Chapter 10
Lanczos/Conjugate Gradient
Procedures

Lanczos and conjugate gradient procedures have been used to solve a wide
variety of linear algebra problems. The most common are large scale eigen-
value problems and symmetric systems of linear equations, but they also be
used for computing interesting functions of matrices.

For this chapter, we develop Lanczos and conjugate gradient procedures
on least squares problems and singular value problems. We will start with
Lanczos bidiagonalization procedures of Golub and Kahan, then proceed to
the least squares methods of LSQR and CGLS. These procedures are related to
those used to solve symmetric, positive definite systems of linear equations.
To obtain fast procedures, we develop preconditioners. For the most part,
these procedure are simple to understand and to code. They even lead to fast
condition estimates.

When used to compute singular values and vectors, Lanczos procedures
can be very effective. However, in many circumstances, special care is neces-
sary to obtain orthogonal singular vectors.

10.1. Lanczos Reductions

10.1.1. Lanczos Reduction to Bidiagonal Form

We describe two algorithms by Golub and Kahan [1] for reducing a matrix
X € R™*™ to bidiagonal form. For simplicity, assume m > n. The first
algorithm writes X in the form

X =vcv? (10.1)
where
U= (uy,...,u), V=(v,...,Vy) (10.2)
have orthonormal columns and
C = ubidiag(p1, .- ., pn;02,---,0n)- (10.3)
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Rewriting (10.1) as
XV =U0C

and then using
Xv,=UCe;, XTu,=VCTe;

we have that

pur = Xv, (10.4)
Oprivier = X ug—ppv, k=1,...,n—1 (10.5)
pruy = Xvi—6gup_1, k=2,...,n (10.6)
Specifying that
lugllz = IVellz =1, k=1,...,n

gives us that the p, and 641 are normalization factors which by convention
we choose to be positive. We also note that provided pg # 0 and 8, # 0 for all
relevant values of k, once we specify a unit vector vy, the vectors uq,...,up
and vs, ..., v, are uniquely specified.

It is not immediately obvious, that the sets

{uy,...,un}, {vi,...,vs}

are orthonormal sets of vectors. A simple induction argument shows that this
is so. We start with n = 2. Note that

T T T T
0vive = viXu—pvivi=viXu —p;
T
= piujuy —p; =0.
Since, by assumption, 82 # 0, we have vIv, = 0. Likewise
) ) ’ 1 )
pgulTU2 = uTsz — 02uguz = uTsz — 65

= (02V2 + p1V1)TV2 - 02 =0.

Thus u7uy = 0. Suppose that {vy,...,vg_1} and {uy,...,uz_1} are or-
thonormal sets. The arguments for vi and uy are similar, so we state our
proof for v only. We have that

T T T T
Opvy (Vi = Vi 1 XUp_1 — pPp_1V 1 Vk—1 = Vi 1 XUp_1 — Pp_1

= (pr_1up_1+ 60 1up o) up 1 — pr_1
By the induction hypothesis, u{_zuk,l =0, so

T
ekvk_lvk = 0,
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asserting that vi_, vy = 0if 6 # 0. For j < k — 1, again using the induction
hypothesis that vivi_1 = 0, we have

T T T T
Gkvj Vi = Vi Xup1—pp—1V; Vi1 =V Xug_q
T
= (pjwj+ 61w 1) up

with the convention that fgug = 0. Again invoking the induction hypothesis,
the last expression must be zero, thus ¢9kvavk = 0. Thus, we have estab-
lished (10.4)—(10.6) computes the factorization (10.1) where U and V have
orthonormal columns.

The relationship in (10.4)—(10.6) may be summarized in the elegant matrix
form

XVi = UiCh, (10.7)
XU, = WiCf 4 Opa1viraeq (10.8)
where

Uk = (ul,...,uk), Vk:(vl,...,vk) (109)

p1 62 - 0

0 p2 03

Cv = SRR (10.10)

e Ok 1

0 pr

The second algorithm of Golub and Kahan [1] makes the middle factor a
lower bidiagonal matrix. It has the formulation

X =zZBVT (10.11)
where V is as in (10.2), Z is orthogonal, and B has the form

This leads to the recurrence

T
mvi = X'z,
Gk+1Zk+1 = Xvp—zZy, k=1,...,n—1
T
Vet1Vit1 = X7 Zpy1 — GpVi.

Again, the values v, and ¢, are normalization constants to assert ||zx|2 =
[[vil]l2 = 1. Also, if v # 0 and ¢ # 0 for all relevant %, then specifying a
unit vector z; uniquely specifies vi,...,v, and z2,...,Zy.
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If any of the values v, or ¢ are zero, the recurrence stops right there.
For most of the problems we are interested in solving, this will be a fortunate
event. The same is true if py, or 6}, is zero in (10.4)—(10.6).

Again, there is a matrix shorthand for the recurrence (10.13)—(10.13). It
is

XV = Zyy1 By, (10.13)
XY Zp1 = Vi BY + vier1viriet (10.14)
where
vw 0 0
$2 72 0
0 ¢3 73
$r-1 V-1 O
: dr Mk
0 ért1

and V}, is as given by (10.9) and
Zk = (Zl,...,Zk)

We relate these two algorithms to one another and to the famous Lanczos
algorithm for symmetric matrices in the next section.

10.1.2. Relation of the two Algorithms and to the Symmetric Lanc-
zos Algorithm

These algorithms are related to the classical symmetric Lanczos algorithm on
the normal equations matrix

A=XTX. (10.16)

For the problems in this chapter, using A has all of the standard drawbacks
of normal equations. If we multiply X7 times (10.7) and use (10.8), then

xT XV = chg Cr + 0k+1vk+1efck

which reduces to
AVy, = Vi Ty, + frei (10.17)

where
Tk = Cg Ck, fk = 0k+1pkvk+1. (1018)

This yields the recurrence for the Lanczos algorithm [?, 1950] (the most
thorough discussion is in [?, 1998,Chapters 12-13], see also [?, 1996,Chapter
9]) for reducing a symmetric matrix A to tridiagonal form. This algorithm
does not require that A be positive semi-definite.
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From (??)—(?7), a similar trick yields (10.17) with
Ty = B{ Bi, fi = Gri1Vkt1Viir- (10.19)

Thus the algorithms (10.7)—(10.8) and (??)—(??) are related by the Q-R fac-
torization

B -Q.F (%’“) (10.20)

where Q, € R(+1)x(k+1) i5 orthogonal. The matrices Uy, and Zj 1 are related
by
Uk = Zk—i—le(: ; 1: k) (1021)

Note that the algorithms derived in this section depend only upon the
ability to compute Xv and XTu. They do not require factorization or modi-
fication of X . If functions for two operations are available, then we do not need
to store X. This makes these algorithms very useful in many circumstances
where Q-R factorization and direct bidiagonal reduction are not feasible or
are very slow.

The relationships (10.20) and (10.21) are used to develop the two main
least squares algorithms in this chapter, LSQR and CGLS.

10.2. Least Squares Algorithms

In this section, we give three least squares algorithms that are based upon the
Lanczos recurrences. The first, LSQR by Paige and Saunders [4, 3, 1982], is
based upon X and yields the most information, it includes a condition estimate
for X. The second, CGNE (Conjugate Gradient Normal Equations) is based
upon the conjugate gradient algorithm of Hestenes and Stiefel [?, 1952] applied
A = XT X and lead to the simplest algorithm. The last algorithm, CGLS
(Conjugate Gradient Least Squares) by Bjoérck and Elfving [?, 1980] has the
simpler recurrence of CGNE, but is based upon X, and thus does not have
the numerical weaknesses of a normal equations algorithm.
We begin with LSQR and derive the other two algorithms from it.

10.2.1. The LSQR Algorithm

The LSQR algorithm [4, 3, 1982] uses the recurrence (10.13)—(10.13) to obtain
By, from X and then obtains Ry, directly from By by Q-R factorization with
Givens rotations. In doing, it produces an approximate solution to the least
squares problem.

When using bidiagonal reduction to solve

b — X¥rsll2 = min [|b— Xyl (10.22)
YER™
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we let
$1z1 =b, ¢ =|bl. (10.23)

Then for each Zj, in (?7)—(??7) we have
¢1Zre1 =b, Zib= g¢ie;.

If we let
Yi = Visk,
trr1 = pre1 — Bysg.
Orthogonal equivalence yields
vy = Zpt1bp- (10.25)
We may assume that vg, ¢, Z0for k=1,...,n. Iif ¢ =0 or vy = 0, then
X7z, =X"b=0

thus y = 0 solves (10.22). If v441 = 0,k > 0 then from (10.13)-(10.14) we
have
XVi = Zyy1Br, X'Zyy1 = ViBF

. Let
kE+1 n—-k-1

7 = (Zk+1 ZIE:L+1 )

be an orthogonal matrix with Zj, as its first £ + 1 columns. Then

b-Xyl} = [1Z7(b-Xy)l3
1Zisa (b = XY)I3 + (Zia) ™ (b — Xy)II3

ZJ_)T
k

= ll¢rer = Zia Xy)I3 + | = (Zig) " X)I3
lrer = BV w3 + Il = (Zig) " Xy)l13

If we let y = Vi_1s then (Zj ;)" Xy = 0 and (10.22) reduces to

I#re1 — Bisill = min [[¢rer — Bysll2 (10.26)

If ¢p1 = 0 then we have

XVi = ZxBy, XTZ, =ViBY
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where
w 0 0
g2 v O
Bu=| 0 %
$r-1 V-1 O
: b Yk

is a square nonsingular upper bidiagonal matrix. As before if we take y = Vs
then (10.22) reduces to

lI¢rer — Bysll2 = min [|¢re; — Bys|l2 (10.27)

If we add a row of zeros to ( By ¢1e; ) we have the problem (10.26).
It also follows that if g1, k1 # 0, then s; minimizes tyy; and

Y& = Visk

form (10.26) is the vector from Range(V}) that minimizes ||rg||,. We solve
(10.26) by using the orthogonal factorization of By, in (10.20). That takes the
form

C
Qr( Br ¢rer )= ( Ok Wk ) ) (10.28)
WE+1
Then sj, solves
Cksk = Wi, (10.29)
thus

yi = ViCy ' wi. (10.30)

The norm of the residual is given by
b — Xy&ill2 = ||¢p1e1 — Bisk|l2 = @r+1 (10.31)

We can bypass computing s, altogether by computing the matrix of directions
Dy = VOt (10.32)

thus making
Yi = Dpwg. (10.33)

The residual may be computed from
ry = Zp1tpt1 = 1 Zg+1 Qrer1- (10.34)

Equations (10.32),(10.33), and (10.34) lead to elegant recursions for y; and
ry.
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To develop these recurrances, first note that ( C, Wy ) is the same as
( Cr—1 Wg_1 ) with a new row and column added. Thus if

Dy = (dy,...,dy)

then
¥e =Dywip = ( Dp—y dy ) ( Wj; ) = yr—1 + wrdg (10.35)
with the convention that yo, = 0.
If we write this columnwise as
Dy, = (dy,...,dg) (10.36)
we have that
Dp=( Dg_1 di ). (10.37)
Therefore the vectors dg,k = 1,2,...,n are generated by the recurrence
do=0 (10.38)
1
dk = —(Vk — dek_l) (1039)

Pk

To obtain b, we write
Yi = Vis, = ViCy 'wy, = Dywy.

Given (10.37) and that w; = (W_1,wx)? we have the recurrence for y; given
by
Ye = Yi-1 + wrdg- (10.40)

Thus only the most recent vectors, v,dy ,and y; need to be saved.

It is also possible to obtain a recurrence for the residual ry and to compute
the vector fy = XTr;, in O(n) flops.

First we need to discuss the orthogonal factorization

(k—1)
R%_l Hk‘ik—l w _f Qr—1 O B 10.42
o Pk — 0 1 ( k ¢161 ) ( . )
0 Pr+1 0
B

_( @1 O -1 Yk ¢ie
_< ’61 1)( ’61 ¢’Z+’i 101). (10.43)
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Only the element @41 need be zeroed out to put the left expression in (10.43).
That can be done with an appropriate 2 x 2 orthogonal transformation applied
to rows k and k + 1. Paige and Saunders [4, 3] chose to let

Qk:Pk(Qlal (1))

where Py is a Householder transformation affecting two rows whose k& and
k 4+ 1 rows and columns satisfy

Vg Tk 7] _ [ Pk 2 2 _
(5 2 Y ()= () dener om

The parameters 0y, pr, wi and Wy come from
1=, @ =di, (10.45)
(i 5)-(3 2)(L %) o
Pr+1 Wiyl Tk —Vk Ye+1 O )7 )
We get the residual ry, from
tp, =b — Xy = Upy1(drer — Bisy) = Up1 QF Opr1€p11-
A little manipulation yields the recurrence
ry = —T,?I‘k71 + TRVEUE41 . (10.47)

Note that ||rg|l2 = @k+1 = Ty is essentially computed “for free.” We have

now outlined the procedure LSQR by Paige and Saunders [?, 3]. and formally

state it as an algorithm. Here we do not use the MATLAB function notation,

but instead express it in an algorithmic style similar to that of their paper.
Perhaps I should write a MATLAB code for this.

Algorithm 10.1 (Algorithm LSQR)

1. Initialization
$1z1=b, mvi= XTZ1, d; =v;
Yo=0, wi=¢1, pr=m
2. For k=1,2,3,..., until convergence, repeat steps 3-6.
3. Continue the bidiagonalization

(a) Prt1Zry1 = X Vi — Ypug,
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(b) Yrr1Vrtr = XL zpq1 — Yog1 Ve,
4. Construct and apply the next orthogonal transformation

(a) Construct orthogonal transformation

Pe =[Pk + Doy1s Uk = Pr/Pry Tk = Phi1/ Pk

(b) Apply orthogonal transformation
Ok+1 = ThVh+1,  Ph4l = —VkVk41;

Wk = VgWg, Wgt+1 = TpWk

5. Update y, r, and d
1
dpy1 = — (Vg — Opdg—1)
Pk

Ve =Yk-1 +wrdr, Tk = Tp(—TkTk + Vp@kt1Ukt1)

6. Test for convergence.

Discussed below.

The test for convergence is based on parameters that come at small cost
per iteration. We know that if || XZry||> is small then y; and ry, are close to
being as accurate as we can expect. We have that

T ~ T T
X rp = 0p1 X Up1Qpy1€k41
~ T T T
= Wrt1 (Vi B + Ve+1Vit1€541)Qk €41
— T T T
=wp1[Vi( Cp 0 )ert1 + V1 Vit1€p 1 Q €xt1]

T T
= Vk+1VEk+1€f 4 Q ek+1-

The (k + 1)% diagonal element of @y, is v. Thus
XTry = @p1 Vhs1 Vb Vit 1- (10.48)
This simple equality does not require a recurrence. Moreover, the quantity
1X T xg]]2 = Wh41Vk+1|Vk| (10.49)

is usually what is of interest. Even without the assumption of orthogonality,
the equality (10.49) holds to working accuracy.
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Some other important quantities are also easy to compute. For instance,

it is often useful to know
condr(X) = | X||r[|XT||F. (10.50)

A lower bound on condr(X) can be tracked very easily since by orthogonal
equivalence

IBelle < 1 XNles  1BElE < [1XT]]e. (10.51)
Also,
IC e = 11BIF. (10.52)
Now since
1Bell% = [|Br—1ll% + 7kt + et (10.53)

it is easy to track ||B|/%. Also,
IDellr = IViCitllr = IG5 e = 1B lIr
Thus
B3 = IDkll% = [|Dr—1ll3 + 1dell3 = [|Bf_, 1% + el (10.54)

Thus we can efficiently update an estimate for condr(X). Paige and Saun-
ders [4] also describe a method to obtain ||y||2 using only 13 multiplications
per iteration. However, if we compute ||dg||2 anyway, the following simpler
recurrence can be used. The norms of y;, satisfy

Iyells = lyr—1ll5 + willdell3 + 2wi s (10.55)

where
Gk = di v

A recurrence exists for ;. It is
Gk = diyr = diyr—1 + willdill3

65, 1
= 2l Ly + — VO Ty + w2l del3.
Pk Pk

However, v must be orthogonal to yx_1, so we have the recurrence
Ok 2 2
Cr = _p_ka—l + willdklz (10.56)

which requires four multiplications per iteration once we have ||dg||3. Thus
using (10.55) we can obtain ||yg||2 from [|dk||2.

The LSQR software has three stopping criteria based upon user specified
parameters. The LSQR algorithm stops if any of the following three conditions
is true.



