Spectral Measuresfor Nearness Problems

Inderjit S. Dhillon

The University of Texas at Austin

6th International Workshop on Accurate Solution of Eigenvalue Problems

Pennsylvania State University, University Park

May 22, 2006

Joint work with Brian Kulis and Matyas Sustik



Near ness Problems

Given an input matrix, nd the nearest matrix that satis es user
constraints

How should nearness be measured?

@ Typical choices are the Frobenius norm or the spectral 2-norm

However, these may not be appropriate for the application at hand

Outline of talk
@ Bregman vector divergences

@ Bregman matrix divergences offer alternate spectral measures
@ Nearness problems with von Neumann & Burg matrix divergences



Bregman Divergences

@ Let ”:S ¥ R be a differentiable, strictly convex function of Legendre
type (S RY
@ The Bregman Divergence D- : S relint(S) ¥ Ris de ned as

D-(x;y)=7"(xX) “(y) (x y) ri(y)
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Squared Euclidean distance is a Bregman divergence
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Relative Entropy (also called KL-divergence) is another Bregman
divergence



Bregman Divergences

@ Let ”:S ¥ R be a differentiable, strictly convex function of Legendre
type (S RY
@ The Bregman Divergence D- : S relint(S) ¥ Ris de ned as

D-(x;y)=7"(xX) “(y) (x y) ri(y)

“(z)= logz

@ [~ D-(ay)=% logx 1

Itakura-Saito Distance (used in signal processing) is another Bregman
divergence



Properties of Bregman Divergences

©

D-(x;y) O0,andequals0iffx =y
Not a metric (symmetry, triangle inequality do not hold)

Strictly convex in the rst argument, but not convex (in general) in the
second argument

Three-point property generalizes the Law of cosines :

D-(x;y) =D-(x;z) +D-(z;y) (x 2)' (r’@y) r’(z))



Bregman Projections

@ Nearness in Bregman divergence: the Bregman projection of y onto
a convex set

P (y)=argminD-(!;y)
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Bregman Projections

@ Nearness in Bregman divergence: the Bregman projection of y onto
a convex set

P (y)=argminD-(!;y)
12

P (y)

@ Generalized Pythagoras Theorem:

D-(x;y) D-(xP (y))+D-(P (v)y)

When is an af ne set, the above holds with equality



Bregman Matrix Diver gences

@ Generalizes the notion of divergence to matrices
@ Let ” be areal-valued convex function over matrices
@ Leads to Bregman matrix divergences:

D-(X;Y)=7(X) *(Y) tr((r’(¥)' X Y))
@ For example, *(X) = kXkZ leads to

D-(X;Y)=kX YKk&

Squared Frobenius Distance
von Neumann Divergence
(Quantum Relative Entropy)
Burg Divergence

(LogDet Divergence)

Squared Euclidean Distance
Relative Entropy

ltakura-Saito Divergence



Von Neumann Matrix Divergence

Let X =V VT be a positive de nite matrix
Consider negative entropy of the eigenvalues (von Neumann entropy):

"(X)=)> (ilog i §)=tr(XlogX X)

Yields the von Neumann matrix divergence (quantum relative entropy):
Dyn(C;Y)=tr(XlogX XlogY X +Y)

In terms of the spectrumof X andY (X =V V', Yy =u uU')

DiNnOGY) =D log i Y D (viup?ilog 5> (i i)
i i

De nition can be extended to semi-de nite matrices
Divergence is nite iff range(>X) range(Y )



Burg Matrix Divergence

Let X =V VT beanN N positive de nite matrix
Consider Burg entropy of the eigenvalues:

*(X)=) log ;= logdetX
i

Yields the Burg (or LogDet) matrix divergence:
Deurg(X;Y) =tr(XY 1) logdet(XY *) N

In terms of the spectrumof X andY (X =V V',Y =U U"):
DBurg(X;Y):ZZ__i(V;rUj)Z Zlog__i N
- - J - |
i i

De nition can be extended to semi-de nite matrices
Divergence is nite iff range(>X) = range(Y )
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