output x 2"+ (zx—y)2"2 +y

N o Ok W
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Multiplying largeintegers
e Theresulting recurrence
T(n) = 3T(n/2) + Q(n)

» Wewill see that T(n) = Q (n'0%3) = Q(nL59-)

* Note: Thereisa Q(nlog n) algorithm for
multiplication.
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“+ Reminder: recursion trees

» Technique for guessing solution to recurrences
— Write out tree of recursive calls

— Each node gets assigned the work done during that
call to the procedure (dividing and combining)

— Total work 1ssum of work at all nodes
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~ .+ Recursion treefor multiplication

cn_ cn
|
cn/2 cn/2 cn/2 e (3/2)CN
| 1NN /TN
9N cn/4 enid cn/4 A (9/4)CN
/ :
: Atleve k (3/2)cn
Q(1) -

At bottom level: (3/2)'°9"cn = ¢ n'0%3
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= 4" Recursion treefor multiplication

\" """""""""""""""""""""" i
\
cn/2 cn/2 cn/2 (3/2)CN
1IN \ A —
Igzn cn/4 cn/4d cn/4 _ Geometric series; When base of
/ exponent is constant (e.g. 3/2),
. thelargest termisaconstant |
y Total work y % fraction of total -
/ _Iogzn 3 — 3Iog2n — log, 3
Q) | = n=QE™N)=Qn*)
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k=0
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ALGORITHMS

" Appendix: geometric series

1
1- XM
1+X+X2+ + x" = forxt 1
1- X
1+ X+x°+ =~ for [x| <1
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"= Sofar: 3recurrences

 Merge Sort
T(n) =2 T(n/2) + Q(n) =Q(nlog n)
e Binary Search / Exponentiation
T(n) =1 T(n/2) + Q(1) = Q(log n)
* Multiplication
(n) =3 T(n/2) + Q(n) = Q(n'%%)

Coming soon: systematic ways to solve these.
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