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Abstract

We presentalgorithmsfor improved\Viterbi decoding
for the caseof hiddensemi-Markov models. By care-
fully constructingdirectedacyclic graphs,we posethe
decodingproblemasthatof nding thelongestpathbe-
tweenspeci ¢ pairs of nodes. We considerfully con-
nectednodelsaswell asrestrictivetopologiesandstate
duration conditions, and show that performanceim-
provesby a signi cant factor in all cases.Detailedal-
gorithmsas well as theoetical resultsrelatedto their
run timesare provided.

1. Intr oduction

Hidden Markov models[10] (rst-order Markov)
have statedurationgthatfollow geometriddistributions.
However, this is often too restrictive to model certain
real-world phenomena.Hidden semi-Marlov models
(HsMM) [4], alsoreferredto as generalizedHMMs,
are one classof HMMs which allow statedurationto
be explicity modeledby a chosendistribution, thus
increasingtheir exibility. They nd applicationin
speechrecognition[11], handwriting recognition[1],
videoeventdetection5], andbusinessanalytics[3].

Unlike in the caseof HMMs, the standardViterbi
algorithm[10] doesnot guaranteeoptimal solutionto
sequencelecodingor likelihoodestimationin the gen-
eralHMM casebecauséhe usualassumptionsio not
hold. Not only is decodingcrucial for inference,it is
alsoakey stepin Viterbi-basednodeltraining[7] (also
called sgmentalK-meansalgorithm), a fast, approxi-
matealternatve to Baum-Welchtraining [10]. Thus,a
performancémprovementn Viterbi decodingwill lead
to bothfasterinferenceandfastermodeltraining.

Given an HMM and an obsenation sequencethe
standardViterbi algorithmto nd the corresponding
state sequenceis known to have a running time of
O NKT , whereN is the numberof states,K is
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the averagenumberof predecessorén-degree)across
states,and T is the sequencdength. In the caseof
HsMM, the decodingtime increasesby a factor of
Dmax 10 O NK TDmax , whereDmax is the maxi-
mum allowed durationin ary givenstate[9, 6, 8]. In
the mostgeneralcase,wherethereis no restrictionon
thestateduration(Dmax = T), andall statetransitions
arepossible(K  N), thedecodingimeis O N?2T?2 .
In this paper we proposea new algorithmthatim-
provestheHsMM Viterbi decodingcompleity. Theal-
gorithm, which essentiallymapsthe decodingproblem
into nding thelongestpathin a directedagyclic graph
(DAG) [2], alsoimproves clarity in algorithm under
standingandin theanalysisof asymptoticsFor thegen-
eral caseof HSMM topology our decodingcomplexity
is found to improve by a factorof i+ and 5
with andwithout restrictionsyespectrely. For the spe-
ci ¢ caseof HsMM topology where stateskipping is
disalloved (i.e., K = 1), improvementis by a factor
TZ

2
of +—x - In the following sections,we describethe

algorithmsin detailandanalyzetheir compleity.

2. Hidden Semi-Markov Model Basics

An HsMM hasa nite setof statessayN. Transi-
tions may occurfrom statei to statej whentransition
probability a;;; is positive. By de nition, a;; = 0 for
all i. The HsMM topologyis further characterizedby
K, theaveragenumberof predecessort® a state.If ev-
ery stateis reachabldrom everyother K = (N 1),
andthereareN (N 1) possibletransitions.

The HsMM generatesobsenation sequencesof
lengthT,O = fO;; ;Orgfollowing aMoore ma-
chinemodel,asshavn in Fig. 1. Theinitial stateof the

Given that the systementersstate n, state duration
pn () is sampledandasetof obsenationsO;
b, () aresampledndependentlyHere,p, () andb, ()
aredurationandemissiondistributionsrespectiely, for
staten. A maximumvalue D for stateduration
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Figure 1. HsMM sequence generation by
Moore machine model.

may be speci ed. The completeparameterset is
denoted = (N;K;Dmax;f n0;fay g;fbng;fpn0).
Givena model andan obsenation sequencé, the
decodingproblemis to nd the mostlikely underlying

Q

L = maxPr(Q oj )
Let usdenoteby t(n)?he likelihoodof the mostprob-
ablestatesequencendingin staten basednthe rst t
obsenations.Thisis formally givenas

t(n) =

argmaxPr(Q;Oj )

max Pr ;g 1;G = n 0151504
qi:dt 1
which canbecomputecef ciently usingtherecursion
t
t(n) = max mjax t o()an pa(n)

b (Ou)

u=t p+l
The maximumover 1(n) yieldsL . By backtrack-
ing, we get Q . For each(t; n) pair, the time re-
quiredto compute (n) is O(K Dnax ). Taken over
all t andn valuesthis standardiecodingalgorithmre-
quiresO(N TK Dax ) time, asreportedin [9, 6], or
O(N 2T?2) in theunconstrainedase.

3. Impr oved Viterbi Decoding

Here,we formulatethe decodingproblemasthat of
nding thelongestpathin a DAG, andshawv thatanal-
gorithmwith improvedcomputationaperformancean
be obtained. We describedecodingalgorithmsfor the
generictopologyaswell asa morerestrictve one.

3.1 Fully ConnectedTopology

The fully connectedN -state HSMM topology is
shawvn in Fig. 2, whereary start/endstateis allowed
andevery statetransitionis possiblej.e., K = N 1.
Furthermore thereis no restrictionon stateduration,
i.e.,Dmax = T whendecodingalengthT sequence.

GiventheHsMM parameteset andanobsenation
sequenced = fOy; ; O1g, we constructa DAG
asshowvn in Fig. 3. Speci cally, for every (t; n) pair,
wheret = 1;:::; T+ 1landn = 1;:::; N, two typesof
nodesU(t; n) (elllptlcal) andV (t; n) (rectangular)are
introducedalongwith specialnodesSTART andEND.
NodetypesU andV areinterpretecasfollows:

Figure 2. Example of an HsMM with fully
connected topology (N = 5 states).

U(t; n): The currentstateis n anda jump is only
possibleo nodeV (t% n), t°> t, whichis equivalent
to theHsMM generatingt® t) obsenationsin state
n, beforemakinganothertransition.
V(t; n): TheHsMM hascompletedgeneratingob-
senationsandcannow move to nodeU(t; n9), i.e.,
make a transitionto HsMM staten® wheren®6 n.
We denoteby w(N; ! N») theweightonthedirected
edgefrom nodeN; to N,. Weightsareassignedsfol-
lows,in logarithms.Forn = 1:::N,
w START! U(1;n) =log n:
Forn= 1:::N,t= 1:::T,andt%= t+ 1::
t0 1
wuitn) ! viE%n) = logpa(t® t)+ log bn (Ox):

Forn=1:::N,t=2:::T,andn®1:::N n°6 n,
w V() ! Ut n% = logag, o

Finally, forn= 1:::N,w V(T + 1;n) ! END =0.

Nodepairsnot coveredabove do not have edgede-
tweenthem, makingthe grapha DAG. Any pathfrom
START to END in this DAG correspond$o avalid state
sequencéor O. Themostlikely statesequenc€& cor-
respondgo thelongestpath amongthem,andthelik e-
lihoodL correspondsoitslength.

We nd the longestpathin this DAG, assignthis
lengthto L , and backtrackon the longestpath thus
foundsoasto obtainthe statesequenc®) . For exam-
ple,if thelongestpathin suchagraph(T = 5)is

T+ 1,

START! U(1;2)! V(3;2)! U(3;4)! V(6;4)! END

thenthe optimal statesequencdor fO;; ;Osgis
Q =f2;2; 4,4, 4q. Thepathlengthis
2 5
L =log 2p2(2)  b2(Ox)azapa(3)  ba(Ox)
x=1 x=3

which canbe easilyseento bethe correctformulation
for statelikelihoodPr(Q ;O j ).

3.1.1.DecodingComplexity. Therunningtime for our
algorithmdepend®n (a) ary pre-computation(b) con-
structionof the DAG, and(c) nding thelongestpathin
the DAG. For efmerﬁ constructiorof the DAG, we de-
ne aterm ,(t) = ,_; logh,(Oy) whichis thelog
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Figure 3. Schematic representation of the DAG we construct for sequence decoding for fully
connected HsMM. A path from START to END corresponds to a candidate decoding. Note that
some nodes are drawn for illustrative purposes only.

probability of the obsenationsequencéO;; ;09
in staten. Thisis computedecursvely,

n(t)= n(t

n=1:::N,t = 1:::T, whereinitial conditionis
n(0) = 0. This pre-computatiorsteptakesO(N T).
For the graphto be constructedthereare N T nodes
eachof type U andV. Originatingfrom eachU node
areup to T edges,andfrom eachV nodeup to N
edges.TheSTART andEND nodeshave N edgesasso-
ciatedwith them. Therefore the total numberof edges
is NT(N + T)+ 2N. The DAG constructionstep
essentiallyinvolvesassignmenof edgeweights,which
canall be computedin constanttime O(1) exceptfor
w U(t;n) ! V(t%n) . A naveapproachwould take

O(T) to compute toz tl log b, (Oy), but pre-computed

n (1) valuesallow fé(r O(1) computatiorby using

1) + log by (O4); @)

t0 1 t0 1 t o1
logh (Ox) = log bn (O«) log bn (Ox)
X=t x=1 x=1
= a2t 1) a1 ()

Thus, DAG constructioncompleity is O(NT(N +
T)). The nal stepisto nd thelongestpathin this
DAG. We know [2] thatif the topologicalorderingof
nodesis known, then nding the DAG shortestpath
takesO(jedgeg + jnodeg). Moreover, we can nd the
longestpathusingthis algorithmby negatingthe edge
weights rst. We do not needto topologicallysortthe
nodeshecausave know it by constructionasfollows:

START ! V(1;1);:;V(L;N) ! U@;1);: U@ N)
1 V(2;1);:V(2;N) T U@2;2);:5U@2;N); i END

START

Figure 4. Example of a HsMM structure
with state skipping disallo wed (N = 4).

Sincejnode§ 2NT andjedge§ NT(N + T) +

2N, the longestpathtime compleity is O(NT(N +

T)). Therefore,the overall computationtime is also
O(NT(N + T)). If themaximumstatedurationD max

is speci ed, andthe HsMM topologyis lessthanfully

connectedspeci ed by K), it is easyto show thatde-
codingcompleity thenisO(NT (K + Dmax ))-

3.2 No State Skipping Topology

For certainapplicationsof HsMM training and se-
quencedecoding,a simpler topology may sufce in
modelinganunderlyingprocessFor example, business
projectresourcallocationsovertime maybeconceved
asbeinggeneratedy an HsMM with statessignifying
projectphaseswhereno phasecanbe skipped[3]. In
suchcasessa strict start/endtopology with stateskip-
ping disalloved,shavn in Fig. 4 maybeappropriate.

For thisrestrictedopology decodinguntimecanbe
improvedfurther The modelparameterhiereare =
(N;Dmax ;fbhg;fpng). Notethatby default, K = 1,

1=1, j =0forallj > 1,anda;; = lonlyforj =
i + 1, zerootherwise Givenanobsenationsequenc®
of lengthT N, we againconstructa DAG asshavn
in the examplein Fig. 5. Speci cally, only U nodes
are neededhere becausestateskipping is disalloved.
Thenodesetconsistof fU(t; n)g,n = 1;:::;N 1,
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Figure 5. Schematic representation of a
DAG we construct for sample decoding
problem (N = 4, T = 7) for a strict HsMM
topology with state skipping disallo wed.

N), and specialnodesSTART
andEND. Edgeweights,for thoseedgeghat exist, are
de nedasfollows.Fort = 1:::(T lN) + 1,

w START! U(t; 1) =logpi(t) + log b (Ox):
Forn®= 1:::N 1,n=n%1Lt="%::n+(T N),
andt®=t+ 1:::n+ (T N),

t0

w Ut n% !t u%n) =logpn (t° t)+ log b (O ):
x=t+1

Finally,fort= N 1;:::;T 1, ;

w U(t;N 1)! END =logpn (T t)+ log b, (O):

x=t+1

Again, the optimal statesequence correspondgo
thelongestpathin this DAG, andL is its length. For
example,if thelongestpathin theDAG in Fig.5is

START! U(2;1)! U(3;2)! U(6;3)! END
then the optimal state sequencecorrespondingto
fO1;  ;070isQ =f1;1;2,3;3;3;4g.
3.2.1.DecodingComplexity. Therunningtimefor this
algorithm dependsn the samethree stepsas before.
We againpre-compute , (t) valuesusingtherecursion
in EQ. 1, which takesO(N T) time. For the construc-
tion of the DAG, we notethatjnode§ N(T N),
andfrom eachnode,upto T N edgesoriginate,so
jedges N(T N)2. Theedgeweightcalculations
areall donein O(1) time usingEqg. 2, which makesthe
DAG constructiortake O(N (T N)?2. Finally, we can
againusethe DAG shortestpath algorithm[2] which
takes O(jnodeg + jedgeg) time. To get the longest
path, we negatethe edgeweightsand provide a topo-
logical orderingof the nodesknown by construction:

START! U(1;1);:;U(L;1+ (T N))!

' UN LN 1);:;UN 1,7 1)! END
Sincejnode§ N(T N)andjedges N(T N)?,
thedecodingtime for thistopologyis O(N (T N)?2).

4. Conclusions

We have proposedalgorithmsthat reducethe com-
putation times of the Viterbi decodingof sequences
for HsMM by formulating equivalent DAG longest
path problems. While improvementsto the forward-
backward algorithm used for Baum-Weélch training
have been shavn previously [12], with compleity
O(NT(K + Dmax )), our resultsprovide the rst ex-
plicit attemptsat improving HsMM Viterbi decod-
ing. For the fully connectedopology our algorithm
achievesaperformancef O(N T(N + T)) comparedo
thatof O(N 2T 2) for the standardalgorithm. For more
restrictve topologieswith K predecessorgerstateon
averageand maximum state speci ed by D , our
runningtimeis O(N T(K + Dnax ). Foraverysimple
topology that allows no state-skippingour algorithm
reduceshe decodingcomplexity to O(N (T N)?).
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