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Abstract

Wepresentalgorithmsfor improvedViterbi decoding
for the caseof hiddensemi-Markov models. By care-
fully constructingdirectedacyclicgraphs,weposethe
decodingproblemasthatof �nding thelongestpathbe-
tweenspeci�c pairs of nodes. We considerfully con-
nectedmodelsaswell asrestrictivetopologiesandstate
duration conditions,and show that performanceim-
provesby a signi�cant factor in all cases.Detailedal-
gorithmsas well as theoretical resultsrelatedto their
run timesareprovided.

1. Intr oduction

Hidden Markov models [10] (�rst-order Markov)
havestatedurationsthatfollow geometricdistributions.
However, this is often too restrictive to model certain
real-world phenomena.Hidden semi-Markov models
(HsMM) [4], also referredto as generalizedHMMs,
areoneclassof HMMs which allow statedurationto
be explicitly modeledby a chosendistribution, thus
increasingtheir �e xibility . They �nd application in
speechrecognition[11], handwriting recognition[1],
videoeventdetection[5], andbusinessanalytics[3].

Unlike in the caseof HMMs, the standardViterbi
algorithm[10] doesnot guaranteeoptimal solution to
sequencedecodingor likelihoodestimationin thegen-
eral HMM casebecausethe usualassumptionsdo not
hold. Not only is decodingcrucial for inference,it is
alsoakey stepin Viterbi-basedmodeltraining[7] (also
calledsegmentalK-meansalgorithm),a fast,approxi-
matealternative to Baum-Welch training [10]. Thus,a
performanceimprovementin Viterbi decodingwill lead
to bothfasterinferenceandfastermodeltraining.

Given an HMM and an observation sequence,the
standardViterbi algorithm to �nd the corresponding
state sequenceis known to have a running time of
O

�
N K T

�
, where N is the numberof states,K is

theaveragenumberof predecessors(in-degree)across
states,and T is the sequencelength. In the caseof
HsMM, the decodingtime increasesby a factor of
Dmax to O

�
N K TDmax

�
, whereDmax is the maxi-

mum allowed durationin any given state[9, 6, 8]. In
themostgeneralcase,wherethereis no restrictionon
thestateduration(Dmax = T), andall statetransitions
arepossible(K � N ), thedecodingtime is O

�
N 2T 2

�
.

In this paper, we proposea new algorithmthat im-
provestheHsMM Viterbi decodingcomplexity. Theal-
gorithm,which essentiallymapsthedecodingproblem
into �nding thelongestpathin a directedacyclic graph
(DAG) [2], also improves clarity in algorithm under-
standingandin theanalysisof asymptotics.For thegen-
eralcaseof HsMM topology, our decodingcomplexity
is found to improve by a factorof N T

N + T and K D max
K + D max

with andwithout restrictions,respectively. For thespe-
ci�c caseof HsMM topology wherestateskipping is
disallowed (i.e., K = 1), improvementis by a factor

of T 2

T � N

2
. In the following sections,we describethe

algorithmsin detailandanalyzetheir complexity.

2. Hidden Semi-Markov Model Basics

An HsMM hasa �nite setof states,sayN . Transi-
tionsmayoccurfrom statei to statej whentransition
probabilityai;j is positive. By de�nition, ai;i = 0 for
all i . The HsMM topologyis further characterizedby
K , theaveragenumberof predecessorsto astate.If ev-
ery stateis reachablefrom every other, K = (N � 1),
andthereareN (N � 1) possibletransitions.

The HsMM generatesobservation sequencesof
lengthT , O = f O1; � � � ; OT g following a Moorema-
chinemodel,asshown in Fig. 1. Theinitial stateof the
modelis determinedby thedistribution f � 1; : : : ; � N g.
Given that the systementersstate n, state duration
� � pn (�) is sampled,andasetof � observationsO t �
bn (�) aresampledindependently. Here,pn (�) andbn (�)
aredurationandemissiondistributionsrespectively, for
staten. A maximumvalue D max for stateduration
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Figure 1. HsMM sequence generation by
Moore machine model.

� may be speci�ed. The completeparameterset is
denoted� = (N ; K ; Dmax ; f � n g; f ai;j g; f bn g; f pn g).
Given a model � andan observation sequenceO, the
decodingproblemis to �nd themostlikely underlying
statesequenceQ� = f q1; : : : ; qT g andlikelihoodL � :

Q� = argmax
Q

Pr (Q; O j � )

L � = max
Q

Pr (Q; O j � )
Let usdenoteby � t (n) thelikelihoodof themostprob-
ablestatesequenceendingin staten basedonthe�rst t
observations.This is formally givenas

� t (n) = max
q1 ;::;q t � 1

Pr
�

q1 ; ::; qt � 1 ; qt = n; O1 ; ::; O t j � �

whichcanbecomputedef�ciently usingtherecursion

� t (n) = max
� n

�

max
j

� t � � n (j )aj;n �

pn (� n )
t

�

u = t � � n +1

bn (Ou )

The maximumover � T (n) yields L � . By backtrack-
ing, we get Q� . For each (t; n) pair, the time re-
quired to compute� t (n) is O(K Dmax ). Taken over
all t andn values,this standarddecodingalgorithmre-
quiresO(N TK Dmax ) time, as reportedin [9, 6], or
O(N 2T 2) in theunconstrainedcase.

3. Impr ovedViterbi Decoding

Here,we formulatethedecodingproblemasthatof
�nding thelongestpathin a DAG, andshow thatanal-
gorithmwith improvedcomputationalperformancecan
be obtained.We describedecodingalgorithmsfor the
generictopologyaswell asamorerestrictiveone.

3.1. Fully ConnectedTopology

The fully connectedN -state HsMM topology is
shown in Fig. 2, whereany start/endstateis allowed
andevery statetransitionis possible,i.e.,K = N � 1.
Furthermore,thereis no restrictionon stateduration,
i.e.,Dmax = T whendecodinga lengthT sequence.

GiventheHsMM parameterset� andanobservation
sequenceO = f O1; � � � ; OT g, we constructa DAG
asshown in Fig. 3. Speci�cally, for every (t; n) pair,
wheret = 1; : : : ; T + 1 andn = 1; : : : ; N , two typesof
nodes,U(t; n) (elliptical) andV (t; n) (rectangular),are
introduced,alongwith specialnodesSTART andEND.
NodetypesU andV areinterpretedasfollows:

START

2 3 4 51

END

Figure 2. Example of an HsMM with full y
connected topology (N = 5 states).

� U(t; n): The currentstateis n anda jump is only
possibleto nodeV (t0; n), t0 > t, whichisequivalent
to theHsMM generating(t0� t) observationsin state
n, beforemakinganothertransition.

� V(t; n): The HsMM hascompletedgeneratingob-
servationsandcannow move to nodeU(t; n0), i.e.,
makea transitionto HsMM staten0, wheren0 6= n.

We denoteby w(N1 ! N2) theweighton thedirected
edgefrom nodeN1 to N2. Weightsareassignedasfol-
lows, in logarithms.For n = 1: : : N ,

w
�

START ! U(1; n) � = log � n :

For n = 1: : : N , t = 1: : : T , andt0 = t + 1: : : T + 1,

w
�

U(t; n) ! V(t0; n) � = log pn (t0 � t ) +
t 0� 1

�

x = t

log bn (O x ):

For n=1: : : N , t=2: : : T , andn0=1: : : N , n0 6= n,
w

�

V(t; n) ! U(t; n0) � = log an;n 0:

Finally, for n = 1: : : N , w
�
V(T + 1; n) ! END

�
=0.

Nodepairsnot coveredabovedo nothave edgesbe-
tweenthem,makingthe grapha DAG. Any pathfrom
START to END in thisDAG correspondsto avalid state
sequencefor O. Themostlikely statesequenceQ� cor-
respondsto thelongestpathamongthem,andthelike-
lihoodL � correspondsto its length.

We �nd the longestpath in this DAG, assignthis
length to L � , and backtrackon the longestpath thus
foundsoasto obtainthestatesequenceQ� . For exam-
ple, if thelongestpathin suchagraph(T = 5) is

START! U(1; 2)! V(3; 2)! U(3; 4)! V(6; 4)! END

then the optimal statesequencefor f O1; � � � ; O5g is
Q� =f 2; 2; 4; 4; 4g. Thepathlengthis

L � = log
�

� 2p2(2)
2

�

x =1

b2(O x )a2;4p4(3)
5

�

x =3

b4(O x )
�

which canbeeasilyseento bethecorrectformulation
for statelikelihoodPr (Q� ; O j � ).

3.1.1.DecodingComplexity. Therunningtime for our
algorithmdependson(a)any pre-computation,(b) con-
structionof theDAG,and(c) �nding thelongestpathin
theDAG. For ef�cient constructionof theDAG, wede-
�ne a term
 n (t) =

P t
x =1 logbn (Ox ) which is thelog
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Figure 3. Schematic representation of the DAG we construct for sequence decoding for full y
connected HsMM. A path from START to END corresponds to a candidate decoding. Note that
some nodes are drawn for illustrative purposes onl y.

probabilityof theobservationsequencef O1; � � � ; O t g
in staten. This is computedrecursively,


 n (t ) = 
 n (t � 1) + log bn (O t ); (1)

n = 1: : : N , t = 1: : : T , whereinitial condition is

 n (0) = 0. This pre-computationsteptakesO(N T).
For the graphto be constructed,thereare N T nodes
eachof type U andV. Originating from eachU node
are up to T edges,and from eachV node up to N
edges.TheSTART andEND nodeshaveN edgesasso-
ciatedwith them. Therefore,thetotal numberof edges
is � N T(N + T) + 2N . The DAG constructionstep
essentiallyinvolvesassignmentof edgeweights,which
canall be computedin constanttime O(1) except for
w

�
U(t; n) ! V(t0; n)

�
. A nä�ve approachwould take

O(T) to compute
P t 0� 1

x = t logbn (Ox ), but pre-computed

 n (t) valuesallow for O(1) computationby using

t 0� 1
�

x = t

log bn (O x ) =
t 0� 1

�

x =1

log bn (O x ) �
t � 1

�

x =1

log bn (O x )

= 
 n (t0 � 1) � 
 n (t � 1) (2)

Thus, DAG constructioncomplexity is O(N T(N +
T)) . The �nal stepis to �nd the longestpath in this
DAG. We know [2] that if the topologicalorderingof
nodesis known, then �nding the DAG shortestpath
takesO(jedgesj + jnodesj). Moreover, wecan�nd the
longestpathusingthis algorithmby negatingthe edge
weights�rst. We do not needto topologicallysort the
nodesbecausewe know it by construction,asfollows:

START ! V(1; 1); ::; V(1; N ) ! U(1; 1); ::; U(1; N )

! V(2; 1); ::; V(2; N ) ! U(2; 1); ::; U(2; N ); ::; E N D

END

2 3 41

START

Figure 4. Example of a HsMM structure
with state skipping disallo wed (N = 4).

Sincejnodesj � 2N T andjedgesj � N T(N + T) +
2N , the longestpath time complexity is O(N T(N +
T)) . Therefore,the overall computationtime is also
O(N T(N + T)) . If themaximumstatedurationD max

is speci�ed, andtheHsMM topologyis lessthanfully
connected(speci�ed by K ), it is easyto show thatde-
codingcomplexity thenis O(N T(K + D max )) .

3.2. No StateSkipping Topology

For certainapplicationsof HsMM training andse-
quencedecoding,a simpler topology may suf�ce in
modelinganunderlyingprocess.For example,business
projectresourceallocationsovertimemaybeconceived
asbeinggeneratedby anHsMM with statessignifying
projectphases,whereno phasecanbe skipped[3]. In
suchcases,a strict start/endtopologywith stateskip-
pingdisallowed,shown in Fig. 4 maybeappropriate.

For this restrictedtopology, decodingruntimecanbe
improvedfurther. Themodelparametershereare� =
(N ; Dmax ; f bn g; f pn g). Note that by default, K = 1,
� 1 = 1, � j = 0 for all j > 1, andai;j = 1 only for j =
i + 1, zerootherwise.GivenanobservationsequenceO
of lengthT � N , we againconstructa DAG asshown
in the examplein Fig. 5. Speci�cally, only U nodes
are neededherebecausestateskipping is disallowed.
Thenodesetconsistsof f U(t; n)g, n = 1; : : : ; N � 1,
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Figure 5. Schematic representation of a
DAG we construct for sample decoding
problem (N = 4, T = 7) for a strict HsMM
topology with state skipping disallo wed.

t = n; : : : ; n + (T � N ), and specialnodesSTART
andEND. Edgeweights,for thoseedgesthatexist, are
de�ned asfollows. For t = 1: : : (T � N ) + 1,

w
�

START ! U(t; 1) � = log p1(t ) +
t

�

x =1

log b1(O x ):

For n0 = 1: : : N � 1, n = n0+ 1, t = n : : : n+ (T � N ),
andt0 = t + 1: : : n + (T � N ),

w
�

U(t; n0) ! U(t0; n) � = log pn (t0 � t )+
t 0

�

x = t +1

log bn (O x ):

Finally, for t = N � 1; : : : ; T � 1,

w
�

U(t; N � 1) ! END� = log pn (T � t)+
T

�

x = t +1

log bn (O x ):

Again, the optimal statesequenceQ� correspondsto
the longestpathin this DAG, andL � is its length. For
example,if thelongestpathin theDAG in Fig. 5 is

START! U(2; 1)! U(3; 2)! U(6; 3)! END
then the optimal state sequencecorrespondingto
f O1; � � � ; O7g is Q� =f 1; 1; 2; 3; 3; 3; 4g.

3.2.1.DecodingComplexity. Therunningtimefor this
algorithm dependson the samethreestepsas before.
We againpre-compute
 n (t) valuesusingtherecursion
in Eq. 1, which takesO(N T) time. For the construc-
tion of the DAG, we notethat jnodesj � N (T � N ),
andfrom eachnode,up to T � N edgesoriginate,so
jedgesj � N (T � N )2. Theedgeweightcalculations
areall donein O(1) time usingEq.2, whichmakesthe
DAG constructiontakeO(N (T � N )2. Finally, wecan
againusethe DAG shortestpath algorithm [2] which
takes O(jnodesj + jedgesj) time. To get the longest
path,we negatethe edgeweightsandprovide a topo-
logical orderingof thenodes,known by construction:

START ! U(1; 1); ::; U(1; 1 + (T � N )) !

! U(N � 1; N � 1); ::; U(N � 1; T � 1) ! E N D
Sincejnodesj � N (T � N ) andjedgesj � N (T � N )2,
thedecodingtime for this topologyis O(N (T � N )2).

4. Conclusions

We have proposedalgorithmsthat reducethe com-
putation times of the Viterbi decodingof sequences
for HsMM by formulating equivalent DAG longest
path problems. While improvementsto the forward-
backward algorithm used for Baum-Welch training
have been shown previously [12], with complexity
O(N T(K + Dmax )) , our resultsprovide the �rst ex-
plicit attemptsat improving HsMM Viterbi decod-
ing. For the fully connectedtopology, our algorithm
achievesaperformanceof O(N T(N + T)) comparedto
thatof O(N 2T 2) for thestandardalgorithm. For more
restrictive topologies,with K predecessorsperstateon
averageand maximum statespeci�ed by D max , our
runningtime is O(N T(K + D max ). For a verysimple
topology that allows no state-skipping,our algorithm
reducesthedecodingcomplexity to O(N (T � N )2).
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